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PREFACE 

TO THE SEVENTH EDITION 


This book was first published thirty-two years ago as a volume in 
Pitman’s “Engineering Degree Series.” It was designed to cover the 
requirements of the syllabus of the subject “Electrical Technology” 
in the Regulations of the University of London for the External 
Degree in Engineering. This indicates that its content was adequate 
at that time. Now, the first edition goes little beyond the require¬ 
ments of the subject “Applied Electricity” in the Regulations for 
Part One of most University Degrees, or of the Ordinary National 
Certificate in Electrical Engineering. This is an indication of the 
magnitude of the progressively increasing demands which have been 
made on students in the last thirty years. 

As far as this book is concerned these demands were met from time 
to time by additions to the text, but, after a time this process tended 
towards discontinuity and a major revision was indicated. The develop¬ 
ment of the subject was, in the past editions, based exclusively on the 
c.g.s. system of units, and the recent recognition and adoption by 
important bodies, such as our own Institution of Electrical Engineers, 
of the rationalized m.k.s. system, converted a major revision from a 
desirability to a necessity. 

Considering first of all the increases in the content of the book, 
these have been made necessary by the vast developments in all 
branches of Electrical Practice since the end of the first World War, 
and by the demand by industry for personnel with a greatly increased 
knowledge of fundamental principles. For this reason all the chapters, 
with one exception, have been enlarged, some very considerably, 
particularly those dealing with Electrostatics, Electromagnetics, and 
Circuit Theory, both d.c. and a.c. The chapters dealing with Electrical 
Plant and Apparatus have also been enlarged, with the exception of 
that on Converting Machinery. The characteristics of the Alternator 
and the Synchronous Motor are discussed at much greater length, 
including the phenomena of rotor oscillation, the treatment of the 
Induction Motor is also greatly enlarged, and that of the various forms 
of Commutator Motor is expanded to such an extent that it almost 
justifies the publication of a separate book. There are also appreciable 
additions to the chapters on Mercury-arc Rectifiers, on Phase Advancing, 
and on Illumination. Special d.c. machines of the cross-field type are 
also considered. All these additions have resulted in a book of materially 
increased size. 

Perhaps the greatest difficulty associated with this new edition was 
the method of presentation of the rationalized m.k.s. system. There 
appeared to be two alternatives, (a) completely to ignore the o.g,s. 
system, (6) to assume a knowledge of the c.g.s. system, to build up the 
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m.k.8. treatment on this as a framework, and then to drop the frame¬ 
work as quickly as possible. The first method is, at first sight, the 
better, and so it is, in the case of an elementary text written for students 
who are studying the subject de novo, and for whom, in consequence, 
one particular name for a unit will present no more difficulty than any 
other name. Thus it will be no more difficult to define a magnetic fiux 
in webers than in maxwells, while it will be much easier to think of a 
capacitance in coulombs per volt than in centimetres. Unfortunately 
the m.k.s. system is, as yet, little used in the Schools and it is therefore 
still the rule that boys entering the Universities and Technical Colleges 
know only the c.g.s. system and have acquired such facility in its use 
that their mental processes, as far as the study of Electricity is con¬ 
cerned, are naturally conditioned by this system. 

Again, the present book is not intended to be an elementary text, it 
is believed that it will be of value, not only to examination candidates, 
but also to engineers in practice. At the present stage of the process 
of transition from the old to the new system the great majority of these 
work in terms of the c.g.s. system, or the so-called English system, or 
even a mixture of both, and they may experience undue difficulty in 
the reading of a book which ignores the system with which they are so 
familiar and in which, because of rationalization, many important 
everyday formulae are completely altered in form. 

For these reasons the second alternative has been adopted. 

In view of the considerable elapsed time since the publication of the 
first edition, and the large amount of new material which has been 
incorporated, the preparation of this new edition has entailed a great 
deal of labour. I am therefore glad to record my thanks to my former 
colleagues in the Department of Electrical Engineering at the University 
of Nottingham, particularly to my friend Mr. S. A. Swann. Acknow¬ 
ledgments are made to the firms who have very readily loaned figures 
or supplied information. Tables showing the relationship between 
c.g.s. and m.k.s. systems of units are given in the Appendix. These are 
reproduced from The M,K,S, System of Units (Ktman, 1963) by kind 
permission of the author, Mr. T. McGreevy. 

At the end of most of the chapters there is a list of books for further 
reading. As the literature of Electrical Engineering is now so vast, the 
selection has been confined mainly to books which I have formerly 
recommended to my students for the purpose of ancillary reading. 

H. COTTON 

St. Ivbs 

COBNWALL 



PREJ’ACE 

TO THE FIRST EDITION 


This text-book has been written with two main objects in view; first, 
to cover the ground of the more important examination syllabuses in 
Electrical Technology; and second, to be sold at a price which is within 
the means of all students. These two aims are diametrically opposite, 
but it is hoped that both have been fulfilled through the elimination of 
the more elementary portions of the subject, which should be thoroughly 
understood by students reaching this stage, and by the non-inclusion 
of half-tone blocks, which, although undoubtedly attractive, are of no 
real educational value. 

Although the book is written primarily for examination purposes, 
the practical side has been kept in view, and it is hoped that it will 
appeal to practical engineers as well as to students. 

The fundamental principles of Electrical Technology, both direct 
and alternate working, are covered, as are also certain principles of 
design, but no detailed designs are worked out, as these are beyond the 
scope of the book. The mathematical knowledge required of the reader 
is, on the whole, elementary, except in the chapter on “Electrical 
Oscillations,” in which differential equations are used of necessity. 
There is a large number of worked examples in the text, and most of the 
chapters have questions to be answered; these are mainly drawn from 
examination papers set by the London University and by the City and 
Guilds of London Institute. 

The great majority of the diagrams have been specially drawn, but 
a few have been kindly lent by Messrs. Pitman, and others by various 
manufacturing firms. These are acknowledged in the text. 


Ukivebsity Colleqe 
Nottingham 


H. COTTON 
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CHAPTER 1 


THE M.K.S. SYSTEM OF UNITS 

It has been said that no science has inherited such a bewildering array 
of units as the science of electromagnetism. For example there are in 
everyday use the c.g.s. absolute electrostatic system of units, the c.g.s. 
absolute electromagnetic system, the system of practical units, and 
the system of international units. The student and practising engineer 
have to make calculations in terms of all of these, and frequently it is 
necessary, in a calculation, to convert from one set to another. 

It would therefore appear illogical to make use of still another 
system, but the justification is based on the belief that it will bring 
order to what is at present chaos. The c.g.s. systems are based on 
so-called absolute units of length (the centimetre), mass (the gramme), 
and time (the second). The practical units, in which there is so much 
vested interest that their abandonment is quite out of the question, 
are the volt, the ampere and the units derived from them. Briefiy, 
it can be said that the main function of the m.k.s. system is to combine 
the c.g.s. and the practical systems so that the practical units, the volt, 
ampere, watt, j'oule, coulomb, ohm, henry, and farad become both 
practical and absolute units. Only in the case of magnetism is it 
necessary to introduce new units. 

Mechanical Units. We have for the new fundamental units of length, 
mass and time— 

Length, L = 1 metre = 10* cm 

Mass, Jlf = 1 kilogramme = 10® g 

Time, T = 1 second, as in the c.g.s. system 

Velocity 

LIT ^ LT-^ 

Denote the m.k.s. unit by v and the c.g.s. unit by v\ then 
v/v' = LT-y[L'(T')-^] = 10® X 1/(1 X 1) = 10® 

Angular Velocity 

Q) = 1 radian/sec in both m.k.s. and c.g.s. systems 

Acceleration 
a = 

/. a/a' = LT-y[L\TY^] = 10® x 1/(1 X 1) = 10® 

I 
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Force 

F = mass x acceleration = MLT“^ 

/. F/F' = MLT-y[M'L'(Ty^] = 10^ x 10^ x 1/(1 X 1 X 1) 

= 10 ® 

The m.k.s. unit is the newton, 

/. 1 newton = 10® dynes. 

Work and Energy 

W = force X distance = ML^T-^ 

/. WjW' = ML^T-y[M'L'(T')-^] = 10® x 10^ x 1/(1 X 1 X 1) 

= 10 ’ 

The m.k.s. unit of work is the joule, and the c.g.s. unit the erg, so 
that this is a restatement of the relationship 

1 joule == 10’ ergs 

Power, Power is the rate of doing work, 

P = work/time = ML^T"^^ 

PIP' = 10® X 10^ X 1/(1 X 1 X 1) = 10’ 

The m.k.s. unit of power is the watt, so that this is a re-statement of 
the relationship 

1 watt = 10’ erg/sec 

Torque, Torque is given by the quotient of power and angular 
velocity. Using the symbol M we have MjM' = P/P' = 10’. 

The m.k.s. unit is the newton-metre, 

/. 1 newton-metre = 10’ dyne-cm 

= [10’/(981 X 464)] [l/(2-64 X 12)] 

= 0*7373 Ib-ft 

The Values ol and Although it is possible to define a mechanical 
system in terms of the three fundamental quantities, length, mass, and 
time, it is necessary to introduce a fourth quantity in order that an 
electrical system may be defined. One possible fourth fundamental 
quantity is the absolute permeability of empty space. This is taken 
to be unity in the c.g.s. system, being based on the fact that, in terms 
of lines of force, B and H are numerically equal. In the m.k.s. system 
the permeability of free space, or preferably, the magnetic space con¬ 
stant, denoted by is not unity. Similarly, the permittivity of free 
space, or preferably, the electric space constant, Sq, is not unity. These 
two quantities are related as follows, 


l/eo/«o = «* 
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where e is the velocity with which electromagnetic phenomena are 
propagated in free space. The value of c is, very approximately 

c = 3 X 10^® cm/sec = 3 x 10® m/sec 
/. Bo/io = 1/c* = 10“i®/9 

It appears to be impossible to state separately the magnitudes of 
^0 and /Iq. Since we can give any particular unit any magnitude we 
like, provided that this value is reflected in the magnitude of all the 
other units, we can give a value to one of jliq and Cq. The values chosen 
for M, L and T, and the retention of the practical units, impose the 
value for and therefore 

X 107)/9 = 10-»/9 = (10/9) X 10-1® 

Thus So = 1-113 X 10-1® 

(giving c the more accurate value of 2-998 x 10® m/sec). 

The reason for this particular value of is as follows. The dimen¬ 
sional equations for e.m.f. and current in the c.g.s. electromagnetic 
system are 

[E] = 

[/] = 

The unit of time remains the same, namely the second. Let the unit 
length, mass, and permeability be changed in the ratio 10^ 10^ and 
10** respectively. Then the units of e.m.f. and current are changed in 
the ratios 10^** + ♦** + and 10<* + resi)ectively. 

Now one volt = 10® c.g.s. electromagnetic units (abvolts) 
and one ampere = 10“^ c.g.s. electromagnetic units (abamps) 

Hence, if the volt and the ampere are to be retained we must have 

+ p) = 8 I 

and J(Z + m — p) = —• 1 J 

Thus there are only two equations for three unknowns, and one of 
the three must be chosen arbitrarily, the only conditions being that, 
since the metre system is to be retained, aU three values must be 
integers. Two solutions which fulfil these requirements are 

J = 2, m = 3, p = 7 
Z = 9, m = — 11, p = 0 

The first of these provides the basis of the unrationalized m.k.s. 
system, the units of length and mass thus being the metre and kilo¬ 
gramme respectively. The new unit for fx is 10^, which means that a 
medium whose permeability is 10^ times that of free space is of unit 
permeability in the m.k.s. system. Consequently the permeability of 
free space is = 10“’. 

The objection to the use of /x^ as the connecting link between the 
electrical and mechanical units is that it is not possible to make a 
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standard of for use in standardizing laboratories. Consequently, 
after much discussion it was decided to use the ampere, defined from 
its magnetic effect, as the fourth fundamental quantity. 

In the c.g.s. system, when we make use of the relationship 

B = (iH 

we tend to ignore the dimensions of fx because we say that B = H 
when yM = 1. In the new system we are not able to ignore the space 
constant /Xq and consequently we have to use the relationship 

B = /ll/jIqH 

where fi is the relative permeability, as before, and = 10”’. 

Similarly for the relationship between dielectric fiux density Z>, and 
electric field strength E, we have 

D = ee^ 

It is very essential to realize that B and H can never be equal to one 
another and that D and E can never be equal to one another. Hence 
the force on a current-carrying conductor in a magnetic field is BIl^ not 
HIL The capacitance of a capacitor is DAK^tt X voltage), not 
EAKAtt X voltage). 

Magnetic Flux. The magnetic line of fiux has no real existence, but 
the conception is so widespread that it is doubtful if it would be 
practicable to express a fiux in terms of anything else. The m.k.s. unit 
of magnetic fiux is the weber and it is equal to 10® maxwells. This new 
unit tidies up the expressions for induced e.m.f. because the familiar 
term 10”® disappears. Thus, for the instantaneous e.m.f., e, induced in 
a coil of T turns by a rate of flux change we have 

e = — Td^jdt volts 

This gives rise to new values of B and H. Thus the m.k.s. unit of 
flux density is 

B' = webers/metre® 

= 10®/104 = 10*B 
H = BjfXfX^ = 10”*B7(yU X 10”’) 

= 10® X B'l/x 
= 10®H' 

Thus one m.k.s. unit of m.m.f. gradient H is equal to 10”® oersted. 

Rationalization. Before discussing the effects of the new magnitudes 
of the fundamental units on the expressions, and for the purpose of 
magnetic and electric calculations, it is necessary to consider the pro¬ 
cess known as rationalization. 

When trying to form a mental picture of electrostatic and electro¬ 
magnetic phenomena we imagine lines of force in some medium, and in 
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the c.g.s. and the unrationalized m.k.s. systems we picture 4frr lines 
radiating from a unit charge or from a unit pole. This involves frac¬ 
tional numbers of lines, a matter of little moment, but it also introduces 
TT into expressions other than those expressions related to the circle 
or the sphere, where its appearance would be quite natural. For 
example, the capacitance of a parallel-plate capacitor with homoge¬ 
neous dielectric is 

C = esoAlifjTd 

while that of a sphere of radius r is 

G = eef/r 

Similarly with magnetic calculations. 

Rationalization is merely the removal of the quantity tt from 
situations where it does not naturally belong, e.g. in the expression for 
the capacitance of a parallel-plate capacitor, and its transference to 
situations where it does belong, e.g. to the expression for the capacitance 
of a sphere. This is accomplished by replacing 

Bq by where == M13 X 10“^®/^ = X 
and fiQ by where /jl^ = 10“"’ X 47r = 1‘267 X 10“®* 

It is important to note that rationalization is not something peculiar 
to the m.k.s. system: it could, if desired, be applied to any of the 
other systems, e.g. the c.g.s. system. 

For further information on this subject of fundamental importance, 
reference should be made to the following books and papers. 

Fubtheb Rbadino 

*‘Symposium of papers on the m.k.s. system of imits.” «7. Inatn Elect, Engrs. 
97, Pt. 1 (1960). 

McGbebvy, T. The M.K,S. System of Units, Pitman, London, 1963. 
Bbadshaw, E. Electrical Units, Chapman & Hall London, 1962. 

Cabb, L. H. a. “The rationalized m.k.s. system of units.” M, V, Gaz, 
(March, 1962). 

* N.B. In subsequent discussions the double suffix is dropped, Sq and being 
the rationalized values unless othe wise stated. 
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It is now known that the atom of any given element, instead of being 
indivisible, is made up of components which, by virtue of their pro¬ 
perties can be regarded as particles. These particles are all entirely 
difiFerent in their nature from the atom of which they form a part. The 
particles are electrons, protons and neutrons. 

An electron is a particle of negative electricity, which when removed 
from an atom, exhibits none of the properties of ordinary matter. All 
electrons are exactly alike, even if the atoms from wtdch they are 
derived are different. The mass of an electron is 9*11 X lO”®® g. 

The proton is the opposite of the electron, being a particle of positive 
electricity. The positive charge on the proton is exactly equal to the 
negative charge on the electron, but the mass of the proton is so very 
much greater than that of the electron that to all intents and purposes 
the mass of an atom can be said to be the sum of the masses of all the 
protons in it. The mass of a proton is 1'63 X g. 

Neutrons are particles of the same mass as the protons, but they 
have no charge. Protons and neutrons together constitute the nucleus 
of the atom. The electrons are external to the nucleus. 

The structure of an atom is according to the Bohr theory, that of a 
solar system in miniature,* the central sun the nucleus, and the 
planets a series of electrons rotating about the nucleus in a series of 
orbits. The simplest atom is that of hydrogen, which has a single 
proton for its nucleus and a single electron rotating round the nucleus. 
The radius of the orbit is of the order of 10,000 times the diameter of the 
electron. In more complex atoms the nucleus may have protons and 
neutrons together. Thus, in the case of helium, the nucleus has 2 
protons and 2 neutrons, while, as planets, there are 2 electrons. A more 
complicated case is that of the copper atom in which the nucleus has 
29 protons and 35 neutrons, while, as planets, there are 29 electrons. 

In the case of all elements the atom is electrically neutral, since there 
are exactly as many electrons as protons. The atomic weight is 
(neglecting the masses of the electrons) given by the number of protons 
and neutrons in the atom. The atomic number of an element is equal 
to the number of protons in the nucleus, or, what amoimts to the same 
thing, the number of planetary electrons. It is this number which 
determines the chemical properties of the atom. So far, the greatest 
known atomic number is 92, that for uranium, and therefore, if we 
assume that there must be an element to each atomic number, there 
must be at least 92 elements. 

* This is not in aocordanoe with the most recent views, but it is sufficiently 
accurate for the purpose of a mental picture. 
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Eleotriflcation. Since the aggregate of the positive eleotrioity of the 
protons of any atom is exactly equal to the aggregate of negative dec- 
tricity of the dectrons, it follows that any normal atom is not electrified 
from the point of view of having any electrical influence external to 
itself. If some of the outer electrons are removed then the atom remains 
an atom, but its chemical nature may be altered, and, what is immedi¬ 
ately obvious, the balance of positive to negative electricity will be 
upset. There will, in fact, be a surplus of positive electricity, and, if this 
removal of some of the electrons has been common to all the atoms in a 
body, this body will be charged positively, or will have acquired a 
positive charge. 

If, on the other hand, an electron is added instead of removed there 
will be a preponderance of negative electricity, and if this addition has 
been made to all the atoms of a body this body will be charged 
negatively. 

The process by which an originally neutral atom becomes positively 
charged through the removal of electrons is called ionization, and the 
atom itself is called an ion. 

Summarizing, we can say that positive electrification is the result 
of a deficiency of electrons, while negative electrification is the result of 
an excess of electrons. The total deficiency, or excess, of electrons is 
called the charge. 

Coulomb’s Law. It is well known that bodies with like charges repel 
one another, and that bodies with unlike charges attract. In the case 
of bodies which are so small that their charges can be regarded as point 
charges, the magnitude of this force in air, or more strictly in vocteo, is, 
in the c.g.s. system 

/ = 

where and are measured in electrostatic units of charge, and d is 
in cm. In the unrationalized m.k.s. system we have 

/ = newtons 

where and ^2 in coulombs, d is in metres, and Sq is the permittivity 
of free space. We have seen that 

So/^o = 1/c" = M13 X 10-” 
and jUQ = 

/. So = 1-113 X 10-1® 

To effect rationalization we modified the values of the space constants 
as follows 


/^o = X 10“^ 

Hence, to retain the relationship So/^o = l/^*> have 

So « 8-864 X 10-« 
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The Coulomb’s law relationship thus becomes 
/ = newtons 

Example. Calculate the electrostatic force of repulsion between two 
a-particles separated a distance of 10"^® cm, given that the charge on 
the a-particle is 3-2 x 10“^® coulomb. 

f=qy47re,d^ 
q = ^-2 X 10“^® coulomb 
d = 10“^® cm = 10“^® metre 
/ = 3*22 X 10-38/(477 X 8*854 x X lO-®*) 

= 9*18 X 10*"^ newton 

Since one newton = 10® dynes and 1 g = 981 d 3 nies, 

^ = 91-8 djmes = 0*094 g 

In a medium other than air, then, provided that the medium is an 
insulator, i.e. not a conductor of electricity, we have 

/ == newtons 

where e is the relative permittivity of the medium. 

The Electric Field. Imagine two neighbouring charges, q^ and q^\ 
there will be a force of mutual attraction or repulsion (according to 
the signs of the charges, i.e. whether unlike or like) which will be 
directed along the straight line joining the charges. The magnitude 
of this force will be given by Coulomb’s Law. At the point occupied 
by the charge gg we can imagine that the electrical state of the space 
is caused by the other charge q^. This electrical state, or stress, is the 
result of the electric field caused by q^. The property of an electric 
field that causes it to exert a force on a charge introduced into it is called 
the field intensity, E. It is given by the relationship 

. E = fjq newton/coulomb 

Imagine then, a point charge q and a unit charge distant d from it, 
then the force on the unit charge is 

/ == qjifTree^^ newtons 

But the force on a unit charge is numerically equal to E, so that the 
field intensity at a point distant d metres from a point charge of 
q coulombs is 

E = qlArreeQd^ newtons/coulomb. 

We shall now see that the newton per coulomb is the same as the 
volt per metre. 

The field intensity is a vector quantity, and therefore we can imagine 
a line, the familiar line of force, drawn in such a way that, at any point 
on it, the tangent is directed along the direction of the intensity. 
Imagine a point charge of q coulombs placed on such a line of force, 
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then the force acting on it will be qE newtons directed along the tangent 
at that point. The work done in moving the charge a (^stance dl along 
the line of force is thus, 

dW = qEdl 

For any finite distance the work done is 

W = §qEdl joules 

Now let the difference of potential between the points at the begin¬ 
ning and end of the path taken by g be F 2 volts. Then, if Fj 

is the higher potential and the charge is moved against the potential 
gradient, q coulombs will have been moved through a potential 
difference of (F^ — Fj) volts, the work done therefore being 

IF = g(Fi — Fg) joules 
Hence q^Edl = g(Fi — Fg) 

/. Edl = - dF 

the significance of the negative sign being that the work done is positive 
when the charge is moved ‘‘up” the potential gradient, that is from a 
point of lower to one of higher potential 

/, = — dF/dZ volts/metre 

Example 1. An electron of charge 1*6 x 10“^* coulomb is placed in 
a field of 10® newtons/coulomb. If the force on the electron is directed 
vertically downwards and the mass of the electron is 9*1 X 10“*® g, 
calculate the total downward force acting on the electron. 

Electric force 

f» = Ee 

= 10® X 1-6 X 10”^* = 1-6 X 10“^® newtons 
where e is the charge of the electron. 

Gravitational force 

TO = 91 X 10-“ g = 91 X 10-“ kg 
g = 981 cm/sec* = 9*81 m/sec* 

= 91 X 10“®i X 9*81 = 89*3 X 10“®i newtons 
•*. +/a— X 10”^® newtons 

the gravitational force being negligibly small. 

Example 2. If the electron can move freely in the field of Example 1 
for a distance of 2 cm, and if it starts with an initial velocity of zero, 
what velocity will it attain, what will be the time taken, and what will 
be its kinetic energy. 

Neglecting the gravitational force, we have for the acceleration a 
a =/,/m =*= 1-6 X 10“iV(91 X 10“®i) 

= 1-76 X low m/sec* 
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Distance d = 2 x 10”* metre 

/. V == ^/(2ad) = (2 X 1-76 x lO^* x 2 x 10“*)i 
= 2-66 X 10’ m/sec 

Time 2-66 X 107(1-76 x 10i«) = 1-51 X 10-»sec 

Kinetic energy = Jmv* = J x 9-1 X 10“®^ X (2-66 X 10’)* 

= 3-21 X 10“^® joules 

Field due to a Straight Uniformly Charged Wire. The intensity, in 
vaciLOy at a distance d from a point charge of q coulombs is qjAnB^^ 


dl 


0 


Fig. 2.1, Intensity due to a Stbaioht Unitohmly Chaboed Wibe 

newton per coulomb. If the wire has a charge of A coulombs per metre 
(Fig. 2.1), then the intensity dE at point P due to an element dl is 
dE = in vacuo 

or dE = in a medium of relative permittivity e 

This will be directed aioay from the element, as shown in Fig. 2.1. 
Changing the variable we have 

dl cos 0 = d ,dd 
dl = d sec Odd 
Again d = r sec 9 

/. dE = dX sec OddKAjreeQd . r sec 0) = {XI4^eeor)dO 

The radial component of dE is 

dE* = dE cos 0 

= {XjifnBe^r) cos I 
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If the ends of the wire are at angular distances and a, from the point 
P then, adopting the convention that ot, is positive and negative in 
the figure, the total radial component becomes 

E* == —^ — X f 008 QdQ 

Jar 

E' = [A/(47rfieor)] (sin — sin aj) 

Denoting the longitudinal component by E" we have 

E' = 

If the wire is so long in comparison with the distance r that and 
a 2 both approach 7r/2 we have 

E* = and = 0 



Field at a Point on the Axis of a Uniformly Charged Bing. Again let 
the charge be A coulombs per metre, then intensity at point P (Fig. 
2.2) due to an element dl is 


dE = XdljifTree^^ in the general case 
Axial component 

dE' = dJB cos fl = A cos 0 dljifnee^'^ 
Total axial component 

fa 

= {XI4!jTeSo)(df^)Ztrr 

Now 27jrA = q, the total charge on the ring 

E' = qdllhree^ir* + d>)l] 
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If d is very great in comparison with r then 

E* = ql^fTTEE^^ 

which means that, at such a distance, the ring acts like a point charge. 

As in the analogous magnetic case we see that, by considering 
diametrical elements in pairs, the total quadrature component E^ is 
zero. 

Gauss’s Theorem. Imagine a point charge of q coulombs of positive 
electricity situated at the centre of a sphere of radius r metres (Fig. 
2.3), then the intensity at any point on the surface of the sphere is 

E = ql4:7TeeQr^ newton/coulomb 

We can represent the properties of electric fields by lines of force as 
when using the c.g.s. system of units, and, in particular, we can define 



displacement, D, as the number of lines of flux per unit area of normal 
cross section. In the magnetic case B = ju/jroH; in the electric case 
D = eSoE, Obviously, in the case of Fig. 2.3, all the lines of force are 
normal to the spherical surface, and therefore the total flux is 

T = D X = {eeQqlArTesQr^) X Anr^ = q 

Now if we imagine a closed surface of any shape whatsoever enclosing 
the charge q then, provided this surface does not pass through material 
of different £, the flux across this surface must be the same as that 
across the surface of the sphere, namely q. Again, if the charge is 
distributed it can be regarded as made up of a number of elementary 
charges small enough to be regarded as point charges. Hence, in a 
homogeneous medium we see that if a charge q of any distribution 
whatsoever is enclosed within a surface, the total flux crossing this 
surface is g. This is known as Gauss’s Law. 

Applications of Gauss’s Theorem, (a) Field due to a Long Straight 
Charged Conductor. For an element of length dl the lines of force will be 
radially outwards, so that a suitable gaussian surface is a concentric 
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cylinder of any radium r, and the same axial length 61 (Fig. 2.4). With 
a charge of A coulombs per unit length the total clWge within the 
surface is 

q=.Jidl 

/. Flux per unit of length 

Surface area crossed by this flux 
a = 2'rTr6l 

/. Intensity at radial distance r, 

E = DfesQ = Y/ee^ 

= A/27rfieor, as before 

(6) Field due to a Charged Sphere. 

Let the surface density of charge be a 
coulombs per square metre, then total charge on a sphere of radius r is 

q = 47rr^flr coulombs 

A convenient gaussian surface for a point distant R metres from the 
centre is obviously a concentric sphere of radius JK, and of surface 
4i7rR^. The total flux will be radial, because of radial symmetry, and 
of magnitude * 

Y = = irrr^a 

Hence intensity at a radial distance R 

E = ~ ^R^ 

= (rIRnalee,) 

If we express E in terms of the total charge g, we have 
E = ql4meeJR!^ 

which, being independent of r, the radius of the sphere, shows that, to 
points external to it, the sphere behaves as though its charge were 
concentrated at the centre. 

(c) Field between Two Charged Parallel Plates. The distribution 
of flux between two oppositely charged parallel plates is indicated 
in Fig. 2.5 (a). At the middle the lines of force are normal to the 
surfaces and the intensity is uniform, but towards the edges the 
lines bulge outwards as shown. In order to obtain a uniform field in 
practice, it is therefore usual to surroimd one surface with a guard 
plate, separated from the plate itself by a small annular gap, the two 
being in electrical connection (Fig. 2.5 (6)). Since it is thus possible to 
realize a uniform field in practice consider the uniform portion of Fig. 
2.5 (a). The gaussian surface is a pillbox of lid area dA (say). 



Fig. 2.4. Gaussian Subtaoe 
BOUND AN Element or a 
Stbaight Wire 
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Let a be the surface density at the uniform portion, then the charge 
enclosed by the surface is 

q = ad A 
W = adA 

But, for an intensity E, we have 

T = DdA = ee^dA 
E = cr/eco 



(c^) Field Distribution (b) Plate with Guard Plate 

Fio. 2.5. Oppositely Chabged Paaallbl Plates 


Field Inside a Charged Hollow Spherical Conductor. Fig. 2.6 shows a 
hollow sphere charged‘to a surface density a. Consider a cone with 
apex at any point P and cutting off small areas ^ 2 * ^he 

charges on the two areas are thus ami and am^ and the total intensity 
due to these at point P is 

E = amJi^eeQr^ — amJ4ifTTeeQr^ 

The projection of area mi perpendicular to the axis of the cone is 
mi cos <f>iy and therefore if the soUd angle of the cone is ds, we have 

mi cos <f>i/d8 = fiVl 

/. ds = mi cos 

Similarly ds = 02 cos ^ 2 /^ 2 ® 

Also <f>i = (f>^ 

E = o 

Similarly we can subdivide the whole surface into pairs of small 
areas such as mi and o >2 and, since each pair will produce zero intensity 
at P, it follows that the intensity is zero for the whole sphere. Now P 
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is any point whatsoever, and therefore the intensity at all points insi^ 
the sphere is zero. We have seen that intensity can be (represented in 
terms of lines of force, and therefore it follows that there can be no 
lines of force inside a dosed charged sphere. This applies, in general, 
to a closed surface of any shape. 

Ctoulomb’s Theorem. Consider a small area m of a charged surface, 
Fig. 2.7, and let the surface density be cr. The total charge on the area 
is orco. Hence, by Gauss’s theorem the total flux radiating from this 
surface is aco. 

If the surface under consideration is a conducting surface, then we 




have seen that no flux can exist inside, and consequently the whole of 
the flux passes outward normally. The induction density at the surface 
is therefore 


cro) -f- m = or 

and this, expressed in newtons per coulomb, is the intensity at a point 
close to the surface. It is in a dfrection normal to the surface. 

Potential. If a mass is moved from one point to another in the 
gravitational field, work will be done, either against, or by, the force of 
gravity, according as the vertical distance of ^e mass above the earth 
is increased or decreased. Also, provided the starting point and finishing 
point are the same, the amount of work done wiU be the same, no matter 
what path may be taken. Before the operation the mass will have, in 
general, a finite potential energy, and ^e work done during the posi¬ 
tional change will be added to, or deducted from, this initial energy. 
Hence, the total potential energy of the mass is a function of the posi¬ 
tion of the mass with respect to the earth. The case of the electric 
field round a charged body is analogous to that of the gravitational field 
round the earth. If a small charge is introduced ipto the electric fidd 
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it will be repelled or attracted by the body, and any change of position 
will, in general, necessitate that work sha^ be done against, or by, the 
force acting on the charge. We can thus regard potential in the electric 
field in exactly the same way as we regard potential in the gravitational 
field. 

In general, the potential at any point in an electric field is defined as 
the work done, in joules, in moving a positive charge of one coulomb 
from a point at infinity to that point. The potential difference between 
two points in the field is the work done, in joules, in moving a positive 
charge of one coulomb from the point of lower potential to the point of 
higher potential. The potential difference is independent of the route 
taken by the positive charge. 

If, at any particular point, the intensity is E, the work done in moving 
the unit charge a small distance dl is obviously Edl. Let the difference 
of potential encountered in this distance dl be dF, then, by definition 

dF = - Edl 

E = — dVJdl volts/metre 

showing that the intensity at any point is equal to the potential 
gradient at that point. As explained previously, the negative sign is due 
to the fact that distances are reckoned positive when they are measured 
down the potential gradient. 


Equipotential Surfaces. An equipotential surface is a surface such 
that all points on it are at the same potential. For such a surface the 
potential gradient is obviously zero and therefore the intensity E can 
have no component along the surface. It thus follows that lines of 
force always cross an equipotential surface normally. If a two-dimen¬ 
sional drawing is made of the lines of force in any particular electric 
field, then the equipotential lines (which in such a drawing are the 
intersections of the plane of the paper with the equipotential surface) 
must cut the lines of force at right angles. 


Potential due to a Point Charge. Let the intensity at a point P 
(Fig. 2.8 (a)) be E and let a point charge of one coulomb be moved a 



Fig. 2.8 


distance dl in any direction 0 to the direction of the intensity at P, to a 
new point Q. Then the potential difference between P and Q is 

dV ^ ^ cos 0 . dl 



Ch. 2] ELECTROSTATICS 17 

If the field is due to a point charge q and the luiit charge is moved 
along a radial line of force, Fig. 2.8 (6), 0 = 0 and ^ 

dF = - Edl 

Let the limits of movement of the unit charge along this line of force 
be radial distances and At any radial distance r 

E = qlAneeQr^ 

Hence the potential difference Vnr. between the points P and Q is 
== and dl = dr 



= (ql4nee^){llri — l/r^) 

The absolute potential at a point at radial distance is obtained by 
putting r 2 = 00, since the absolute potential is defined as the work done 
in bringing a unit charge from in&iity to that point. Hence, for the 
absolute potential at any radial distance r, we have 

Vf = qjifneE^r 

The potential gradient is therefore 

O = dVfldr = ql4^eeQr^ = E volts/metre 

Thus the potential gradient at any point is equal to the intensity at 
that point. 

Charged Sphere. Let the sphere be of radius a. At aU points inside 
the sphere the potential is the same as at the surface, and therefore 
since we can regard the charge as being concentrated at the centre, we 
have for this potential 

Va == ql^esga 

For any point distant r (> a) from the centre, we have 

Vr == ql4^eeQr 

and if we consider the case of a sphere in air 

Vr = ql4^s^ 

For radii > 0 but > a the potential is constant, since a is a constant, 
and therefore the gradient is zero. For points outside the sphere we 
have 

E = q/Arre^r^ 

showing that the sphere is a surface of maximum potential. The 
variations of potential and of potential gradient with respect to radial 
distance are shown in Fig. 2.9. 

This is a case of very great practical importance because there is a 
limit to the potential graii^ent which can be imposed on air at atmos¬ 
pheric pressure. This limit is 3 X 10® volts per metre, and above this 

a—(T.8i8) 
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the air becomes conducting owing to the phenomenon of ionization. 
Now at the surface 

Fa == ql^e^ and E^ = 

Fa = aE^ 

Substituting the limiting value 3 X 10® for 0^ (== E^) we have the 
relationship between the maximum possible potential to which a 
sphere can be raised and the radius of the sphere. 

Vmax = 3 X 10® a volts, where a is in metres 
Thus if we make a equal to one metre, the maximum potential to 
which it can be raised is three million volts. 

If we make a very small then the value of Fmax decreases accord¬ 
ingly, and this accounts for the well-known action of points which, at 



Fig. 2.9. Potential and Potential Gradient due to a Charged Sphere 

quite small potentials, set up such intense local potential gradient 
that ionization results. 

For a sphere of radius a the surface area is 4:TTa^ and therefore 
E^ = If fhe medium is of permittivity e then = ales^. 

Capacitance. Consider a system composed of two insulated conduc¬ 
tors disposed in such a way that, if a charge of electricity is imparted 
to one of them, all the lines of force emanating from this charge will 
end on the other conductor. Then, if the charge is + on one conduc¬ 
tor, there will be an induced charge of — g on the other. At any point 
in the field the intensity is given by 

^ ~ dVjdl 

and therefore the potential difference between the two conductors will 
be given by 

F = - SEdl 

But, from Coulombs' law we know that F is directly proportional to g, 
since F is proportional to E. For any particular system the ratio of q to 
F is a constant, depending only on the size and shape of the electric 
field and the medium in which the lines of force exist. Denoting the 
proportionality constant by C we have 

G = qlV 

This proportionality constant is called the capacitance, and we see 
that the capacitance of a system is the ratio of its charge to its potential. 
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This also applies to an isolated conductor, but in this case we have to 
take infinity as the reference level of potential. With q expressed in 
coulombs and V in volts, C is given in farads. The farad is a very large 
unit and in practice it is more convenient to express the capacitance of 
an actual system in microfarads (^F), one microfarad being equal to 
10"® farad. 

{a) Isolated Conduotob. In the case of a charged isolated sphere 
of radius a we have seen that the potential is 

V = q/Aire^ in vacm 
or, in general V = q/Arreeffl 

C = qlV == 4Tr£Coa farads 

We note that the capacitance is proportional to the first power of the 
linear dimension a. In general, for systems which are geometrically 
similar, the capacitance varies in direct proportion to the linear 
dimensions. 

When dealing with capacitance calculations it is of interest to com¬ 
pare the simplicity of the m.k.s. system with the complications of the 
c.g.s. systems in which there are two distinct systems, with difficult 
transformations from one to the other to be memorized. The coulomb 
is equal to 10"^ c.g.s. electromagnetic absolute unit of quantity while 
the volt is equal to 10® absolute units 

the farad = = 10"® absolute e.m. units 

When capacitance is calculated from the dimensions of a conductor 
the result is given in electrostatic units, namely in centimetres. The 
absolute unit is an electromagnetic unit and therefore, to convert from 
centimetres to farads, it is necessary to make use of the relationships 
between electrostatic and electromagnetic units. 

E.m. unit of capacitance = e.s. unit X c® 

= e.s. unit X 9 X 10®® 

Farads = e.m. units x 10"® 

/. /xF = e.m. units x 10"^® 

= e.s. units x 10"^® X 9 X 10*® 

= e.s. units x 9 X 10® 

Example. Calculate the capacitance of an isolated sphere of 10 cm 
radius in free space 

C = ATTSBffl X 10® fiF {a in metres) 

= 47r X 1 X 8-854 X 10"” X 10"i X 10® 

== M13 X 10® X 10"i® X 10"! X 10® = M13 X 10"®/iF 

In terms of the c.g.s. system we have 

C == a/{9 X 10®) (a in centimetres) 

= 10/(9 X 10®) = Ml X 10-®^ 



20 ELECTRICAL TECHNOLOGY [Ch. 2 

(b) Concentric Spheres. The p.d. between two points of radial 
distances and from a point charge q has been shown to be 

Vr,u = ~ l/r,) 

Let there be conducting spheres at these radial distances, then since 
the spherical surfaces coincide with equipotential surfaces no difference 
will be made to the distribution of electric intensity external to the 
inner sphere. Hence, denoting the radii of the inner and outer spheres 
by a and b respectively we have for the p.d. between them 

V = (g/47r££o)(l/® - 1/^) 

/. c=^qlV = Wo/(l/a - 1/^) 

where e is the relative permittivity of the medium in the space between 
the two spheres. 

(c) Parallel Plates. If we assume that the electric field is uniform 
over the plate area to be considered, the intensity between the plates 
is a/esQ. Now o is the surface density of the charge, so that for a plate 
area A we have 

a = qIA /. E = q/seoA 

Let d be the distance between the plates, then the potential difference 
between them is 

V = Ed = qdlee^A 
.*. C = qJV = ceqAI d fa.T8ids 

If the medium is air, for which e == I 

C = EQA/d farads 

For a given capacitance C and separation d we thus have 

A = Cd/eQ 

It is of interest to calculate the plate area necessary for a capacitance 
of 1 farad. Suppose that the separation is as small as 1 mm = 10”® m 

^ = 1 X 10”®/(8-854 X 10”i2) = M3 X 10® m® 

Suppose the plates are square, then the side will be 1-065 x 10* m, or 
7-7 miles. This example shows why it is necessary to express practical 
capacitances in microfarads or, in the case of very small capacitances, 
in micromicrofarads (uflF). 

Example. A parallel-plate capacitor has plates 3 m® and separation 
2 cm immersed in a liquid for which e = 2-6. A p.d, of 6000 V is main¬ 
tained between the plates. Calculate capacitance, charge per plate, 
surface density, and intensity. 

C = BBfyAJd 

= 2-6 X 8-854 X 10“i® x 3/(2 X lO”®) farad 
= 3-32 X 10-» farad 
= 3-32 X 10”>/^F 
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q^CV^ 3-32 X 10“» X 5 X 10» 

= 1*66 X 10-® coulomb 
a^qlA^ 1-66 x 10’» 4- 3 

= 5*53 X 10“® coulomb/m^ 

E^VJd^^ 6000/(2 X 10-2) = 2-6 x 10« V/m 

Alternatively 

E = gIsSq == 5-53 X 10-V(2-5 x 8-854 x lO-i*) 

= 2-6 X 10» V/m 

{d) Coaxial Cylinders. We have seen that the intensity at a radial 
distance r from an isolated charged conductor having A coulombs per 
unit length is 

E = A/27r£eor 

Let the radius of the conductor be a, and let there be a concentric 
cylinder of radius b round it. Then as the surface of this cylinder will 
coincide with the original equipotential at radius 6, the intensity 
distribution over the distance (b — a) will remain as before. 

Hence p.d. between the cylinders 

V = iEdr 

la ' r 

= (A/27r£Co) loge(6/a) 
quantity per unit length, 

g = A coulombs 
0 = ^/7 = 27re£o/loge(%) 

= 27r££o/2’303 logiQ(bla) farads/metre 

Now we have seen that the intensity is equal to the voltage gradient 
g = E = A/27re£or at any radius r 
But A == 27r£eoF/loge(6/a) 

/. g = F/r.loge(6/a) = F/2-303r logio(6/a) 

At the surface of the inner conductor r has the minimum value of a 
and therefore the gradient has a maximum value of 

9m = loge(6/a) = F/2-303 a logio(6/a) 

Example. A concentric cable has a core diameter of 0-927 in. It is 
insulated with impregnated paper of thickness 0-65 in., and permit¬ 
tivity 3-6, and covered with a lead sheath. If the working pressure is 



22 ELECTRICAL TECHNOLOGY [Ch. 2 

66,000 V (alternating) calculate the capacitance of the cable in per 
mile, and the maximum potential gradient. 

a = 0*464 in. 

6 = 0*464 + 0*66 = M14 in. 

/. bla = 1*114/0*464 = 2*41 
logic = 0*382 

0 = [277 X 3*5 X 8*854 x 10“-iV(2-303 X 0*382)] 

X 10«^F/m 
= 2*204 X 10-^ fiY/m 
= 2*204 X 10-^ X 1609 //F/mile 
= 3*55 X 10"^ juF/mile 

a = 0*464 in. = 1*18 X 10“^ m 
= *v/2 X 6*6 X 10V(2*303 X M8 X lO-^ x 0*382) 

= 9 X 10« V/m 

The factor \/2 is introduced into the numerator because, with an 
alternating voltage from a public supply, the maximum voltage is \/2 
times the stated voltage. 

(e) Paballel Conductors. Fig. 2.10 shows two parallel conductors, 
each of radius r, separated by a distance d, and it is assumed that d is 



Neutral 

Plane 

Fia. 2.10 


large compared with r. If conductor A has a charge of + g along its 
length, this will induce a charge — g on conductor B, Hence, for any 
point P we have, for a charge A coulombs per unit length, intensity 
due to conductor A = XI2TTee^ and intensity due to conductor 
B — A/[277££o(^ ^)]* Hence, total intensity at P, 

E = (A/27r6eo)[l/a? + l/(^^ - ^)\ 


For the p.d. between the wires we have 


F = 



1 

d — X 


) 


dx 


= (A/2iTceo)[loge * 


— loge(d — 


x)] 


d-T 

r 


== (}.liTee^ loge[(d — r)/r] 
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Henoe, capacitance per uait length 

C = ^IV nesJlogeKd — r)/r] 

wcCa/Ioge(rf/>') farads/metre 
Si neeJ2-iOZ logio(i/r) farads/metre 

Example. The 132-kV British Grid lines have the following data: 
d = 12 ft, 2r = 0-77 ia. Calculate the capacitance per mile of a line 
haring two conductors only. 

d/r = 12 X 12/0-386 = 374 
logio(<*/»-) = 2-6729 

C = 77 X 1 X 8-864 X 10-iV(2-303 X 2-6729) 

= 4-696 X 10“^* farad/m 
= 4-696 X 10-*/xFlm 
= 4-696 X 10-* X 1609 juF/mile 
= 7-66 X 10-* /iF/mile 

To determine the voltage gradient it is convenient to regard the 
centre plane as a neutral plane so that, if we denote the potential of 
one conductor with respect to this plane as F', we have 

r = F/2 = (A/277eeo) loge[(d - r)/r] 

At any point P the potential with respect to the neutral plane is 



= (XjZnee^ loge[(d — x)x\ 

Hence, for the voltage gradient at any point P we have 
g = dV^'jdx 

= - (A/27r«eo) idl{x{d - *)}] 

But A/277eeo = — »')/'■] 

.-. g = F'[d/{a:(d - x)}] [l/loge{(d - r)/r}] 

The gradient is a maximum at the conductor surface, where x = r, 
and since (d — r) ~ d, we have 

g = V'[dl{x{d - x)}]/loge (d/r) = F'[d/{x(d - x)}]/2-3 log,, (d/r) 
and g„ = F'[2-3r logjo (d/r)] 

Example : F = 200,000 V (steady), d = 10 ft, 2r = 1 in. 

F' = 100,000 V 
d = 120 in. and r = 0-6 in. 

.-. logjd/r] 

= logio240 = 2-3802 

g = 100,000 X [120/x(120 - x)] X (1/2-3 X 2-38) 

= (18,300/x) X [120/(120 - x)] 



24 


ELECTRICAL TECHNOLOGY 


[Ch. 2 

The units depend on the unit of length adopted. As the dimensions 
and spacings are given in inches, and it is probable that these units will 
be used for some considerable time for practical cases, we have, with x 
in inches, 

g = 18,300/a? volts/inch 
At the surface of the conductor x = r = 0*5, 

= 18,300/0*5 = 36,600 V/in. 

The variations in 0 across the space between the conductors are shown 
in Fig. 2.11. 



Fig. 2.11. Potential Gradient between Parallel Conductors 

Systems Ol Capacitors. If a number of capacitors of individual 
capacitances Ci, C^, C^ are connected in series, then the total capaci¬ 
tance is given by 

1 /^ ~ 1/^1 + 1/^2 + +. 

The charge on each capacitor is the same, so that if Fi, Fg, Fg, etc., are 
the p.d.'s on the individual capacitors, and F the total applied p.d., 
we have 

^ = CF = CiFi - OgFg = C 3 F 3 , etc. 
and F = q/C 

yjv^c/c. 

Similarly FJ F = C/C ^; F 3 / F = C/C,; etc. 

This is of great importance in connection with the compound dielec¬ 
trics used in the manufacture of electrical machinery and other 
apparatus. Take, for example, the slot of a high-voltage alternator. 
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The armature conductors are at a high potential with respect to the 
core, and conductors and core are separated by dielectric, with the 
result that the system constitutes a capacitor. If the dielectric is homo¬ 
geneous, then the potential gradient will be uniform, but if the dielectric 
consists of layers of difiFerent materials with different permittivities, 
then the gradient will no longer be uniform, but will be difiFerent for 
each material. Fig. 2.12 shows three such cases, the total thickness of 



Fig. 2.12. Potential Gradient in Homogeneous and 
Composite Dielectrics 


insulation being 5 mm in each case, and the total p.d. 15,000 V. In 
case (a) the material is homogeneous so that g is uniform and equal to 

g == 15,000/5 X 10-8 = 3 X 10« V/m 

In case (6) there are two materials of permittivities 8 and 2, but of 
equal thicknesses. We can regard this system as the equivalent of two 
capacitors in series, the capacitances being 

= e^e^jd = 8eo^/(0-25 X lO-^) = 32^0^ X lO* 

^2 = = 2eoAI{0-25 x lO-^) = Se^ X 10* 

Hence total capacitance 

C = C^CJiCj^ + Ca) = [(32 X 8)/(32 + 8)]eo^ X 10* = (32/5)£o^ 
X 10* 

/. Fj = (C/Cj)V == [32/(5 X 32)] x 15,000 
= 3000 V 

g^ = 3000/(2*5 X 10-8) = 1,200,000 V/m 
Fa = {C/C 2 )V = [32/(5 x 8)] x 15,000 
= 12,000 V 

.-. g^ = 12,000/(2-5 x 10 -*) = 4,800,000 V/m 

This shows that the gradient across the material of low permittivity is 
greater than that across the material with the high permittivity. 
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Now take the more likely case of Fig. 2.12 (c). Then 
C], = CiCo^K = 88^/(4-6 X 10-») = 1-778 X 10*fo-4 
Cg = = 2eo4/(0-6 X 10~*) = 4 x 10*eoj4 

C = CfiJ(Ci + Cg) = [(1-78 X 4 X 10«)/(6-78 X 10*)]eo4 
= 1-23 X 10»eo^ 

Fi = (C/Ci)F = 1-23/1-78 x 16,000 = 10,400 V 
and Fg = (C/Og)F = 1-23/4 x 15,000 = 4600 V 
= 10,400/(4-6 X 10-») = 2,320,000 V/m 
and ffg = 4600/(0-6 X lO'*) = 9,200,000 V/m 

The expression for the capacitance of a parallel-plate capacitor with 
compound dielectric follows immediately from the above. Let the 
distance between the plates be d metres, and let there be t metres of 
dielectric of permittivity and (d — t) metres of dielectric of permit¬ 
tivity Sg. Regarding each of these as forming separate capacitors we 
have 

C^ 

C^ — t) 

Hence, since Cj and Cg are in series, we have 

c = CiCJ(Ci + Cg) 

r (si/<) X ej(d-m 

^ L ^ 0 J 

= eie2eQAI[ei(d — t) + 

_ ^ 0 ^ 

[(d — t)le2 + ihi] 

Another practical example involving two capacitors in series is an 
insulated cable with compound dielectric. 

Let = radius of core 

rg = radius of inner dielectric of relative permittivity Si 
= radius of outer dielectric of relative permittivity eg 

Then regarding each dielectric as a separate capacitor we have, Fig. 
2.13, 

Cl = 27reieo/loge(r2/ri) farads/metre 
Cg = 27re2eo/loge (rjr^) farads/metre 
/. VilVi = ^i/^2 = (^aA2)/^2 (^ 2 /^ 1 ) 

= logio (^3/^2)/«2 logic (^2 Ai) 

As a numerical example, let fi = 3 mm, fg == 6 mm, = 10 mm. 

= 7, 62 = 5. 

«i logic (^ 3 /^ 2 ) = 7 logic (10/6) = 1-653 
^2 logic (^ 2 /^ 1 ) = 5 logic (6/3) = 1*606 
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Fg/Fi = 1-553/1-605 *= 103 
F/Fi = 203/1 
Fi = F/203 

Thus suppose F is 10,000 V, then 

Fi = 10,000/2 03 = 4870 V 
and Fa = 10,000 - 4870 = 5130 V 



Capacitors in ParalleL If a number of capacitors are connected in 
parallel, then for the total capacitance we have 

C* = C7i + ^^2 + ^3 + • • • 

Each capacitor is subjected to the whole of the applied p.d. 

Potential Coefficients. When two conductors are disposed in simple 
geometrical arrangements we have seen that the capacitance may be 
easily calculated in certain cases. The methods adopted in the previous 
sections are not suitable in general, since there may be more than two 
conductors, and therefore what is required is a method suited to the 
general case. This is provided by the method of potential coefficients 
originally introduced by Maxwell.* Thse coefficients are particularly 
valuable in the solution of transmission-line problems. 

If an isolated conductor is given a charge Q, then its potential is 
raised to some value F, and we have seen that the ratio Q/V is called 
the capacitance of the conductor. When there are several neigh¬ 
bouring conductors the potential of each will no longer be determined 
solely by its own charge and isolated capacitance, because its charge 

* Clerk Maxwell, Electricity and Magnetism^ Vol. 1, Chap. III. J. Jeans, 
Mathematical Theory of EUctricily and Magnetiam, Cambridge, 1925. L. Page 
and N. I. Adams, Prinoiplee of Electricity, Van Nostnuid. 
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distribution will be modified by the presence of the neighbouring 
conductors. 

Consider the group of three conductors in Fig. 2.14. Let their 
charges be Qi, and and their potentials Fj, Fg and Fg. If their 
charges are Q 2 8'*^^ Qa'* their potentials will have new values Fj', 
Fg' and Fg'. Now let the charges be Qx + Qi* Q 2 + Q 2 * Qz + Q 3 > 
then, by the principle of superposition, the poten¬ 
tials wiU be Fi + Fi', Fg +.Fg', and Fg + Fg'. 
In general, if we increase all the charges n times, 
then we increase all the potentials n times. 

Now consider the case in which the charges 
are ^ 1 , Q 2 = 0, and = 0. The potentials of the 

_ three conductors may be written in the form 

\3N PuQi* P 21 Q 1 * PaiQi> where the p’s are con- 

' stants for the particular system and independent 

Fig. 2.14 of the charges. The first sufiix indicates the 

conductor at which the potential is considered, 
and the second, the conductor which causes the effect. 

Hence, if the charges are 4^, = 0, Qg finite, and = 0, the potentials 
can be written. 


0 


PxiQzf Pz^Zi PzzQz 

while if the charges are Qx = 0, $2 = 0, and finite, the potentials 
become 


PizQzi PzzQzi PszQz 

If all the conductors have finite charges, then 

— PiiQi "f" P12Q2 + PizQz 

Fg = P2xQi + P22Q2 + PzzQz 

^3 ~ ^ 31^1 “f“ PzzQz ~l“ PzzQz 

The magnitudes of the p’s depend on the geometry of the system and 
on the relative permittivity of the medium. 

If we require the charges in terms of the potentials then we can write 
a similar set of equations— 

Ql = + ^ 12^2 + 9^131^3 

Q2 == + 9^22^2 + 923^3 

Qz ~ + 9^32^2 + 933^3 

where the q*a are new constants which can be calculated in terms of the 
p’s. When the suffixes of the g’s are the same, as in qn, g'gg, etc., these 
constants are called coefiicients of capacitance. If the suffixes are not 
the same, as in g^g, ^gg, etc., they are called coefficients of induction 
because, for example, g^igFg means the charge on conductor 1, due to the 
potential Fg of conductor 2, i.e. the charge induced on conductor 1, by 
the potential Fg of conductor 2. 
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The results are general for any number of conductors n, the 
equations for the potentials being 

Ti\Qi + JP12O2 + PlzQz + • • • + VlnQn 
V 2 = P 21 Q 1 + ^^ 22^2 + P2zQz + • • • + P2nQn 


= PnlQl + PnzQz + PnzQz + • • • + PnnQn 


By means of Green’s reciprocity theorem it can 
be shown that = Pzv or in general 
In words, this means that the potential of any 
conductor n due to unit charge on m is the same as 
the potential of m due to unit charge on w. 

Example 1. Capacitance of Concentric Spheres. 
Denote the spheres as 1 and 2, Fig. 2.15, and let 
the radii be a and 6. The potentials of the spheres in 
terms of the charges are 



Fig. 2.15 


yi^PxiQi + P 12 Q 2 • • • • (1) 

1^2 = P 21 Q 1 “t" P 22 Q 2 • . • . (2) 

Put = 1 and $2 = ^ 

then Fi' = 

Now put Cl == 0 and $2=1 

then V 2 — P 22 ~ If^ee^a 


Let Qi = C, then we know that $2 = and therefore, subtracting 
equation (2) from (1) we have 


V = - Vg = (Pu - Pli - Pn + PtiVi 

- (s - 5 - J 

_ b — a Q 
ab ’ 47raeQ 

from C = QIV 


^ 47166006 

= -r- 

b — a 


This is, of couise, the capacitance between the inner and outer 
spheres. The outer sphere has an additional capacitance of 47r66o6. 

Example 2. Electric Shielding. Let a conductor 1, Fig. 2.16, be 
entirely surrounded by a conductor 2 which is maintain^ at zero 
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potential. We require the efifecb of conductor 3 on the potential of 
conductor 1. We have 

Ql = + ^ 12^2 + 9 ^ 13^3 • • • ( 1 ) 

^2 == ? 21^1 + ? 22^2 + 9 ^ 23^3 ‘ * • ( 2 ) 

Cs == 9'31^1 + 9^32^2 + 9^33 ^3 * * • (^) 

But Fg = 0, and if = 0 then Fi = 0 also, because the potential 
inside a hollow conductor is that of the conductor itself unless there is 
a charged body in it. 

g'laFg = 0 from equation (1), i.e. = 0 

Ql = 9 ^ 11^1 

and Qq = (since gi^ — g^i) 


© 

Fig. 2.16 Fio. 2.17 

The electrical condition of conductor 1 is thus entirely independent of 
the electric field due to conductor 3, and similarly the field of conductor 
1 has no effect on conductor 3. 

Example 3. Capacitance to Neutral of a Three-phase Over¬ 
head Transmission Line with Symmetrically Spaced Conduc¬ 
tors. The conductors are shown as 1, 2, and 3 in Fig. 2.17. For sim¬ 
plicity the conductors are regarded as being so far from the earth that 
their capacitances to earth may be neglected. With balanced conditions 
the neutral n will be at the centre of the system, as shown, and we have 

Ql = 9^11^1 + 9 'i2^2 + 9 ^ 131^8 + 9^1n^« 

Q 2 = 9^21^1 + 9'22^2 + ?23^3 + ^ 2 n^n 
Qz ~ 9^31^1 + 9'82^2 + 9^33^3 + 9^3n^n 
Qn ~ 9nl^l “f" 9^n2^2 9nZ^Z ?nn^n 

Now the potential at the neutral is zero in a balanced system. Q„ 
is zero, and F^ + Fg + Fg = 0, 

Ql = 9^11 + 9'12(^2 + ^ 3 ) 

= ( 9^11 9'12) ^ 1 

Capacitance to neutral 

= Ci/(Fi~FJ = (?,/Fi = gn-gi. 

Now consider conductors 1 and 2 alone. 

Let 0i = Q and C 2 = — 0 






Ch. 2] 
Then 


ELECTROSTATICS 


31 


2Q —. — ^ 21 ) + F 2 ( 3^12 ^ ^ 22 ) 

= tell !Zi2)(Fi — F 2 ) 
because = S^ii* S 3 nnmetry, and = q^i 

/. Capacitance between conductors 1 and 2 

= QK^i — F 2 ) = tell ffi2)/^ 

This expression is one-half that for the capacitance to neutral, 
showing that the capacitance to neutral of one conductor of a three- 
phase symmetrically spaced transmission line is twice the capacitance 
between any pair of the conductors.* 

Energy Stored in an Electric Field. Since the lines of force of an 
electric field start on one conductor and end on another, it will be 
realized that any electrostatic field is associated with a capacitor. Now 
the shapes of the lines of force depend on the shape, size, and relative 
positions of the conductors and therefore on the capacitance of the 
capacitor formed by them. Consider for simplicity a parallel-plate 
capacitor. The two plates attract one another with a certain force /, 
and if their separation is increased by a small amount dx, work equal to 
fdx will be expended. As there is no possibility of heat production, the 
whole of this work will be stored in the extended electric field in the 
form of potential energy. Thus the electric field is the seat of potential 
energy, just as a magnetic field is a seat of potential energy. 

Let the p.d. at any instant between the plates be v, then v is the work 
done in taking a unit positive charge along one of the lines of force 
against the potential gradient. Hence, if the charge on the capacitor 
is increased by a smaU amount dq, the work done must be vdq. Now 
the p.d. V is associated with a charge q according to the law 

q =zCv 
/. dq = Cdv 

Work done by increasing the charge by dq 
vdq = Cv ,dv 

Hence work done in increasing the p.d. from zero to F 



= iCF2 


If C and F are expressed in electrostatic units, then the work done 
will be in ergs. If C and F are in practical units—^viz. C in farads and 
F in volts—then the work done will be in joules. Thus the stored 
energy in the electric field is F* joules. Compare this with the expres¬ 
sion ^LP for the stored energy in a magnetic field. 

The method of potential ooeffioients is particularly powerful in the case of 
transmission-line problems. {See L. V. Bewley, Traveling Waves on Transmission 
Systems, Ch. 0 A 10. Chapman & Hall. London, 1051.) 
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Example. A capacitor of capacitance 3 fiY is charged to a p.d. of 
10,000 V. Calculate the stored energy in ergs, ft.lb, joules, and watt- 
hours, 

V = 10,000 V = 10,000/300 
= 33-3 e.s. c.g.s. units 
(7 = 3 X 10'«F 

= 3 X 10"® X 9 X 10^^ e.s. c.g.s. units 
= 27 X 10® e.s. c.g.s. units 

(i) /. Ergs = ^ X (27 X 10®) X (33-3)2 

= 1-5 X 10® 

(ii) Joules = i X (3 X lO"®) x (10®)2 

= 150 

Alternatively, since one joule = 10’ ergs, we have 
Joules = 1-5 X 10® X 10"’ 

= 150 as before 

(iii) One joule = one watt-second 
/. One watt-hour = 60® joules 

Watt-hours = 150/3600 = 0-042 

(iv) One erg = one dyne-cm 

= 1/(981 X 454) X l/(2-54 x 12) ft-lb 
Ft-lb = 1-5 X 10®/(981 X 454 X 2-54 X 12) 

= no 

Energy of a Charged System. If there are several neighbouring 
charged bodies we have for the total energy 

w = mQy) 

Consider the simple case of two charged bodies, and let the energy, 
expressed in terms of their charges, be Wq, then 

Wg = iQ,V, + iQ,V, 

= iQiiPiiQi + + \Q2(P2\Qi + ^^ 22 ^ 2 ) 

= \{PllQl + ^PuQlQ^ + 7^22^2^) 

Now let Wy he the energy expressed in terms of their potentials 
(Wq and Wy are, of course, numerically equal), then 


Mechanical Force on a Dielectric. If a system changes its configura¬ 
tion under its own forces, as for example if the dielectric, or part of the 
dielectric, is free to move, then work is done at the expense of the 
stored energy. In other words the system tends to adjust itself in such 
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a way as to reduce the stored energy to a minimum. Consider a 
capacitor of such characteristics that when one conductor moves a 
distance dx under the force / acting on it, the charges on both con¬ 
ductors remain constant, then work done, in terms of the charges, 

dWQ^-fdx 

i.e. / = — dW Qjdx 

The coefficients p in the expression for Wq will be functions of x, while 
the factors Q will be constant. It often happens that the potentials 
are kept constant instead of the charges, and the force / must then be 
calculated differently. Imagine a movement dx with constant potentials 
effected by a movement with constant charges, followed by a modifi¬ 
cation of the charges sufficient to restore the potentials to their original 
values. Let the energy added in this latter adjustment be dW then, 

dWy = dWQ + dW 

During the first step, the potentials change by 

dVi = [3(i>uQi + PiiQt)Px]dx 
dVi = [diPtiQi + PnQJ^^]dx 

Hence, in the second, or adjusting, step we must add charges dQ^ and 
dQ^, obeying the expressions 

= Pii^Qi + 

= — Qi + {dpiJSx)Qgidx 

and dV 2 = p^dQ^ + PaadQ* 

= [(3j^2i/3-r)0i + (^P23l^)Q^dx 

The increments of charge will cause the system energy to increase by 

dW = V^dQx + V^Q2 

~ iPuQi "t" Pi2Qt)dQi + {PnQi + P22Q^dQ2 
— iPlldQl + P2\dQ^Q\ "h {PlS^l P2^^2)Q2 
= - [(92’ii/9a:)<3i* + 2{SPi2l^)QiQ2 + {3P2j^^)Q2[dx 
= — {2dW Qldx)dx 
= - 2dWQ 
dWjr = dWg - 2dWQ 
= -dWg 
= fdx 

/ = dWyldx 

Hence during motion with constant potentials, the potential energy 
increases by an amotmt equal to the mechanical work done by the 
system. The sources of constant potential therefore supply an amount 
of energy equal to twice the gain of potential energy. A gravitational 
system is analogous to an electrostatic system with constant charges. 
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mass corresponding to charge and here, work done by the system 
equals the loss of potential energy. 

Loss of Energy. This consideration can be extended as follows: 
Consider again the parallel-plate capacitor. We have 

C = BE^fd farads 

The plates attract one another and therefore we can imagine one of 
them displaced a small distance dd under the influence of this attraction. 
The work done can be regarded as negative, since it is with, and not 
against the force. Hence, denoting the force by / we have for the 
work done, 

dW= -fdd 

This is obviously equal to the change in the potential energy stored in 
the dielectric. The capacitance is a function of the separation d, so we 
can write 

<5C = - {ee^ld^)dd 
But W = iCV^ 

dW:=^idcv^ 

= - ^(6eoAddld^)V^ 

/ = iesoA V^Jd^ newtons 

If the force of attraction is measured, as in the Kelvin attracted-disc 
electrometer, then we can calculate the p.d. between the plates, since 

V = d{2fleeoA)^ 

Again energy density 

(5W/5(Vol.) = i[eeoAdd/{{Add)d ^}]. 

= iesoVyd^ 

= iSBoE^ 

In the magnetic case we deflne the induction B as 

B = JLLfXoH 

Similarly in the electric field we have 

D = bbqE 

where D is the electrostatic flux density, or displacement density 
Energy density = \bBqE^ \ 

= iDyBBQ I joules/metre* 

^iDE j 

Exabieple. 1. The dielectric of a parallel-plate capacitor is withdrawn 
in a direction parallel to one side of the plates, while the p.d., F, is kept 
constant. Calculate the force acting on the dielectric (Fig. 2.18). 
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As there is one variable, namely x, we have 
/ = dWyldx 

Wy \eeJE%dx + — x) 

dWyjdx = - 1) 

= isoiVWme - 1 ) 

= {eQl2d)V^b{e — 1) newtons 



Fig. 2.18 


Example. 2. The maximum intensity that can be imposed in air at 
atmospheric pressure without breakdown is 30kV/cm. Calculate the 
corresponding energy density. 

E = 30,000 V/cm = 3 X 10« V/m 
6 = 1 

/. Energy density 

= i X 8-854 X 10-12 y 9 X lO^* = 40 joules/mS 

Division of Stored Energy. If a capacitor of capacitance C^ is given a 
charge Q the stored energy is Q^I2Ci. If now an uncharged capacitor 



Fig. 2.19 


of capacitance C 2 is connected in parallel with Ci the charge Q is distri¬ 
buted over a capacitance of {Ci + Cg), the new energy being 

Hence there is a loss of energy of 

miic\-ii(c^ + c2)] 

Consider the case of a charged capacitor of capacitance 0, joined by a 
resistance 22 to an uncharged capacitor of capacitance Og, as in Fig. 2.19. 
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Let the original charge on C^ be Q. After a quantity q has been trans¬ 
ferred from Cl to Cj the p.d.s. will be 

yi = {Q-q)ICi 
V, = 

Fi - Fu = Ri = R(dq/dt) 

{Q — ?)/Ci — l/Gi = R{dqldt) 
or dt/CiCiR = dqllCiQ — (Ci + Cj)^] 

Integrating, tJCiC^R = loge [C^Q — (Ci + Cj)?]/ — {Ci -f C 2 ) 

+ loge + C 2 ) 

(C, + C.) , 


C 2 Q - q(Ci 
Now 


q — 0 when < = 0 
A 


q = [C^QKCi + - e- -c:c;r ‘) 

and, as i = dqfdt 

i = [C 2 QHC 1 + C 2 )]. [{Cl + C2)/CiC2R]e- 

c.+ c. , 

= {QICiR)e c.c.R •' 

Rate of change of energy 

= {dqldtfR 

Hence for the total energy lost in the resistance R we haw 


and, as 


RQi r® _2W 

-Ci^R^l ® ‘ 

_ r RQ^ c 

• 2{C 


2(C, + C,) 
C,C,R • 


_ \RQ^ G1C2R 

“ • 2(Ci + C 2 ) ' 

= . [CiC^RmCi + C7*)] 

= QK!J[2Ci{Ci + C 2 )] 


Ct + Cn) n 00 
CxC\R * M 


This is independent of the value of B, thereby proving the important 
principle that when an uncharged capacitor is connected to a charged 
capacitor the loss of energy resulting from the re-distribution of charge 
is independent of the resistance of the connector. The energy lost is, 
of course, converted into heat energy, as indicated by the fact that it 
was computed from the expression 


i^B dt 
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Charge and Discharge of a Capacitor. Let a circuit be made up of a 
battery of e.m.f. jE, a resistance R ohms, a capacitor of capacitance C 
farads, and a switch S, as shown in Fig. 2.20, At the instant S is closed 
the p.d. across the capacitor will be zero, 
but this p.d. will gradually increase imtil 
eventually it is equal to E, While the p.d. 
is increasing, the charge q on the capacitor 
plates will be increasing, and the whole of 
this quantity will be derived from the 
battery. This means that while the p.d. 
is changing, the battery will be delivering 
current. This current, however, will not 
flow across the dielectric, but the quantity 
of electricity delivered by it will be stored 
by the capacitor. Such a current is called 
a displacement current, to distinguish it from a current in the ordinary 
sense which flows right round a circuit. 


il£. 


E 

H'l'h 

Fig. 2.20 


Let 


V = p.d. across capacitor terminals at any instant 


The displacement current at any instant is given by 
i = (dqldt = (dldt)(CV) 

= C(dvldt) 

But we also have 

i = (drop in volts along R)IR 
= {E - v)IR 
/. {E — v)lR = C,{dvldt) 
or V = E — CR{dvldt) 

The solution of this is 

V = E(l — e“^/^^) 

/. q = EC{\ - 

the capacitor thus acquiring a p.d. equal to E in infinite time. 

Now let the terminals of the charged capacitor be joined by a wire 
of resistance R, then the initial conditions are now v = E and i = 0. 
The current i will now decrease instead of increasing, so that we have 

f = — dqjdt = — C(dvldt) 

Also the drop in volts along the resistance R is now equal to the 
capacitor p.d., so that 

V iR or i = v/R 
v/R = — C{dvldt) 

or V = — CR(dvldt) 

The solution of this is 

V == 
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since the value of v when < = 0 is 

/. q = CEe-^l<^^ 

Suppose we wish to find the time taken for the capacitor p.d. to drop 
from the initial value E to some lower value F, then at this p.d. we 
have 

=.CV CEe^-^'l^^ 

/. F/J^ = e“WiJ 
/. jE;/F = eW2i 
loge (^/F)= VICE 

t' ==CR\oge{EIV) 

The solution can also be made as follows: the applied e.m.f. is made 
up of the ohmic drop in the resistor and the p.d. at the capacitor 
terminals 

/. E = iR qjC 
= tR -}“ ^%dtjC 

Differentiating with respect to t, we have 
dijdt + i/RC = 0 

/. i = {EIR)e-^ICR 


Now immediately after a circuit is switched on to a supply, or, for 
that matter, immediately after any abrupt change in circuit con¬ 
ditions, the current flowing will consist of two components, namely (1) 
a steady-state component representing the state which the circuit 
ultimately attains, and (2) a transient component which enables the 
circuit gradually to reach the steady-state condition. The transient 
results from the ability of the circuit to store energy and its nature 
depends on the manner in which this energy is stored. In the case of a 
circuit possessing resistance only there is no stored energy and therefore 
no transient, with the result that the steady-state condition of I = E/R 
is attained immediately after appljdng the voltage E, 

In the above equation for the charging of the RC circuit the two 
components are 

Steady-state current = 0 

Transient current = (EIR)e^^l^^ 

If we put ^ = 0, then i = EfR, showing that at the moment of applying 
the voltage the capacitor (if uncharged) acts like a short-circuit. 

Now let the capacitor be discharged through the resistor. 

The e.m.f. equation is 

0 = + qjC 

0 = tR -|“ ^idtJC 

dijdt + i/RC = 0 
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Since, initially q = CE, the solution is 

» = {EIB)e-ilCR 

This is wholly a transient, the steady-state current again being zero. 

e = iR 

^ Ee-ttOR 

Bate of discharge of the capacitor 

- deldt = E X (l/CJ?)e-W* 

When t = 0, — dejdt = EfCR 

$ 

In CR seconds the voltage falls to 

e = JBe-c-ii/c/i 
= JE/e-i = 0-368£ 


The term CR is called the time constant. 

Now find the time t^ for the voltage to fall to EI2 

EI2 = E. 

1/2 == 

= CR loge 2 = 0-692C'jB 

RC CmcuiT WITH Shunted Capacitor. The circuit is shown in 
Fig. 2.21. 



Fio. 2.21 


1*3 = Cdvidt; 
at any time t 
Now 

p.d. across Ri 


V = the capacitor p.d. 
= vJR^ 

h = <c + h 

= C dvjdt + vjR^ 


Rji^ =r RjUpIR^ + C dvfdt) 

= {R^JR^v + R^C dvjdi 
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Equating voltages 

E = p.d. across Ri + p.d. across B 2 
~ dvjdt “f" V 

= (1 + R^JR^v + R^C dvjdi 
= av + RiC dvjdt, say 
E av = RiC dvjdt 
dvj{E — av) = dtjR^C 
1/ — a loge (E — av) ==■ tjR^C + E 

loge (E — at;) = — dtjRyC + loge -4 (another constant) 

E -- av = 

When < = 0, 1 ; = 0 /. A E 

/. v = {Eja)(l ~ e^lRiC) 

We can determine the initial and final conditions as follows— 

(1) When t = 0 the capacitor can be regarded as a short-circuit 

/. (h)t=o = EjRi, and t; = 0 

(2) When f = 00 , the circuit having reached the steady-state con¬ 
dition, the capacitor can be regarded as an open-circuit 

(^i)i=oo = (^2)t=oo = Ej(Ri + R 2 ) 
and V = i?2h = X [RzjiRi + ^2)] 

Example. C == 0*15 //F, = ^2 = 2 x 10® Q 

a = 2 

V = (Ej2)(l - e-2WC) 

= {Ej2)(l - e~2</o-3) 

Generation of a Sawtooth Wave. If the resistor of the RC circuit of 
Fig. 2.20 is shunted by a discharge tube whose firing voltage E^ is less 
than the supply voltage E, the p.d. across the capacitor will be of 
approximately triangular shape, reaching a maximum in an approxi¬ 
mately linear manner and then suddenly falling to zero, this process 
being repeated at time intervals decided by the circuit constants. 
Denoting the voltages at R and C by Vj^ and Vq respectively we have 

Vj^ = Ri = 

= E - = E(1 -- c-^/C'^) 

Thus Vq increases from zero and provided it is not allowed to become 
too high the increase will be approximately linear. When Vq reaches 
the firing voltage E^ the tube will discharge and act like a short-circuit, 
thus suddenly reducing the voltage Vq, not to zero, but to a value v* 
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which is unable to maintain the discharge. For the time taken to 
reach the value E^ after the first application of the e.m.f. E, we have 

Ea = J5(l - e-talCR) 

CR loge \EI(E — E^yi 

At t = the capacitor p.d. suddenly falls, not to zero, but to the 
above value v\ and therefore time for the next rise in this p.d. to the 



loge[JS7/(£-v')] 


Hence time of second and all successive teeth 

CR loge [(E ~ v')l(E ~ E^)] 

The variations of voltage with time are thus as shown in Fig. 2.22. 

RC Circuit with Shunted Capacitor Supplied from a Charged Reservoir 
Capacitor. This is an important circuit as it corresponds to that some¬ 
times used for the application of an impulse 
voltage to a test object when this object 
is essentially a capacitor. The circuit is 
that of Fig. 2.23 in which the capacitor 
Cl charged initially to a voltage of Ei is 
suddenly connected to the rest of the 
circuit, usually by the breakdown of a 
spark-gap. The following solution is mainly 
concerned with the general conditions and, 
although approximate, is often of a suffi¬ 
cient accuracy. It avoids a very lengthy 
exact solution. 

Initially the capacitor C 2 is uncharged and, in this state, it acts as 
though short-circuited. Hence at the moment the spark-gap breaks 
down 



*0 = EJRi 
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This current flows in resistor R^ and in capacitor C^, the current in 
R^ at this instant being zero. 

It is obvious that the current in Cj and R^ will rise to a maximum 
and eventually die away exponentially. The voltage at capacitor C^ 
will also rise to a maximum and then die away. Let it reach a maximum 
when t = ^ 1 , then since, at a maximum dvjdt = 0 the current in 
Cq = 0 so that Ci, Ri and R^ now carry the same current. We now 
maJie the assumption that during the interval the voltage of the 
reservoir capacitor C^ has not diminished appreciably, and this appUes 
approximately to commercial testing circuits. Denoting this current 
by ii we thus have 

When ^ = ^ 1 , i = h = + -^ 2 ) 

Again, if R 2 is large, as is usual, the current changes will be approxi¬ 
mately linear. The current in JSg changes from 0 to EJiRi + R^) in 
ti sec., the current in C 2 changes from EJR^ to zero in the same 
interval, the average current thus being (approximately) Eil2Ri, 
The quantity of electricity stored by C^ in this interval is therefore 
EitJ2R^. Again, with R^ small, the volt-drop in it at instant is so 
small that the voltage at C 2 can be taken as Ei, 

C 2 E 1 = Eitil2R^ 

•*. ti = 2C2R1 

This is (approximately) the time taken for the voltage at Cg to attain 
its maximum value, and the interesting fact to notice is that, in spite 
of the very large value of iZg, it is the value of Ri which decides, almost 
entirely, the length of the time interval 

We have assumed that Ei does not sensibly diminish, and we have, 
with most test objects, the condition that JKg is very large, so that, as a 
further approximation we can regard the circuit as consisting of Cj, C 2 
and in series. The current therefore rises according to the law 

Volts across Ri = 

Volts across Cg = i?i(l — e”*^^*^) 

This law will give a value for which is very close to the correct 
value for about 80 per cent of the time taken to attain its maximum 
value. After attaining this maximum the voltage dies away and even¬ 
tually the complete circuit is discharged. Thus the voltage Vc^ rises to 
a maximum and then, more gradually, falls to zero. It is therefore an 
impulse if the time taken is very short. The shape of the voltage-time 
curve is the wave-form of the impulse, the rising portion the wavefront, 
and the falling portion the wave tail. 

For the wave tail we can again make an approximation by neglecting 
Ri and ^ 2 , thereby simplifying the circuit to Ci in series with R 2 , the 
initial condition being that v ~ E^. Thus for the tail we have 

or Vb, ~ EJl — 

* The argument applies only to the important practical case in which Oi ^ C^. 
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Example. E^ = 10« V, R^^ = 60012, R^ = 44,60012, C^ = 0 006 fzf, 
C^ ^ 100 fijuf. The stages in the development of the impulse applied to 
the test object are illustrated in Fig. 2.24 
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(а) Initially, t = Iq (Pig. 2.24(a)). The capacitor Cg acting as a short 
circuit, the reservoir capacitor discharges into the resistance giving 

= 10«/600 = 2,000 A 

(б) Wave front: 

= 2C^R^ = 2 X 100 X 10-1* X 500 
= 10-’sec 

The initial rate of rise of the wave front is given by 
= E^(l ~ e-«/^^»«i) 

= 10«(l — e-</5xio-») 

where i is small, and this will hold, very nearly, up to i > 0»8<i, i.e. 
up to 8 X 10-® sec. 

(c) At the wave crest the current in C^ is zero, the conditions being 
given (Fig. 2.24 (6)). The capacitor C^, in view of its large capacitance, 
will have experienced little fall in voltage, so that the approximate 
condition is 


ijj = 10«/(600 + 44,600) = 22-2 A 
crest voltage E^ = i^R^ = 22*2 x 44,500 
= 0-99 X 10® V 


(d) The wave tail 

= 0-99 X I0»{1 
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The application of Kirchhoff*s Laws aflFords a neat solution of the 
above problem.* From the loops 1 and 2 in Fig. 2.25 we have, subse¬ 
quent to the moment i = 0. 

Riii + (l/C'i + ^IC^^iidt -f- R^i^ + IjC-i^i^t = 0 
and -^ 1^1 "f" 1/^1 "1” (-^1 ”1" R ^^2 “1” ^jC=■ 0 

Anticipating a solution in the form 

and = A^ef^ gives, on substituting 
[i?i + (1/Ci + IjC^MA^ + [i?i + l/a(7JA2 = 0 
and -f- l/aCi]^i -f- -j- R^ l/aC/i]A 2 = 0 





From these two equations we derive expressions for the ratios 
A^lAi, namely 


and 




~H (V^i + ^ 1 ^ 2 )^ 

■^1 4" f/ocC*! 

■^1 + -^2 + 


Equating these two expressions for the same ratio gives 

[R, + (1/Ci + l/C2)aJ/(i?i + 1/aCi) 

= (R^ + IIolC,)I(R, + R,+ 1/aCi) 

Hence a is given by the equation 

Oi(72-Rii?2^^ -f- (Cii?2 4” (^ 1^2 4" C^R^cl +1=0 
say acf? + 6a +1=0 

giving a = ( — 6 ± — 4a) 12a 

The two values of a give the modes of the circuit, the meaning of the 
term “mode** being very well expressed by the following extract from 
the paper quoted. “If all the sources of e.m.f. in a network are removed 
by a switching operation and the network contains elements capable of 

* J. Willis. “The solution of transient problems in terms of the modes of the 
circuit.” Bull, Elec. Eng. EdtLC., No. 2 . 
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storing electrical energy, then the subsequent currents in the network 
are of a transitory nature. These currents exhibit ceitain modes of 
behaviour in the form of natural frequencies and rates of decay. A 
charged capacitor switched across a resistor is discharged exponentially 
with a time constant defined by the product of the resistance and the 
capacitance of the circuit; a capacitor discharging through a coil, 
if the resistance of the coil is small enough, does so in an oscillatory 
manner, the frequency of the oscillation and its rate of decay being 
determined by the values of the circuit resistance, inductance and 
capacitance. More complicated networks have their currents charac¬ 
terized by several normal modes. The possession of these modes is a 
fundamental property of the network and the transient response of the 
network is wholly expressed in them. These modes are, in fact, the 
exponential terms which make up the solutions of the differential 
equations which express the behaviour of the network currents after 
the switching operation.” 

The circuit considered has two modes, given by the solution of the 
equations for a. Denoting them by aj and we have two sets of 
solutions, namely 

and ^*2 = A{q^^ 

Since the differential equations of the circuit are linear the above 
solutions can be added together, giving 

ii = AiW + A/e“2« 

1*2 = A2'e«i^ + 

We shall again see that the currents in the above circuit have two 
modes, which, in the case of the wave tail of Fig. 2.29 are denoted 
by the symbols m and n. 

Oscillatory Charge and Discharge of a Capacitor. If a circuit contains 
resistance and capacitance in series, then rise of current during charging 
of the capacitor, and the decay of current during discharging, are both 
exponential in character. There are no current oscillations of any kind. 
Now consider a circuit having resistance, inductance, and capacitance 
in series. At any instant the quantity of electricity stored in the capaci¬ 
tor is given by 



The p.d. across the capacitor terminals is equal to 



Hence, if at any instant the e.m.f. impressed on the circuit is €, we have 
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Put e == i^max sin to<, and differentiate with respect to t. Then 
R(dildt) + L(dHldi^) + ^IC == co^max cos (ot 
The solution of this is 

i 

i = A sin (cot — a) + Be 2L sin (co't — fi) 

V j -^max 

where A ~ _ i/Co))*] 

ft,' = ^(1/^ - i?V4L2) 

a = tan”^ LcoJE 

B, a and /?, are constants, and e is the base of natural logarithms. 

The first term of the expression for i represents a forced oscillation 
which obeys the laws that will be considered in detail in Chapter 22. 
The second term represents a free oscillation, sometimes called a 
“transient,” of frequency 

/' = m727r = (1/27tW(IILC - R^^L^) 

This oscillation has a damping term e ^ showing that its ampli¬ 
tude dies away exponentially as shown 
in Fig. 2.26. The term i?/2L is called 
the “attenuation constant.” It will be 
seen that the resistance R has some 
influence on the frequency of the free 
oscillation, but if R^/4tL^ is small com¬ 
pared with l/LCy as for example, in the 
oscillatory circuits of wireless appara¬ 
tus, then the frequency of the free 
oscillation becomes 

/' ~ (l/2,r)V(l/£0) 

Now suppose that the circuit, instead 
of having an external e.m.f. impressed 
on it, is allowed to discharge itself after 
the capacitor has previously been charged up. The e.m.f. equation 
then becomes 

R(dildt) + L(dHldt^) + ilC = 0 
or dHfdl^ + (RIL)(dildt) + qLC = 0 

To solve this, put i ^ e^y 

dHjdl^ = [(d^yldl^) + 2X(dyldl) + X^y]e^ 

(RIL)(dildt) = (R/LMdy/dt) + Xy]e^ 
iJLC = (llLC)ye^ 



Fig. 2.26. Iixusthatino Fbee 
AND Forced Oscillations 
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/. d^yjdJfl + (2A + IilL)(dyldt) + [A^ + (B/L ). A + l/LC]t/ - 0 

Now put A = — jR/2L so that i = ye 2 J& * 

/. d^ldfi + (1/iC ~ Ry^L^)y = 0 
There are three cases— 

(a) Let l/LG > By^LK Put (1/2X7 - Ry^L^) = co^ 

/. d^yjdi^ + (jt)hj = 0 

/. y ^ A cos (jDi + B sin (jdI 

- A 

i = (A cos (ot + Bern (ot)e 
__R . 

= ae 22 /* cos (cot + <^) 

where oc and are constants. This represents a simple harmonic 

t 

oscillation whose amplitude ae 2 L continually diminishes as t 
increases, as shown in Fig. 2.27, The period 

2'it _ 2it 

U ■“ ^(llLC)(l - RH)I4:L)^ 

If the resistance were zero, the period would 
be 27r\/(2X7), showing that the presence of 
resistance lengthens the period in the ratio 

1 

(1 - JR2C/4L)* 

If R is small, then R^C/^L can be 
neglected as a small quantity of the second 
order, and the change in period is then 
negligible. 

To find the points of maximum amplitude, we have 
dijdt = 0 

This equation has the form 

C cos + Z> sin 0 )^ = 0 

/. tan ( 0 ^ = — C/D 

The solution of this is an arithmetic progression whose common 
difference is tt. The corresponding increments of time are therefore 
tt/o), and the ratio of consecutive amplitudes in positive and negative 
directions is 

R w 
q 2L* m 



Fig. 2.27. Dischabob 
CUBRBNT OF A CaPAOTTOB 


The log of this, namely 

(7tRI2Lco) logic ® 

is called the logarithmic decrement. 
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(6) Let IILC < R^liL^ 

Put ^/42i* - 11 LC = TO* 

,*. d^yjdfi — m?tj = 0 

y = + Be~”^ 

and i = ^e" (i - + ^e" iu + '»)' 

Since i?/2L > m, both terms diminish asymptotically to zero, and the 
current is aperiodic instead of oscillatory. 

(c) Let 1/2/0 = i2V4L2 

Then d^yjdt^ = 0; /. y = At + B 

-A I 

i = {At + J5)e 21-• 

The current in this case approaches zero asymptotically, and there is, at 
the most, one passage through the zero position. 



Fig. 2.28 


Discharge of the RLC Circuit. This is a case of great practical 
importance as it gives the circuit characteristics during one method of 
applying a voltage impulse to a test object. For this purpose the test 
object is connected across the resistor, as shown in Fig. 2.28, and a 
gradually increasing unidirectional voltage applied to the capacitor. 
The capacitor voltage at the moment of its discharge into the circuit is 
pre-determined by giving the adjustable gap the required setting. 
Solving for i, but in a somewhat dilferent manner from the above we 
have 

dHIdt^ + {RIL)dildt + ilLC = 0 
Let i = A'e^ be a solution 

/. dijdt = (xA'e^; dHjdfi = oi^A'e^ 
a2 + (2?/L)a + l/LC = 0 

a = - RI2L ± VR^I^IA - IJLC 

Denote the two values of a by a, and a-: also put RI2L = a and 
-llLC = b 

— — ffl -f- 6 

and ag = — o — 6 

i = -f Be -(“+W 

P = - A. 


When t = 0, i = 0 
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Again when ^ = 0 the condition of zero current means that there is 
no voltage drop along B. Hence initial capacitor voltage 

E = L{dijdt) t mm 0 
A = EI2Lb 

Hence i = 

Hence voltage across test object 

Bi 

= i2£/2Z,fe[e-<“-*)« — e-(«+*)<] 

Put REI2Lb = E' 

a — b — m 
a b =^n 

/. vji = E\q~^^ — e-^) 

Since Ey By L and b are known from the current constants, E* is also 
known. Assuming that the circuit parameters give conditions (5) in the 
preceding section, we see that is the dijfference between two 
exponentially decaying voltages and consequently the nature of is 
that it is initially zero, it rises to a maximum, and then falls away 
exponentially. The shape of the voltage impulse applied to the test 
object is therefore as indicated in Fig. 2.29. Let the time taken to 



reach the maximum value be and the time taken for the tail to fall 
to one-half of the maximum be then the wave is called a wave. 
The British Standard impulse wave is a 1/50 wave, which means that 
the peak value is reached in one microsecond, and the tail falls to one- 
half of the peak value in 60 microseconds. We calculate ti as follows: 

3~(T.8i8) 
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When t = ti dvjildt = 0 

/. 0 = E'{— + ne-"‘i) 

ffiQ-mti — ne~"*» 

to/w = Q-(n-m)ti 

= [loge (»t/n)]/(w — to) 

It is difficult to calculate acctirately but, for practical purposes, 
an approximate solution is sufficient. In all impulse-test equipment 
the capacitance C and resistance B axe such that 

CR^ > 4Z, 

with the result that to and n simplify to 

TO = IfCR 
n = RjL - IfCR 

If we use these values in the expression for we have 
n/TO = CR^IL - 1 
n — m = RjL — 'IjCR 

k = [loge (CR^l^ - imRjL - 2ICR) 

The peak voltage E„ occurs when < = k, hence 
E„ = E'{e-”^ — e-"**) 

After this value has been reached dvjildt is small and therefore difdl is 
small. Hence L dijdt is small and the conditions approximate to those 
of a capacitance charged to voltage E„ and connected directly to the 
resistor B. The time taken for E„ to fall to E^I2 is therefore, as before 


CR loge 2 = 0-692(75 

t2 = k + 0 692CR 

y 



The Equations of Poisson and Laplace. Consider an elementary cube 
of dielectric dxdydz and let the origin be at the centre. Fig. 2.30. Let 
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the components of the electric force be Et^, Ey, and Eg and the volume 
density of charge p. The surface integral of outward normal components 
of E consists of 

[Eg, + {3EJdx){dxl2)]dy . dz - ~ (dEJdx)(dxl2)]dy dz 

= (3EJ3x) dx .dy .dz in the x direction 

Similarly {dEyfBy) dx . dy . dz in the y direction 

and (BEgjdz) dx ,dy .dz in the z direction 

The enclosed charge is pdxdy dz 

Hence, by Gauss’s theorem 

(3EJ3x + 3Eyl3y + 3Egl3z) dxdydz = pdx dy dz/eeQ 
dEgJSx + dEy/Sy + dEz/dz = p/eeq 

If p -- 0, we have 

3Eg,j3x -|- 3Eyj3y -f- 3Egj3z =■ 0 

and in this form the equation is known as the equation of continuity. 
Now Eg^ - 3VJdx; Ey== - ^Vy/dy; JS?, = - dVJdz 

and therefore for the cases of p finite and p zero we have the two 
equations— 

3*F/9a:^ + d^Vjdy^ + d^Vfdz^ = — p/ee© Poisson’s equation 
and SWjSx^ + 3WI3y^ + d^VJSz^ = 0 Laplace’s equation 

Example. The Cylindbical Capacitob. If the cylinders are 



infinitely long there is no variation of F in the z direction (Fig. 2.31), 
and therefore Laplace’s equation becomes 

3WI3x^ + 3WI3y^ = 0 
which can be transformed to 

3WI3r^ + (llr)3VI3r = 0 

there being no 6 term because of radial symmetry. 

The solution of this is 


F, = ii + log, r 
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Denoting the potentials of the inner and outer cylinders by F and 0 
respectively, we have 

when r = a F^ = F F = + Ajg loge a 

when r = 6 F^ = 0 /. 0 = + ^2 loge b 

This gives 

- F/loge (6/a) 

A?! = + F loge 6/loge (6/a) 

F^ = (F/loge 6/a)(loge 6 - loge r) 

_ Floge(6/r) 
loge (bla) 


Dielectrics. An insulator is a material which has a very high specific 
resistance in comparison with a good conductor of electricity such as 

copper or aluminium. For this reason 
conductors which have to be main¬ 
tained at a high potential with respect 
to earth are either entirely sheathed in 
insulating material or are supported 
by insulators. Even so, there is always 
a certain amount of leakage to earth, 
although the leakage current which 
passes through the insulating material 
is exceedingly small in comparison 
with the useful current carried by the 
conductor. Thus the specific resistance 
of india-rubber is of the order of 
2 X 10^2 to 10 X 10^^ £2-m, as compared with about 1*7 X 10“® fl-m 
for copper. 

The insulation resistance is the resistance to true leakage current (i.e. 
not including surface leakage). In the case of insulated cables, the useful 
current flows axially along the core whereas the leakage current flows 
radially from the core to the sheath. It therefore follows that the insu¬ 
lation resistance of a cable is inversely proportional to its length, 
whereas the conductor resistance is directly proportional to the length. 

Consider unit length of single-core cable of core radius r and insula¬ 
tion radius R, as in Fig. 2.32. An annular ring of radius x will have a 
surface area of 27 tx X 1 = 27rx square metres, and since the flow of 
leakage current is radial as shown, such a ring of thickness dx will offer 
to the leakage current a path of length dx and area 27tx, 

Hence, for the resistance of the ring, we have 

dR = pdxl2'iTX 

Hence insulation resistance/metre length of cable 
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(pl2m) loge {Rjr) 

= (2-3p/27r)logi„(iJ/r) 

Hence, for a length I metres of cable, we have for the insulation 
resistance 

22 = (2-3p/27rZ)logio(12/r) 

Exampljj. r = 1-3 x 10“* metre, -B = 4 x lO”* metre, p = 8 X 10^* 
Q-m = 8 X 10® MQ-m. Find the insulation resistance/mile of cable. 

logic (i2/r) = log (4/1-3) = 0-488 

I = 6280 X 12 X 2-54 x lO-^ 

= 16-2 X 10® metres 

= 2-3 X 8 X 10® X 0-488/(277 X 16-2 x 10®) 

= 883 Mfl/mile, or, more correctly, 

883 MQ-miles 

The following are the important electrical properties of insulating 
materials— 

(i) Specific resistance; this has already been considered above. 

(ii) Dielectric strength or breakdown strength. 

(iii) Dielectric loss when subjected to alternating electric stresses. 

(iv) Relative permittivity, or dielectric constant. 

Certain mechanical properties are also essential, depending on the 
use to which the material is put. Thus for the insulating materials used 
in the manufacture of electrical machinery, the following are essential— 

(v) Sufficient mechanical strength to withstand vibration, and the 
bending and abrasion experienced during the manufacture of the 
machine. 

(vi) Good heat conductivity. 

(vii) Ability to withstand the maximum temperature attained, 
without change in physical properties or in chemical composition. 
Table 2.1 gives some of the important characteristics of a selection of 
common dielectric materials.* 

The breakdown strength naturally depends upon the thickness of the 
material but it is not, as might be expected, proportional to the thick¬ 
ness. Thus if the breakdown strength of a certain sample is given as 
.r kilovolts per mm, this value x refers to a definite thickness of sample. 
The breakdown strength is also dependent on the shape of the elec¬ 
trodes to which the voltage is applied, the frequency and wave form 
of the voltage (when alternating), the time of application, and on the 
time taken to bring up the voltage from zero to the breakdown value, 
also on temperature and moisture content of test piece. It will therefore 

♦ Insulating materials are discussed very fully by R. H. Robinson, The Inside 
of Electrical Machines, Benn, London; D. F. Milner, The Insulation of Electrical 
Apparatus, McGraw Hill, New York; H. Warren, Electrical InstUating Materials, 
Benn, London, and H. Schwarzer, Theory of DidecPrics, Wiley, New York. 



Table 2.1. Pbopbrtibs of Dielectric Materials 


Uses 

Ck)vering of wires in very highly 
rated machines. 

Bakelized paper made up In form 
of boards. Many uses. 

Low*voltage mining cables. 
Cable*box filling compound. 

Covering for wires. 

Covers for resistance boxes, etc. 

Wrapping for groups of wires, 
e.g. armature coils. 

In sheet form, slot linings. 

Not used in electrical practice 
except to a small extent for 
transmission-line insulators. 

Covering for submarine cables. 

Cable insulation. 

Formerly used for switchboards. 

Not generally used for machines 
in the pure form. 

Commutator segments. Slot lin¬ 
ings for high-voltage machines. 
Bushes. 

Cable Insulation when oil impreg¬ 
nated. Covering for trans¬ 
former conductors. 

Insulators for overhead lines. 

Insulating varnishes. Cement for 
manufacture of micanite. 

For face-plates of starters, etc., 
not now used for switchboards. 

Safe Temperature 
in “C 

500 or more 

200 

About 60 

90 

40 

90 

90 

Room temperatures 
only or may crack 

40 

40 

Room temperatures 

500 or more 

130 when under 
pressure 

90 ) 

Under 50 | 

Room temperatures 

Under 60 

Room temperatures 

Affected by 
Moisture 

Absorbent 

No 

No 

Absorbent 

Slightly 
Absorbent if 
varnish layer is 
cracked 

Ditto 

No, except on 
surface 

No 

Slightly 

Somewhat 

absorbent 

No 

No 

Absorbent 

No 

Not when vitreous 
and glazed 

No 

Rather absorbent 

Permittivity 

9 

,«Ota,eo <000 odqo r-cb 

IIS 1 ,1. ” i - 

Specific Besistance 
when dry at 25®C, 
MO/cm cube 

1-6 X 10‘ 

1000 upwards according 
to dryness 

2 - 100 X 10* 

As cotton 

As cotton 

5 X 10* to infinity 

6 to 25 X 10* 

2 to 10 X 10* 

400 

5 to 100 X 10* 

10 to 6000 X 10* 

As cotton 

3 X 10« 

1 to 1000 X 10* 

9 X 10* 

40 

Dieiectric 
strength in 
kV/mm at 50 c/s 

3-45 

20-25 

14 

3- 4 

10-40 

10-20 

5 

5-12 

10-20 

10-25 

6 

40-150 

80 

4- 10 

8 

9-20 

5- 20 

3 

Material 

Asbestos . 

Bakelite . 

Bitumen (vulcanized) 

Cotton 

Ebonite 

Empire cloth 

Fibre 

Glass 

Guttapercha 

India rubber 

Marble 

Mica 

Micanite . 

Paper 

Paraffin wax 

Porcelain . 

Shellac 

Slate 
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be seen that figures of breakdown value mean very little unless the test 
conditions are very completely specified.* ' 

Provided that the test conditions are identical and only the thickness 
of the material is varied, the relationship between breakdown voltage 
V and thickness t is given approximately by Baur’s Law, viz. 

F = ait 

where a is a constant depending on the material and also on the 
thickness t. 

The reason for the decrease in the electric strength with increase in 
thickness is probably due to the fact that a thick material cannot get 
rid of internally produced heat so well as a thin material, a smaller 
applied voltage per unit thickness therefore being required to produce 
a given maximum temperature. This is in agreement with the thermal 
theory of breakdown given by Professor Miles Walker.f (See Dielectric 
Breakdown, p. 59.) 

Dielectric loss when the material is subjected to alternating voltage 
is of little importance so long as the voltage is low, but it becomes of 
very considerable importance in high-tension work. For example, 
insulated cables are now made for working voltages of 100,000 and more, 
and the dielectric loss is a limiting factor in their design. Imagine a 
capacitor charged by the application of a steady voltage, then there is 
an initial rush of current which follows the exponential law previously 
given, but, after this, instead of falling to zero the current persists at a 
low value for an appreciable time. The current has been described as 
“soaking in“ the dielectric. Similarly, when the capacitor is discharged, 
there is an initial rush of current, and the p.d. very quickly falls to zero. 
If, however, the discharging connection is removed and the capacitor 
left for some time, it will be found that a charge has been acquired, and 
this charge in turn can be removed by the process of discharging. 
With some dielectrics this can be repeated several times. The first of 
these phenomena is called absorption, and all dielectrics are absorptive 
to a certain degree. The charge recovered or retained after an initial 
discharge is called the residvul charge. 


Dielectric Phenomena. The high electrical conductivity of metals is 
explained by the fact that the metallic atoms have only one, or two, 
valency electrons, and these are so far removed from the nucleus that 
they are effectively screened from it by the inner, completed, electron 
shells. In consequence, they can easily detach themselves, say as the 
result of thermal agitation, and they are able to wander at random 
about the interspaces between the more stable portions of the atoms, 
which thereby, in virtue of losing their valency electrons, have 
become positive ions. If a p.d. is applied to the ends of the conductor 

* The standard test conditions can be found in the Electrical Engineers' Data 
Book, Vol. 2. 

t J, Inetn Elect, Engra., 49, p. 71. 
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an axial drift of electrons towards the end at higher potential is super¬ 
posed on the random motions, and it is this axial component of electron 
motion which constitutes the electric current. 

All liquid or solid insulators are compounds and therefore the ultimate 
particles of which they are composed are the molecules, and in many 
cases the molecules are very heavy and complex. From the electrical 
point of view we can regard the molecules as collections of positive and 
negative charges. Outside the molecule the positive charges will act as 
though there were only one positive resultant charge situated at some 

- 

(a) Dipole (b) Induced Dipole 
Fig. 2.33 

particular point, and similarly with all the negative charges. There are 
two cases— 

(1) The positive and negative resultant charges occupy different 
positions, the molecule therefore being a dipole. Fig. 2.33 (a). In an 
unstressed dielectric of this nature the dipoles have random orienta¬ 
tions and the total strain can be regarded as zero. If a stress, in the 
form of an electric intensity E is applied then, in general, there will 
be a turning moment acting on each dipole, and all the dipoles will 
try to orient themselves along the direction of the electric force. 
Work has to be done against the frictional forces between neigh¬ 
bouring dipoles. 

(2) The positive and negative resultant charges act at the same 
point. In such a case the molecule in its normal state is neutral, but 
on the application of an electric force, the charges are attracted in 
opposite directions. As a result they suffer displacement, work 
being done against the internal “binding forces” which act somewhat 
after the manner of a spring joining the charges together. In this 
stressed condition the molecule becomes an induced dipole, Fig. 
2.33 (6). 

In either case it will be seen that the result of the application of an 
electric field is a displacement of all the positive charges in the direction 
of the field and a displacement of the negative charges in the opposite 
direction. The magnitude of the displacement will obviously increase 
as the field intensity is increased (a) by causing a greater angular 
movement in the case of permanent dipoles and (6) by increasing the 
separation in the case of induced dipoles. Thus the arrangement of the 
molecules on two kinds of dielectric under stressed conditions will be 
rather as in Fig. 2.34. The dotted planes in the two diagrams indicate 
that in both cases there is a boundary of negative charge adjacent to 
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the positive electrode, and one of positive charge adjacent to the 
negative electrode. If we imagine an isolated positive bharge placed 
inside the dielectric the total force acting on it due to the whole of the 
molecular charges within these boundaries is zero, but the effects of the 



Permanent Dipoles Induced Dipoles 

Fio. 2.34. Dielbotbio undbb Condition of Stbbss 


two charged boundaries are to produce an attraction in the opposite 
direction to the applied field. Thus there is a phenomenon somewhat 
analogous to the demagnetizing effect of a magnet. 

Now consider a parallel-plate air capacitor, and let a sheet of dielectric 
be inserted. We can imagine that all the lines of force penetrate the 
dielectric initially and thereby produce the above 
kind of electric displacement resulting in the induced 
boundary charges. These will set up an electric 
field in the opposite direction, in virtue of which 
an additional field, in opposition to the original 
field will be set up. The result will be a weakening 
of the field in the dielectric, but not in the air, as 
shown in Fig. 2.35. If charges in the inserted 
material were perfectly free to move, as in the case 
of a metal insertion, such motion would continue 
until the surface charges on the metal were equal 
and opposite to those on the capacitor plates. The pio. 2.36. Field in a 
field inside the conductor would be zero, its net Composite 
charge would be zero, but its surfaces would have Dielectric 
induced charges of opposite signs. There is no such 
freedom in the case of a dielectric insertion and consequently the rota¬ 
tion of the permanent dipoles or the electrical elongation of the induced 
dipoles is not sufficient to set up an induced field equal and opposite 
to the inducing field. 

Now in the magnetic circuit, if there are two contiguous portions in 
series and of the same section, the inductions B in the two are equal. 
The analogous electrical quantity is the displacement £>, and therefore 
in the above case of a capacitor with dielectric insertion the displace¬ 
ments in the air and in the dielectric are equal. This applies in the 
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general case in which, instead of air there may be another dielectric. 
For two dielectrics we therefore have 


also 


D-^ — EiEqEi^ and — ^ 2 ^ 0 ^i 

Di = D2 

EJE 2 = sJei and gjg^ == € 2/^1 



Fig. 2.36. Lines of Fobcb and Fqx7Ipotentiai< Lines 


This gives a more direct way in which to solve the problem of the 
capacitor in Fig. 2.12. 

Now imagine a spherical conductor placed between the capacitor 
plates. Inside the conductor there wiU be an induced field which 
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completely neutralizes the inducing field, and this inducing field will be 
the result of induced charges at the surface of the sphere. We can 
therefore draw the original field and the induced field of the sphere 
separately, and then superpose them to determine the nature of the 
resultant field. This is done in Fig. 2.36. Drawing the equipotential 
lines in such a way as to cut the lines of force at right angles, and 
starting well away from the sphere with equally spaced equipotential 
lines to represent equal increments of potential, we see that the 
potential gradient is no longer uniform but is considerably increased 
near the surface of the sphere, particularly at the ends of the diameter 
drawn in the directions of the field. The effect is similar in the case of a 
dielectric sphere of permittivity e greater than that of the surrounding 
medium, but for the reasons given in connection with the system of 
Fig. 2.31, the field inside the sphere is not zero and consequently the 
deformation of the lines of force and of the equipotential lines is not 
so great. The increase in potential gradient is therefore not so great. 

Dielectric Breakdown. This is an extremely complex subject and can 
only be considered briefly in a text of this kind. It might appear at 
first sight that if the intensity E is sufficiently high in the case of the 
systems of Fig. 2.34 the forces acting on the molecular charges, in the 
cases of both permanent and induced dipoles, can be made so great that 
the molecule itself will be disrupted. That this is not the case is proved 
by the fact that breakdown takes place with field strengths much lower 
than those necessary to overcome the internal binding forces of the 
molecule. Consequently the breakdown of the molecule is not a purely 
electrical phenomenon. 

In the case of air and other gaseous dielectrics breakdown is due to 
the ionization resulting from collisions of fast-moving electrons with 
neutral particles, and this is discussed in Chapter 27. This phenomenon 
may take place in a solid or liquid dielectric after the molecules have 
been split up by other causes, but the conduction current in dielectrics 
of importance in the electrical engineering industry is so very small that 
there can be, relatively, very few electrons. Furthermore their mean 
free paths are so small that the velocities attained may not be high 
enough to cause ionization. 

According to Professor Miles Walker’s theory of thermal breakdown, 
the action of a solid dielectric is governed by the fact that all such 
dielectrics have a very marked temperature coefflcient of electrical 
conductivity, or, what amounts to the same thing, a decrease in 
resistance with increase in temperature. When a dielectric is stressed 
by the application of an alternating field, losses analogous to the 
hysteresis losses in ferromagnetic materials are produced in virtue of 
the frictional resistance which has to be overcome in causing the 
molecular deformation or molecular re-orientation. These losses 
result in the production of heat. Consequently the resistance decreases, 
causing an increase in current and therefore in heat production, and so 
the process becomes cumulative. A stable state will be reached if there 
facilities for heat dissipation, but if there are no such facilities the 
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temperature will eventually attain a sufficiently high value to cause 
chemical breakdown. 

There is no doubt as to the importance of the thermal effect, but it 
is to be noted that breakdown never occurs simultaneously through the 
whole mass of the dielectric, but only in one or more very localized 
regions, and, naturally, the reasons for this localization have a distinct 
bearing on the phenomena. 

There is no solid or liquid dielectric which is absolutely homoge¬ 
neous, since there are invariably impurities or inclusions in the material. 
These are of two general kinds, voids and minute particles. The voids 
are tiny volumes of air which can easily be trapped where a dielectric 
is in the form of a wrapping, such as the paper of a paper-insulated 
cable. As an example, imagine such a void in the insulation of a cable. 
Let the potential gradient be 2 x 10’ V/m adjacent to the void, and 
let the relative permittivity be 3‘0. Then for the potential gradient 
across the void we have 

2 X 10’ X 3 = 6 X 10’ V/m 
= 6 X lO^V/mm 

This is much greater than air can withstand and, in consequence, an 
electric discharge takes place with consequent disintegration of the walls 
of the void. This results in a concentration of energy, with consequent 
local heating. 

The inclusions in the form of minute particles can be of two forms, 
insulating and conducting. If we regard these as spherical we have seen 
that there is a local concentration of potential gradient with conducting 
particles such as metal, carbon, or water, and a smaller concentration 
with insulating particles of greater permittivity than the surrounding 
dielectric. Particles of both kinds are therefore undesirable in liquid 
dielectrics such as the oil of transformers or high-voltage switches. 
The concentration of potential gradient causes local concentration of 
energy loss which may result in local disintegration of the oil, with 
consequent formation of solid residue which will adhere to the original 
inclusion. The inclusion will therefore tend to grow along the direction 
of the line of force, as indicated in a general manner in Fig. 2.37. If 
this phenomenon is taking place throughout the whole of the mass of 
dielectric then, if we trace any particular line of force from one elec¬ 
trode to the other, it is clear that the total distance through the 
dielectric in its original form becomes progressively less and the potential 
gradient therefore becomes progressively greater. This ultimately 
results in breakdown. 

In the case of drops of water the effect must be extremely complex 
for the following reasons— 

(1) The water is a relatively good conductor and thus phenomena 
such as the above take place. 

(2) Water has a relative permittivity of about 80, and this also 
leads to concentration of potential gradient. 

(3) The inclusion of water lowers the electrical resistance very 
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considerably and therefore increases the conduction current. This 
increases the number of free electrons and so increases the tendency to 
ionization. 

(4) If a dielectric occupies an unsymmetrical position with respect 
to the electrodes we have seen that it is attracted in such a way as to 
increase the capacitance: this can be stated in general terms as follows: 
if the dielectric or the plates of a capaci¬ 
tor are free to move their movements 
will be such as to increase the capacitance. 

The relevance of this to the drop of water 
is, that since e for water is so high, the drops 
will move into the regions of maximum 
electric gradient because, by so doing, they 
will be obeying the above law. The drops 
will then elongate themselves in the direc¬ 
tion of the electric force, thus behaving in 
a similar manner to the gradually growing 
solid inclusions of Fig. 2.30. In obedience 
to the same law, bubbles of air, for which 
6=1, move away from the regions of high 
potential gradient. 

Breakdown of Air. Breakdown of a 
dielectric has been defined by Wheatcroft* 
as ‘‘the change from a smaller to a greater 
conductance. Usually it is an abrupt 
change from a very small value to a value 
where the current, /, is limited only by 
the resistance of the external circuit. When 
the current at the critical point is small 2.37 

and the resistance between the generator 

and the electrodes not excessive, the generator voltage E differs little 
from F, the potential difference at the electrodes. If this is so the 
breakdown may be defined for practical purposes as dVfdl = 0; in 
other words, by a voltage maximum in the volt-ampere characteristic.” 
While the gas is in an insulating state its properties appear to be 
dependent on the existence of some external ionizing agent, such as 
ultra-violet radiations or X-rays. Such agencies will initiate conduction 
but this conduction will cease with the removal of the agency. If the 
voltage is raised to such a value that, on the removal of this agency, 
the conduction continues, then this represents the conditions of 
breakdown. 

The practical problem is to decide what shape and spacing of a pair 
of conductors, between which a given potential difference is main¬ 
tained, will ensure that breakdown does not take place. There are two 
kinds of discharge (a) the glow, or corona discharge, and (6) the 
self-maintained discharge. The glow discharge, although a state of 
self-maintained conduction, is ^o a state of stable conduction, 

* E. L. E. Wheatcroft, Qaswua Electrical Oonductore, 
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with the result that a system can exp3rience corona discharge for an 
indefinite period. Glow discharge is, as the name indicates, charac¬ 
terized by a luminosity which is distributed over the surface of the 
electrodes—^the conductors of a transmission line for example. At 
high gas densities, atmospheric pressure or above, and with fairly 
uifiform electric field intensities, between two metal spheres for 

example, the self-maintained state is 
inherently unstable, and conduction 
results in a spark which, unless the 
circuit is automatically interrupted, 
may be followed by an arc maintained 
by the full voltage of the system. 

For a given pair of electrodes the 
relationship between the potential differ¬ 
ence and the spacing is given by charac¬ 
teristics like those of Fig. 2.38. Curve 
ABC is the boundary between the 
regions of insulation and of self-main¬ 
tained conduction. This second region 
is also divided into two, the right-hand 
region corresponding to corona discharge and the left-hand to sparking. 
It will be seen that the region for corona discharge is an enclosed 
region which does not commence until the spacing reaches a critical 
value OAy hence for values less than OA the breakdown can only 
be in the nature of a spark. It follows that air-gaps are of two kinds 
(a) those which do not exhibit corona before spark-over takes place 
and (6) those that do. Definite characteristics, that is those having 
ordinates and abscissae graduated in actual volts and actual spacings 
respectively depend on these factors— 

(a) shape of the electrodes and, to some extent on the condition of 
the surface, i.e. whether clean or dirty, smooth or pitted; 

(h) on the spacing; 

(c) on the gas pressure, temperature, and humidity; 

(d) on the nature of the applied voltage, e.g. whether direct, 
alternating, or in the nature of a suddenly applied impulse. To 
produce breakdown a voltage applied for a short time must be 
appreciably greater than a sustained voltage, and this applies 
particularly if the duration is so short that the voltage becomes an 
impulse. The reason is that there is then no time for corona forma¬ 
tion which, with its ion production, paves the way for a subsequent 
spark discharge. 

Corona loss, being associated with a self-maintained current, results 
in a loss of energy,* and therefore it is usual with very high voltage 
apparatus and transmission lines to design for operation below the 
conditions for corona, at any rate in normal atmospheric conditions, 
although it is not unusual for corona to take place regularly where 
very-high-voltage lines are taken to high altitudes. 

♦ F. W. Peck, Dielectric Phenomena, p .122. 
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Examples on Chapteb 2 

1. What velocity is a^cquirod by an oloctron which, starting from rest, travels 
through a p.d. of 600 V. 

Ans. 1-47 X 10’m/sec. 

2. What energy is acquired by an electron which travels through a p.d. of 
1000 V. 

Ans. 15-9 X 10“’joules. 

3. A potential gradient of 3 x 10* V/m is maintained between two parallel 
plates 1 cm apart. An electron starts from rest at the negative plate and travels 
imder the influence of the potential gradient to the positive plate. Given that the 
mass of the electron is 9*1 X 10“*® g, and the charge 1*603 X 10“^* coulomb, 
calculate (a) the force acting on the electron, (&) the ratio of the electric force to 
the gravitational force, (c) the acceleration, (d) the time taken to reach the positive 
plate. 

Ans. (a) 4*803 X 10“« newtons, (6)5*38 X W®. (c) 1*03 X 10® m/sec.* 
(d) 1*95 X 10“i®8ec. 

4. A particle has a charge of 4*8 x 10“*® e.s.u. It is in equilibrium when 
placed between two horizontal metal plates 2 cm apart, between which there is a 
p.d. of 3000 V. Calculate the mass of the particle. 

Ans. 2*45 x 10“*» g. 


5. Charges of -f 20 x 10“® and— 20 X 10"® coulomb arc placed 10 cm apart. 
Calculate the potentials at (a) a point in the line of the charges 4 cm from the 
negative charge, (6) at a point in the line of the charges 4 cm outside the positive 
charge, (c) at a point at the apex of an equilateral triangle with the 10 cm spacing 
as base. 

Ans. (o) - 1500 V, (6) + 3220 V, (c) zero. 


6. Two metal spheres, A and B, each of 5 cm radius, are arranged with their 
centres 1 m apart. If A is given a charge of -f 16 X 10~® coulomb, and B a 
charge of — 30 x 10"® coulomb, calculate the p.d. between them, assuming that 
the proximity of the two spheres does not result in any appreciable re-distribution 
of the charges. 

Ans. 7290 V. 


7. The radius of the orbit of the single electron of the hydrogen atom is, 
according to the Rutherford-Bohr conception of the structure of the atom, 
5*28 X 10“® cm. What is the potential gradient of the field in which the electron 
rotates ? 

Ans. 5*18 X 10’ V/m. 

8. An air capacitor of capacitance 0*005 pF is connected to a direct voltage 
of 500 V, disconnected, and then immersed in oil of relative permittivity 2*5 
Find the energy stored in the capacitor before and after immersion, and account 
for the difference. (L.U.) 

Ans. Before, 6*25 x 10”® J; after, 2*5 X 10”® J. 
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9. In a parallel-plate capacitor with solid dielectric the plates are a tenth of a 
millimetre apart, and when charged the surface density is 5 x 10”^® coulombs/cm*. 
If the relative permittivity is 2*2, what is the voltage between the plates ? (L.U.) 

Ana, 25*7 V. 

10. Calculate the capacitance of a spherical capaoitor if the diameter of the 
inner sphere is 20 cm and that of the outer sphere 30 cm, the space between them 
being ^led with a liquid of relative permittivity 2. (L.U.) 

Ana, 0*667 x 10“*/iF. 

11. A capacitor is made up of two parallel metal discs separated by three layers 
of dielectric of equal thickness but having relative permittivities of 2, 3, and 4 
respectively. If the metal discs are 6 in. diameter and the distance between them 
is 0*3 in., calculate the potential gradient in each dielectric and the total energy 
stored in eaoh when a p.d. of 1000 V is apphed between the discs. (L.y.) 

Ana, 1815, 1210, 907*6 V/cm. 13*61 x 10-*, 8*98 X 10“®, 6*76 X lO"® J. 

12. A concentric cylindrical capacitor has radii of 1 and 2 cm respectively for 
the inner and outer (inner surface) conductors. If the space between them is filled 
with oil of relative permittivity 2*6 and breakdown strength 60,000 V/cm what 
is the maximum p.d. which can be applied to the conductors 7 

Ana, 41,600 V. 

13. An alternating p.d. of r.m.s. value 33,000 V is applied to a capacitor of 
6 X 10“® F. Given that the applied p.d. rises to a peak value of \/2 times the 
r.m.s. value, calculate the stored energy in (o) ergs, (6) joules, (c) ft-lb, (d) watt- 
hours, at the instant the p.d. is a maximum. 

Ana, (a) 6*7 x lO^®, (6) 6*7 X 10®, (c) 4940, (d) 1*87. 

14. A piece of metal foil of area 1 cm® and of weight 10'~® g is placed on an 
insulated metal plate of area 10® cm®. What charge must be imparted to the plate 
in order that the foil may be just repelled against the force of gravity^ 

Ana, 4*16 x 10"^ coulomb. 

16. Three capacitors of 2, 4 and 8 /iF respectively are connected in series. If 
a p.d. of 500 V is applied, calculate the p.d. across each. 

Ana, 286, 143 and 71 V. 

16. A 10 juF capacitor is in series with a 10 MQ resistor and a p.d. of 100 V is 
applied to the whole. If zero time is taken at the moment of application calculate 
the instantaneous charging currents and charges in the capacitor at 0*06, 10 and 
100 sec. 

Ana, 100, 60, 14-0 fiA, 

400, 630, 1000 /4 coulomb. 



CHAPTER 3 


THE ELECTRIC CURRENT—8T8TEHS OF 
CONDUCTORS 

The Electbic Cubbent 

The electric current in a conductor is the axial drift of the free electrons 
along the length of the conductor. Let there be n free electrons per 
unit volume and let the mean velocity of the axial drift be v. Then in 
time dt the mean distance of translation is vdt. If the cross-section 
is a then an elementary volume of length vdt^ Fig. 3.1, will contain 
navdt electrons, 

.'. Number of electrons crossing normal section in dl seconds 
= navdt 

Total quantity of electricity crossing 
normal section in dt seconds 

= naevdl 

dq = naevdl 

.*. Current i = dqjdt = nasv 

.'. Current density J = ija = nev 

Example. Given that there are 8*5 x 10*® free electrons in one 
cubic metre of copper, calculate the velocity of the axial drift when a 
copper conductor is worked at 1000 A/in.* 

V = Jjne 
J = 1000 A/in.2 

= (1000/6-45) X 10* = 1-55 X 10^ A/m^ 
c = 1*6 X 10“i® coulomb 
/. V = 1-55 X 10«/(8-5 X 10*® X 1-6 x lO-^*) 

= 1*14 X 10“* m/sec 

This example shows that, contrary to a common, but mistaken view, 
the velocity of electron drift is very small, even when conductors are 
worked at a high current density. 

Resistance. In order that the axial translation may take place there 
must be between the ends of the wire a p.d. which sets up an electric 
intensity inside the wire. If m is the mass of the electron we then have 

m{dvldt) = Ee 
66 
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for a medium in which there is no resistance to motion. In practice, at 
normal temperatures, there is some resistance because the ions of the 
metal are not free to move in the same way as the free electrons. If 
the resistance is proportional to the velocity v 

m{dvldt) = -Be — Av 


where A is a constant. 

Under steady-state conditions, i.e. with zero acceleration, 
kv = Ee 
V = jB(e/A) oc E 

But the current density is proportional to v 

J cx: E = gEy say, 

where ^ is a constant for a given material operated at a given tempera¬ 
ture. It is called the specific conductance. Putting ija == J and 
— dVfdx = Ey we have 

ija = — g{dVldx) 

» = — gaidVjdx) 
idx = — gadV 

Let the length of the conductor be I and the potential at one end be V 
volts lower than at the other end, then 

r idx == — gra r dV 
Jo Jo 

li == gaV 

i = (gall)V 

The quantity Ijga is termed the electrical resistance, JR, of the conductor. 
It is usual to replace g by 

p = l/gr == the specijic resistance or 
R = plja and I = V/Ry 

substituting I for i when there is no variation of current with time. If 
we substitute Z = 1 and a = 1 we see that p is the resistance of a unit 
cube of the material to electrons flowing parallel to one edge. It can 
therefore be expressed as ohms per centimetre cube, per millimetre 
cube, or per metre cube, according to the unit in which length is 
measured. Now 

p = Ba/l 

= [Resistance] x [L^]I[L] dimensionally 
= [Resistance] X [L] 
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Thus it is more logical to express p as so many ohms-oentimetre, 
ohm-inch, or ohm-metre. In wire tables p is commonly ^ven in centi¬ 
metres or inch values. We have 

Pmetre ~ Pcm X 10”® 
plnth == pcm X (2-54)“^ 

For example, for copper at normal room temperature 
p = 1-72 X 10”« li-cm 
= 1-72 X 10-»Q-m 
= 0-677 X 10”® Q-in. 


Variation of Resistance with Temperature. Most conductors experi¬ 
ence an increase in resistance with increase in temperature. In a general 
way this can be regarded as due to the thermal agitation of the ions. 
These do not occupy fixed positions, but oscillate about a mean 
position, the amplitude increasing with the temperature. Thus, as the 
temperature is increased, the chances of any particular free electron 
avoiding collision are diminished, and the resistance to axial motion 
thereby increased. In general we can write 

p = Po + + • • • • 

where p^ is the resistivity at 0®C. For many conductors, over their 
operating range of temperature, it is possible to neglect terms in powers 
of t greater than 1, and then 

p = Po + ai 

The constant a is called the temperature coefficierU of resistivity for 
the particular material. Let the sufiixes 1 and 2 refer to and 
t^G respectively and let a conductor be heated from one initial tem¬ 
perature <1 to a final temperature then 

Pi = Po(l + Oo^i) 

Pz = />o(l + ^z) 

.*• Pz ” Pl[(l 0^2)/(^ H" 

Now let Oil be the temperature coefficient corresponding to the initial 
temperature t^, then 

Pz ~ Pi[l + ”” ^i)] 

/. 1 + oi^ih - <i) = (1 + ac/2)/(l + oo^i) 
giving finally ai = ao/(l + Oo^i) 

In tables it is usual to give values of a for some particular initial 
temperature, often C'C. The above expression enables the value to be 
calculated for any other initial temperature. 

Example. A copper coil of resistance 100 Q at 40®C is heated to 
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1(X)®C. Given that ocq = 0-00427 per °C, calculate the resistance when 
hot. 

= 0-00427/(1 + 40 x 0-00427) = 0-00364 
-^100 ^ 

= 100(1 + 0-00364 X 60) 

== 121-8 fli 


Material 

Specific Besistance at 
60°F or 16*6®C 


Temperature 

Coefficient 

Microhm- ! 

metre 

Microhm- 

inch 

Per ®C at 
15*6°C 

Per "F at 

eo'F 

Copper (annealed) 

1*696 X 10-2 

0*668 

0*401 X 10-2 

0*223 X 10-2 

Copper (hard drawn) . 

1*731 X 10-2 

0*681 

0*401 

»» 

0*223 

Silver (annealed) . 

1*660 X 10-2 

0*614 

0*376 

•* 

0*209 „ 

Aluminium . 

2*91 X 10-2 

1*146 

0*38 

*9 

0*21 „ 

German Silver (60 %Cu, 
30%Ni,20%Zn) 

0*30 

11*8 

0*04 

*9 

0*02 „ 

Manganin (84 % Cu, 
12%Mn, 4%Ni) . 

0*44 

17*3 

0*00 


0*00 „ 

Eureka (60 % Cu, 
40o/oNi). 

0*49 

19*3 

0*00 

99 

0*00 „ 

Graphite 

30 

1200 

0*06 

99 

0*03 „ 


Power, Under steady-state conditions the number of electrons 
crossing normal cross-section at the beginning of a conductor is equal 
to the number crossing at the end of the conductor. Let the current 
be i, then in any time interval dl the quantity of electricity crossing 
the cross-sections is 

dq = idt 

Let V be the p.d. in volts between the two ends, then the work done in 
moving a single electron from one end to the other is 

^Eedx = e^^.dx= Ve 

Hence work done in moving navdt electrons is 

dW = Venavdi 
= Vdq 
= Vidt 
dWjdt = Vi 

Now dWfdti^ the rate of doing work, that is the power. Hence, if we 
put % = /, for steady-state conditions 

P = VI joules 'I 
= PR joules I 
= V^jR joules J 
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Resistance Calculation by the Laplace Equation. As an example of the 
method find the resistance of the medium between thd rectangular 
equipotential surfaces represented in plan by AB and CD, Fig. 3.2. 
From the nature of the problem it is clear that plane polar coorchnates 
are more suitable than rectangular coordinates, and so we write the 
equation in the form 

+ r(aF/ar) + a^F/afl^ = 0 



Fio. 3.2 

/ 


This must hold true everywhere in the field of current flow. Along the 
boundaries AB and CD, we have aF/ar = 0 for any value of a, and 
therefore the requirements are satisfied by 

a2F/a02 == 0 

This gives V = kQ 

taking the potential of A5 as zero. The equipotential surfaces are 
therefore given by 

0= a constant 

The direction of the e.m.f. at any point is normal to the equipotential 
surface through that point, and is therefore along the circular arc of 
radius r passing through the point. Calling the arc length s, the e.m.f. 
per unit length in the direction of current flow at any point (r, 0) is 

- dVjds = - 3(kslr)l^s = - kjr 
The current density J is given by 

J = gE = kg/r 

Hence, total current leaving AjB is 

J r* f* dr b 

Jtdr = —kgt\ ^ ^ kgt loge - 

a Ja ^ ® 

where t is the thickness of the conductor; also total potential fall from 
AB to CD is 

F(0) - F(a) = - ifca 

Hence the resistance between equipotential surfaces at A B and CD 
is 

a/9r<loge(6/a) 
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As a further example suppose that we require the resistance between 
AC and BD to a current flow which is radially outwards from 0. In 
this case = 0 and the equation becomes 

r*(a*F/ar*) + r(aF/ar) = 0 

or a[r(aF/ar)]/ar = 0 

The solution is 

V = k loge r 

Let the potential of AC be k loge The e.m.f. per unit length is 
everywhere in a radial direction and ia given by 

E = - aF/ar = - kjr 
J = — kgjr 

and I = Jr at = — kagt 

The fall of potential is 

F(a) — V(b) = k log^(a/ 6 ) = —k loge( 6 /o) 

The resistance between the curved equipotentials AC and BD is thus 

[loge(fe/a) ] 

ongt 

Note that these two results could be obtained more quickly by direct 
elementary methods, and the problem was presented as another 
illustration of the manner in which the Laplace equation can be applied. 
The power of the method lies in its application to more complex 
boundary conditions than could be dealt with by elementary methods. 

Systems of Conductors 

Series and Parallel Connections. If a number of resistances 
J? 3 , etc., are connected in series, then the total resistance is given by 

R = R'^ -j- R^ "f" R^ -f" . • . ohms 

If an e.m.f. E is applied to the whole circuit, the current is given by 

I ^EjR 

and this current flows through each of the resistances. The voltage 
divides itself between the various resistances in such a way that the 
‘‘drop” along any one section is proportional to the resistance of that 
section. Thus denoting the drops by F^, Fg, F 3 , etc., we have 

V,^{R,IR)E^ V,==(RJR)E; V,^{RJR)E; etc. 

If the various resistances are all connected in parallel, then for the 
total resistance we now have 

l/R = l/i?i + l/R, + l/R, + . . . 

or, denoting the reciprocal of resistance by the conductance G, the 
practical unit being the mho, we have 

0 = Gj Gg 4 “ G 3 “j". . . mhos 
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(c) In Fig. 3.4 (c) this cell is reversed, so that it tends to circulate 
current in the negative direction round the mesh. Its e.m.f. must 
therefore be reckoned negative, and we 
have 

^ 2^2 Vs ^ 4^4 ^ ^ 

It is to be noted that in cases (6) and 
(c) the resistance must include the 
internal resistance of the cell. 

As an example of the application of 
these two laws, take the case of the well- 
known Wheatstone network, as shown 
in Fig. 3.5. The most important un¬ 
known quantity is the galvanometer 
current x. Denote the battery current 
by y and the current in by z, then we 
can use the first law to fix the other 
currents, as shown, in terms of three 
unknowns, x, y, and z. To obtain three 
equations we now apply the second law to three closed circuits, and 
we will choose EBAC, BAD, and DAC» We then have 

riz + r2{z —x)-^r^y = E\ 
r^z + TgX — r^iy — z) = 0 | 

r 2 (z —x) + — X — t/) — = 0 j 

These reduce to 

— + m + (rj + r2)z = E \ 

'f'ffX — r^ + (Ti + r3)z = 0 | 

- (^2 + ^4 + — (^2 + == ^ J 


Solving for x we have, in determinant form 


X = 

0 — fa 

0 -r« 

(ri + >•*) 
(ri + ra) 
(ra + U) 


-^2 

(n + »■*) 


»•» -rs 

(^•i + ra) 


- (^2 + ^4 + r,) - Tt 

(ra + ^ 4 ) 

Evaluating the numerator we have 



M- rs(r2 + »-4) + rtlri + rj)] 


which reduces to 

Eir^r^ — r2rs) 



Fig. 3.6. Wheatstone Bridge 
Network 
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Hence, denoting the denominator by A, we have 
X = Eir^rt — Vg^A 
/. X = 0 when 
or ri/rj = 

the well-known condition for a balance. 

As a numerical example, let E — 2 V, = 10 £1, = 20 Q, 

Tj = 30 £2, r 4 = 40 £1, r, = 60 £2, and fj = 1 £2. 

Then we have 

2 1 30 

0 - 30 40 

0 - 40 60 

-- Asay 

- 20 1 30 

60 - 30 40 

- 110 - 40 60 

Then 

y = [(2 X - 30 X 60) + (1 X 40 X 0) 4- (30 X 0 X - 40)] 

- [(0 X - 30 X 30) + (- 40 X 40 X 2) -f (60 X 0 X 1)] 
A = [(- 20 X - 30 X 60) + (1 X 40 X - 110) + (30 X 60 X - 40)] 
-[(- 110 X - 30 X 30) + (- 40 X 40 X - 20) + (60 X 60 X 1)] 
, _ y _ — 400 

• • “ A ~ - 162,400 

= 0 00246 A 

Delta-star Transformation. In some cases a network can be solved 
readily by means of what is called a delta-star transformation, and it 



Fig. 3.6. Star-Delta Conversion 


is to be noted that this method is applicable to a.c. as well as to d.c. 
circuits. Consider the two networks of Fig. 3.6. If these are identical 
then the resistance between any pair of lines will be the same when 
the third line is opened. Hence 
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when A is open r^ {r^ + rj)/(ri + r, + r,) 

when B is open (r* + + r* + r,) 

when C is open r^ + r^ = r* (r* + ri)/(ri + + fg) 

The solution of these equations is 

Ul{ri + rg + fj) 

^ »‘3/(»‘l + »•* + '•s) 

»'o = »'a + »'a + »'8) 

As an example, the previous Wheatstone’s Bridge network is given in 

A \A 



Fiq. 3.7 


Fig. 3.7, the right-hand figure of which gives the equivalent network 
after the delta ABC has been converted to the equivalent star. 

= 30 X 10/(30 -f 10 + 50) = 3-33 

= 10 X 60/(30 + 10 -t- 60) = 6-66 

ro = 50 X 30/(30 -f 10 + 60) = 16-67 

The network thus further simplifies to that of Fig. 3.8. The resistance 
of section ND \a 

xylix + y) = 56-67 X 26-66/(56-67 + 25-66) = 17-61 Q 

The total circuit resistance is thus 

1 -f 3-33 -f 17-61 = 21-94 £J 

and the current delivered by the cell is 

2/21-94 = 0-0912 A 

Current = (26-56/82-23) X 0-0912 = 0-0283 A 
ij = (56-67/82-23) X 0-0912 = 0-0629 A 


and 



ELECTRIC CURRENT 


75 


Ch. 3] 

The p,d. of point B with respect to D = 0*0629 x 20 = 1*268 V, 
The p.d. of point C with respect to 2) = 0*0283 x 40 = 1*132 V. 



Thus point £ is at a higher potential than C, the difference being 
1*268 -- 1*132 = 0126 V 
The galvanometer current is therefore 

0*126/50 = 0*00252 A 

The difference between the two values represents slide-rule errors, and 
shows that when an accurate result is desired it is preferable to use log 
tables. 

As a second example, take the case of a triangular pyramid, A BCD, 
built up of six wires whose resistances are as follows: AB = IQ, 



AC = 1 Q, 0-B = 2 fl, = 2 £2, DG = 1 Q, and = 1 £2. Calcu¬ 
late its resistance between the points A and B, 

The pyramid is shown in Fig. 3.9, along with the equivalent “flat” 
circuit. Imagine that an e.m.f. of 1 V is applied between the points 
A and B, then, inserting symbols for the currents in the various 
resistances, we obtain the distribution shown, since it is clear that the 
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currents in AD and CB will be equal, and also the currents in AC and 
DB, The drop of volts is equal to E (i.e. 1 V) along (AD + DB), along 
(AC + CB), and along AB, The first two of these really give the same 
condition, and therefore to obtain a third equation we will equate the 
total drop in the closed circuit ADC to zero. 

/. 2x + y^l 
1 

2x-}-x—y — y^O 
or 3x — 2y = 0 

The solution of this is 

re = 2/7, y = 3/7, z = l 
The total current fed in at A is thus 


+ i = if 


Hence, as one volt is applied between A and B, the reciprocal of the 
current gives the total resistance, viz. 

B = (7/12) Q 

As a third example, consider the following. Two cells are connected 
in parallel and supply a circuit of 1 Q. Their e.m.f.’s are 2*05 and 2* 15 V, 



and their internal resistances 0*05 and 0*04 £2 respectively. Calculate 
the current in each cell. 

The circuit is given in Fig. 3,10. Denoting the two battery currents 
by X and y, Kirchhoff’s first law tells that the external current is 
(x + y). Applying the second law to the circuits A BCD and AFCD in 
turn, we have 

0*05x + l(a: y) = 2*05 
0*04y + l(x + y) = 2*15 
l*05a: + y == 2*05 
X + 1*04?/ = 2*15 


Hence 

and 

The solution is 


a:=~0*19A, t/= 2*25 A 
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Superposition Theorem. Suppose that a single e.m.f., E^^ acts in a 
network, then, in accordance with Ohm’s Law and th6 two Kirchhoff 
Laws each element of the network will carry a current which can be 
calculated, and that current distribution will be unique. Suppose now 
that the points at which E^ was applied are short-circuited, and that 


r-05 Er2‘05 



r^l 

Fig. 3.11 


two other points are opened and a new e.m.f. E^ introduced, then there 
will be a second distribution of current which will also be unique. If, 
now both E^ and exist simultaneously, then (assuming network 
elements which are linear, that is, obey the simple Ohm’s Law) since 
each current distribution due to one e.m.f. alone is unique, the resulting 
distribution due to Ey and acting simultaneously is given by 
superposing the two distributions due to E^ and E^ acting alone. 
Clearly the argument can be applied to a network of linear conductors 
in which any number of e.m.f.’s act simultaneously. A general state¬ 
ment of the law of superposition is therefore as follows: If there are 
several e.m.f.’s acting simultaneously in any network of linear conduc¬ 
tors, the current in any particular conductor is given by the algebraic 
superposition of the current for that conductor due to each e.m.f. 
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acting in turn, when all the other pairs of points at which e.m.f.’s act 
are short-circuited. If any source of e.m.f. is of finite resistance then 
its resistance must be added to the resistance of the appropriate 
branch of the network when this source is imagined to be short- 
circuited. 

As a numerical example consider again the previous example of the 
two batteries in parallel. To suit the new method of solution the circuit 
is re-drawn in Fig. 3.11 (1). We will calculate the current in the cell 
of e.m.f., E^ = 2 06 V. 

Fig. 3.11 (2) shows the circuit with this cell short-circuited. The 
combined resistance of and r in parallel is 

rrj(r + rj = 1 x 005/106 = 00476 
The total resistance is thus 

0 04 + 0 0476 = 0 0876 H 

and the total current 

2 16/0 0876 = 24*55 A 
The current in the branch is therefore 

0 0476/0 05 X 24*65 = 23*38 A 

the direction obviously being from C to A, 

Fig. 3.11 (3) shows the circuit with the other cell short-circuited. 
The combined resistance of rg and r in parallel is 

rrjir + r ^) = I X 0*04/1*04 = 0*03843 
The total resistance is thus 

0*06 + 0*03843 = 0*08843 Q 
and the total current 

2*05/0*08843 = 23*2 A 

This is the current in the branch, and the direction is obviously 
from A to C. Hence, by the principle of superposition the actual 
current in the branch is 23*38 — 23-2 = 0*18 A in the direction from 
CtoA, 

Th^venin’s Theorem. Fig. 3,12 shows part of a network of conductors 
brought out to two terminals A and B, In general, there will be a 



Fig. 3.12 

ced^ain p.d., F, acting between A and B. Now suppose that an 
additional resistance r in which an e.m.f. E, is acting, is connected to 
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A and £ as in the second figure, and furthermore let the e.m.f., E, be 
equal to V the open-circuit voltage across A and B, and in opposition 
to it. Then, clearly no current wiU fiow in this additional resistance, r. 
According to the principle of superposition this current of zero amperes 
in r can be assumed to be the algebraic sum of (a) the current which 
will flow when the e.m.f., E, acts alone, all the other e.m.f.’s being 
short-circuited, and (h) the current which 
will flow when all the other e.m.f.’s act and 
E is short-circuited. 

Now lot r, be the short-circuit resistance 
of the original network with respect to the 
terminals A and B, namely, the resistance 
of this network between A and B when 
the e.in.f.’s are short-circuited. Then 
Thevenin’s Theorem states that the current in any resistance r con¬ 
nected between the points AB (Fig. 3.13) is given by 

/ = EHr + r.) 

where r, is as stated above. 

Example 1. Take the case of the network of Fig. 3.14. We require 
the current in all five conductors. First of all imagine that the con¬ 
ductor AB\^ removed, leaving the simple network of Fig. 3.14 (6). To 




(a) 


(f>) 

Fio. 3.14 


(C) 


solve this denote by x the current along AC, Then the currents in the 
other resistances are as shown in the figure. In determining this current 
distribution we have made use of Kirchhoff *s first law, and therefore 
to determine x we equate the total e.m.f. round the closed loop to zero, 
since there is no e.m.f. acting anywhere in the loop. 

O-lx + 0*15(a; - 60) - 0-15(70 - x) ~ 0-1(100 - x) = 0 
/. a; = 66 A 

The p.d. between A and B is therefore 

0-1 X 66 + 0-16 X 6 = 6-6 V 

The short-circuit resistance of the network of Fig. 3.14 (6) between the 
points A and B is 

r, = 0-26 X 0-26/(0-26 + 0 26) *= 0-126 Q 
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Hence, by Thevenin’s Theorem, the current in the resistance AJS, 
when network is complete, is 

I = E/(r + r,) 

= 6-5/(005 + 0-125) 

= 37-1 A 

The current distribution can now be solved. Let x be the current along 
AG, this being, of course, a different current from that of Fig. 3.14 (6). 
Then the complete distribution is given in Fig. 3.14 (c). Since is of 
resistance 0-05 the p.d. between A and B is 

0-05 X 37-1 = 1-85 V 
Hence for the path ACB we have 

O lx + 0-15(a; - 50) = 1-85 
0-25a; == 9-35 
a: = 37-4 A 

This shows that the current in CB and BB will be in the reverse 
direction to the arrows. 

Example 2. Calculate the current flowing in the galvanometer of 
the Kelvin double-bridge circuit of Fig. 3.15 (a). The resistances of the 
various arms are as follows— 

AB = 350 £1, BC = 100 Q, BE = 35 fit, EF = 10 Q 
AB = 1Q, BF = 5 n,FC=: 0-5 £2, = 30 £2 



(a) (b) (c) 


Fig. 3.16 

The battery has an e.m.f. of 10 V and negligible internal resistance. 

The delta mesh BEF is first transformed into the star network; 
the resistances of the various branches are 

^ES ~ ^ED^EfH^ED “I" ^EF “f” ^Df) 

= 35 X 10/(35 + 10 + 5) = 7 £2 
= 10 X 5/50 = 1 £2 
Rsd = 35 X 5/50 = 3-5 £2 
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The Kelvin bridge circuit can now be replaced by the Wheatstone- 
bridge circuit of Fig. 3.15 (6). To determine the current in the galvano¬ 
meter circuit we have first to break the circuit at OE and determine 
the voltage across the break. 

Open-circuit voltage across OE 

= Vab - Vas 

= 10 X 360/450 - 10 X 4-5/6 

= 7-77 - 7-50 = 0-27 V 

Next the resistance “looking in” at OE is calculated, the battery 
being short-circuited: this is most easily done by drawing the bridge 
in the form of Fig. 3.15 (c). 

Resistance “looking in” 

= 30 + [(350 X 100)/450] + [(4*5 x l*5)/6] + 7 
= 116 Q 

/. Galvanometer current 

= 0-27/116 = 2-33 X 10-8 A 

Nonlinear Resistors. A nonlinear resistor is one which does not obey 
the Ohm’s law relationship (constancy of the ratio potential difference/ 

Current Current 



Fig. 3.16. Graphical Solution op Two Linear Resistors in Series 

current). Strictly speaking, most resistors are nonlinear, a copper wire, 
for example, since the above ratio increases with increasing current unless 
steps are taken to maintain the temperature constant. However, the 
term is reserved for those cases in which resistance changes very 
appreciably with charges of current. The commonest example is the 
metal-filament lamp. When cold this lamp has a resistance much loss 

4~(T.8i8) 
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than that at normal working temperature, with the result that, at the 
moment of switching on there is a current rush of several times the 
normal current. 

If the current-voltage characteristic of a nonlinear resistance is 
known then, if the resistor has nothing in series with it, the current 
corresponding to any given applied p.d. can be determined immediately 
by reference to the characteristic. The important case is therefore that 
of a nonlinear resistor which is a component of a series circuit, for 
example in series with a linear resistor. Before considering this, take 
the case of two linear resistors Ri and i ?2 in series. Let the total 
applied p.d. be V, then this will divide between the two in direct 
proportion to their resistances. The current-voltage graphs will be 
straight lines through the origin, and it is convenient to have an origin 
O for Ri, and O' for where 00' — V. Then the intercept on the 
vertical arm through 0 is F/jRg, and that on the vertical arm through 
O' is V/Ri, as shown in Fig. 3.16. The intercept P obviously gives the 
only solution to the circuit, and therefore OQ is the p.d. and QO' the 
p.d. Fg. The current is FQ and is given by 

I = VJR, = Fg/Pg = r/(R, + Pg) 

Draw the horizontal PP^. Then 

FQ/R,0 = QO'/OO' = (F -- V,)/V = (P^ + Pg - R,)/(R, + Pg) 

/. PQ - (F/Pg)[Pg/(Pi + Pg)] = F/(Pi + Pg) - / 

Hence the straight line OR^ is the characteristic for the two resistors 
in series. Suppose that the voltage F is reduced, say to one-half of the 

Cur 


0 n" n' 

Fig. 3 . 17 . Graphical Solution fob Linear and Non-Linear 
Kesistobs in Series 

previous value, then the ordinates of all the characteristics will be 
reduced in proportion. For example, the characteristic for resistor Pg 
will become a dotted characteristic as in Fig. 3.16. 

This is the basis of the method of determination of the total charac¬ 
teristic for a nonlinear resistor in series with a linear resistor, or for two 
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nonlinear resistors in series. Consider the former case. The charac¬ 
teristic for the nonlinear resistor is drawn from the ori^ 0, and that 
for the linear resistor from the origin 0\ where 00' == F, as before {see 
Fig. 3.17). A horizontal PR^ is drawn, and the intercept O'R^ gives 
the current when the full p.d. F is applied. To find other points on the 
total characteristic take a point 0" where 

00^100' = (m - l)/m 

where m can be the number of any convenient number of subdivisions 
of 00', say 10. Erect O^R" and draw the reduced voltage characteristic 
for the linear resistor as shown dotted. Project horizontally from P" 
to intersect the perpendicular through 0" at R", Then R'' is the point 
on the total characteristic corresponding, to an applied p.d. of 
(m — l)/m of F. 

Now locate O'" where 00'"I00' = (m — 2)/m and proceed as 
before, when a new point R'" will be obtained; and so on. 

Examples on Chapter 3 

1. A copper wire of cross-section 2*1 x 10“* m* carries a current of 20 A. 
Calculate the mean velocity of the electron drift. 

Ana, 6 X 10-* m/sec. 

2. Four conductors AB, BC, CD, and DA of resistances 0-6, 1*0, 1*6 and 
2*0 Q respectively are arranged in a square and an additional resistance of 2*6 H 
connected across BD. If a current of 1 A flows in at A and out at C, calculate the 
current in the additional resistance. 

Ana, 0 0667 A. 

3. A circle of radius r is made from a piece of wire of uniform cross-section, 
and a straight piece of identical wire is joined to it across a diameter. If current 
enters at one of the jimctions and leaves at a point on the circumference midway 
between the two junctions, show that the resistance of the arrcuigement is equal 
to 7rri?(ir + 6)/4(7r + 4), where R is the resistcuice per imit length. 

4. Two batteries, one of 6 V e.m.f. and internal resistance 0*5 Q, the other of 
10 V e.m.f. and internal resistance 1 H are joined in parallel. They supply an 
external resistance of 12 fl. Calculate the current in each battery. 

Ana, - 2*270, 2*866 A. 

5. Twelve equal wires, each of 0*1 Q resistance are joined so as to form a 
hollow cube. A p.d. of 2 V is applied to the ends of one of the wires. Calculate the 
total current. 

Ana, 34*29 A. 

6. The four arms of a Wheatstone bridge have the following resistances; 
AB = 100, BC = 10, CD = 4, DA = 60 Q. A galvanometer of 20 resistance 
is connected across BD, Calculate the current through the galvanometer when a 
p.d. of 10 V is maintained across AC, (L.U.) 

Ana, 0*00613 A. 

7. The four arms of a Wheatstone bridge have the following resistances: 
AB 6, BC = 9*8, CD ^ 6, DA = 24 H. A galvanometer of 12 resistance 
is connected across BD, A cell of 2 V and internal resistance 8 Q is connected 
across AC, Calculate the galvanometer current. 


Ana. 0 027 A. 
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8. Determine to the nearest milliampere, the currents in each of the five 
sections of the following network when 1 V is applied between the points a and di 
a6 s 2 D, 6d = 8 D, dc » 6 D, ca = 4 0, and cb 10 D. (L.U.) 

Ana. Ill, 97, — 106, — 91, — 14 respectively. 

9. A hollow triangular pyramid is made up of six wires as follows: base 
AB = 1, BD 5= 2, DA = 3 ft; edges, joining at the apex C, CA — 1‘6, CB =* 2, 
CD == 2*6 D. Calculate the network resistance between points A and B, 

Ana. 0-671 

10. A re^lar hexagon is formed from six wires each of resistance 1 Q. The 
comers are joined to the centre by six more wires each of resistance 1 D. Calculate 
the resistance of the network (a) when current enters at one comer and leaves at 
the opposite comer, (6) when it leaves at the adjacent comer. 

Ana. (o)0-8Q; (6) 0-66 D. 

11. A Wheatstone’s network A BCD is made up of five resistors as follows: 
AB = 4, BC = 6, CD == 7, DA = 3, BD == 5 H. In series with this combination 
and connected at point A is a resistor of 2 Q. Using the delta-star transformation 
calculate the resistance of the whole between the outer end of the resistor 2 Q and 
the point C. 

Ana. 7-0 Q. 

12. Two batteries, one of 12 V e.m.f. and resistance 2 0, the other of 6 V e.m.f. 
and resistance 1 are in parallel. They are joined by a resistor of such value 
that it takes 3 A in the direction of normal output of the batteries. What is its 
resistance, and what are the battery currents ? 

Ana. 2 3 A and 0 A. 

13. Three resistors AB, BC^ CD are in series and point A is connected to one 
terminal of a battery of lOV and negligible resistance. The magnitudes are 
AB = 6, BC == 10, CD = 2 0. A 4-Q resistor is connected between B and D, 
an 8-0 resistor between C and Z>, and a 4-0 resistor between C and D. Calculate 
the currents in AB, BC, and CD. 


Ana. M, 0-26, 0-138 A. 
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The Ampere* As stated previously, the ampere is now regarded in the 
M.K.S. system as the fourth fundamental unit. Its function, as a unit, 
is to link the electrical and mechanical systems, and consequently it 
must be defined with this in mind. The definition is as follows—“The 
ampere is that current which, 
when fiowing in each of two very 
long parallel conductors of negli¬ 
gible cross-section, and separated 
by a distance of one metre from 
one another in vacuo produces 
between these conductors a force 
of 2 X 10”’ newtons per metre of 
their length.” 

Consider two parallel conductors 
separated a distance r as in Fig. 

4.1. It is an experimental fact 
that the force per unit length be¬ 
tween them in a medium such as 
air, is given by 

/ oc Pjr 

or, if the currents in the two wires 
are different, say and /g, then 
/ oc IJJr 

This is a statement of Ampere’s 
Law. Amperes’ experiments were 
performed in air, but it has since 
been shown that the force is dependent on the nature of the medium, 
being proportional to the relative permeability, /^, of the medium. 
Hence we have, more generally 

/ oc 

By introducing a suitable constant we can convert the above into an 
equation. The constant we use is 2 where is the magnetic space 
constant in the unrationalized m.k.s. system, so that 
/ = 2 /^//Q/i/ 2 /r newtons/metre length 
It is from this expression, remembering that = 10”’, that we derive 
the definition of the ampere given above. In the rationalized system, 
we give the value 

~ 47r X 10”’ 

.*. / = 2 fjLfjL^^IJirrtr newtons/metre length 
85 



Fio. 4.1. Mechanicai. Force between 
Parallel Conductors 
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When the medium is air we take ju = 1, so that 

/ = 2 newtons/metre length 

Magnetic Flux Density. Considering again the two parallel wires of 
Fig. 4.1 we can regard one of them as setting up a magnetic field which, 
reacting on the other conductor, sets up a side thrust whose direction 
is towards the first conductor when the currents are in the same 
direction in space, and away from it when the currents are in opposite 
directions. Denoting the flux density by B the equation for the force 
is 

/ = BIl newtons 

If we put / = 1 ampere and I = 1 metre then we have, numerically 

Thus unit flux density is that which gives a force of one newton per 
metre length of conductor where the current in the conductor is one 
ampere. This unit of flux density is the weber per square metre. 

Magnetic Flux. Imagine a magnetic flux entering an area A perpen¬ 
dicularly, and let the magnitude of B be uniform over the whole of A, 
Then the total magnetic flux is given by 

O = BA webers 

In order to determine the relationship of this unit to the old c.g.s. 
unit of flux use a suffix to denote c.g.s. quantities. Then 

<D/<Pi = BAIB,A, = (flimfJhh) X AIA, ^fAIMlA^Il 
Now one newton = 10® dynes, /. ///i = 10”*® 

One square metre = 10^ cm^, A/A^— 10“^ 

= 10”^/, since the c.g.s. unit of current is equal to 10 amperes. 

One metre =102 cm, l/l^ = 10 

O/O). = = 10-® X 10-« X 10-1 X 10* = 10-8 

fiAJl 

/. Webers/c.g.s. units (maxwells) = 10""® 

Webers = maxwells X 10”® 

Field Intensity due to a Long Straight Wire. Fig. 4.2 shows a portion 
of a straight current-carrying conductor: under the old conception the 
conductor is surrounded by circular magnetic lines of force having their 
centres on the axis of the wire. Consider again the equation of force 

/ = BIl dynes, in the c.g.s. system 
f = BI dyne/cm 


or 
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If the medium is air, for which we take = 1, then B = H numeri¬ 
cally, so that 

f HI dyne/cm, or H = fjl 

J£ we now make = 1, we have 

f = I, numerically 

Thus we could define the c.g.s. unit of field intensity as the current 
per centimetre. Similarly in the rationalized m.k.s. system we define 



Fig. 4.2. Magnetic Field of a Stbaight Conductor 

the field intensity as the ampere per metre. Now the circumference of a 
circle of radius r is 27 rr, and therefore at a radius r the number of 
amperes per metre is // 27 rr 

Hr = //27rr 

This gives the magnitude of H in the m.k.s. rationalized system. 

Now regard the problem in a different way. The lateral force 
exerted on one another by two parallel conductors carrying a current 
I is 

/ = where = 10“’ 

also / = BIl 

i? = 2 

But //^ = 

= 21 Ir 

which gives the magnitude of ^ in the m.k.s. unrationalized system. 
Arguing in the same way, but using the rationalized system, we have 

/ = 2 
f=BIl 
B — 2 

Again in the rationalized system 

Bfr = BjflfJ^ 

Hr = II27Tr 

as before. The unit is now the ampere per metre. 
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It is therefore necessary for the student to realize that rationalization 
can alter the numerical values of the intensity. This is analogous to the 
use in the c.g.s. system of H in oersteds and H in ampere-turns per 
centimetre length. The magnitudes of flux and flux density are not 
affected. 

Prom now on we will drop the suffixes u and r and use the symbol H 
to refer to the field intensity in the rationalized system. 

Example. Calculate the field intensity and flux density at a distance 
of 0*1 m from a long straight wire carrying a current of 200 A. 

Using the rationalized system we have 

H = //27rr = 2 X 100/(277 X 0-1) = 2000/277 
B — Hflflg 

= (2000/277) X 1 X 477 X 10-» 

= 4 X 10“^ weber/m^ 

Flux Density inside a Straight Wire. Let the conductor radius be 
a centimetre, then, if the current density is uniform over the cross- 
section, the current within an internal concentric circle of radius 
ri(< a) will be 

Ir, = /(r,Va2) 

and the field intensity at a distance fj from the axis will be 
H = 7(V/«*)(l/277r,) 

= IrJ2Tra^ 

B — fifioH 

= {IrJ2iTa^) X 1 X 477 X 10"’ 

= (2/rJa*) X 10“’ weber/square metre 

The flux density inside the conductor is therefore a linear function 
of the distance from the axis. Just at the surface, where — a, we 
have 

B^ = (2//a) X 10“’ weber/square metre 

Example. A conductor of circular cross-section, carrying 1000 A, has 
a diameter of 2 cm. Plot the variation of flux density with distance 
from the centre 


a = 1 cm = 10“2 metre 
Ba = 2 x 1000/0*01 X 10“’ 
= 2 X 10“2 weber/m^ 


The distribution is shown in Fig. 4.3. 
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Field due to a Circular Current. Fig. 4.4 shows a circular conductor 
carrying current. Consider an element ds of conductor, the field 



Fig. 4.3. Magnetic Field External to a Straight Conduotob 



Fig, 4.4. Circular Conductor Carrying Current 

intensity at a distance r at right angles to the tangent at da is given by 
Laplace’s law. 

dH == I. ds/r^ 
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the equation being of the same form for the c.g.s. and the unrationalized 
m.k.s. systems, i^or the rationalized m.k.s. system we have 

dH=^ I. 

Applying this to a point A, distant x from the centre, the direction 
AO being perpendicular to the plane of the coil, we have for the field 
strength at A due to the element da 

dH = I . dslAirr^, along the direction AB 
Component of this along AO 

= (/ . daf^r^) sin 0 
Component perpendicular to AO 

= (/ . dajifTTT^) cos 0, acting along AD 

Now if we take the diametrically opposite element ds\ the perpen¬ 
dicular component will be equal in magnitude to that due to da but will 
act along AF, these two components thus neutralizing one another. 
Hence, if we consider the whole circle as made up of diametrically 
opposite elements, we see that the total perpendicular component will 
be zero. The total field intensity at A is thus the sum of all the axial 
components, and its direction is along the axis, being towards 0 if the 
current circulation, looked at from A, is clockwise, and away from 0 
if counterclockwise. 


H = (I sin 0/47rr2)S ds 
= (/ sin 0/477r2)27Ta 
= /a2/2r3 or Ia^l2{a^ + 

The fiux density at point A is thus for air 
B = 

= 1 X //o X /a2/2(a2 + ar2)3/2 
= fjiQla^l2(a^ + a;2)3/2 webers/metre^ 

At 0, the centre, a; = 0 and r = a 
H = 112a 

and B = /i0//2a webers/metre* 

Intensity due to a Straight Wire ol Finite Length. Fig. 4.5 shows a 
straight wire of finite length, carrying current /. A point P is at a 
perpendicular distance of r metres from the wire. The field intensity 
at P due to an element of length dl is 

dH = (Idll^TTd^) smp 

using rationalized units, and is directed into the paper and perpendicular 
to it. This condition of field direction applies no matter where the 
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element il may be located, and consequently for the mfignitude of the 
total intensity at P we have 


Now 


dl sin p = AB, the projection of dl 
===d.de 
again d! = r sec fl 


Hence, if we replace the limits and Zg by 
ai and 0 L 2 , we have 




Id 

dr sec 0 


dO 


= //(47rr)[sin 0]^] 

= (//47rr) (sin ag — sin aj) 


Hence, in air, we have 

B = (/i^/47rr) (sin — sin a^) webers/metre^ 

If the wire is very long sin ag tends to¬ 
wards the value 1, and sin ai towards the 
value — 1, showing that for a very long wire 

B = ^Q//277r webers/metre* 



Fig. 4.5. Intensity due 
TO A Straight Wire of 
Finite Length 


Example. A straight conductor is carrying 1000 A and a point P is 
sited in such a way that oa^ = 60*" and ai = — SO'', the negative sign 
being taken when ai is in the opposite sense to a 2 , as in Fig. 4.5. Calculate 
the intensity at P if its perpendicular distan(;e from the conductor is 
01 m. 


H == [1000/(47r X 0*1)] [sin 60° — sin (— 30°)] 
- [1000/(477 X 0-1)] [0*866 + 0*6] 

= 13,660/477 rationalized m.k.s. units 
= 1088 A/m 


Intonsity due to a Solenoid. Imagine a coil of one turn, carrying a 
current P ampere (Fig. 4.6). Along a certain closed path, as indicated 
by the dotted line, this coil will set up a definite distribution of magnetic 
intensity. Now suppose that the coil of one turn is replaced by one of 
two turns very close together, the current now being PI2, It is quite 
obvious that, except for points very close to the turns, the magnetic 
effect of the two-tum coil will be the same as that of the one-tum coil, 
and consequently it will set up the same distribution of magnetic 
intensity along the same path. It follows that we can replace an 
actual coil by an equivalent coil, the criterion for equivalence being 
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that the distribution of magnetic intensity throughout the region in 
which one is interested, is unchanged. 

Apply this to a particular case. Fig. 4.7 shows a long straight con¬ 
ductor carrying current Along a circular path of any radius r, 



having its centre in the wire, as shown by the dotted circle, the distri¬ 
bution of intensity will be uniform, and of value 

H = /727rr 

If a continuous and uniform solenoid is wound with the circular path 



Wound Solenoid 

as its axis, this solenoid, when carrying current /, will set up a uniform 
distribution of intensity along this path. For the solenoid to be 
equivalent to the straight wire we have 

NI = /', where N = number of turns 
But r = H , 27rr 

= HI, where I is the length of the path 
.-. NI = HI 

or H — Nljl ampere/metre 

If the solenoid is filled with a medium of relative permeability fx, then 
B 

B = fifi^IJl webers/square metre 
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The above formulae apply in the case of a solenoid wMch is long in 
relation to the diameter of a turn since, in such a case, the intensity in 
the region outside the solenoid is so small that, for practical calculations, 
it can be neglected. 

Example. A solenoid of 360 turns is wound on a continuous ring of 
iron, the mean diameter of the ring being 12 cm. The relative perme¬ 
ability is 1260. What current is required in order that the flux density 
in the iron shall be 16,000 maxwells/cm®? 

(a) Conversion 

I = mean circumference of ring = 127r cm = 0‘1277 metre 
B = 16,000 maxwells/cm^ 

= 16,000 X 10“® X 10^ =1*6 weber/m^ 

(b) Substitution 
B = 

.‘. I = BII/lijliqN 

= 1*6 X 0127r/(l*26 X 10» X 47r X 10“’ X 360) 

= 1 A 


Intensity due to a Short Solenoid. Let the solenoid be of length I and 
let the radius of each turn be a, and let it be uniformly wound with 
N turns. Then there will be N/l 
turns per unit length and in an 
element of length, dx, Fig. 4.8, 
there will be N dxjl turns. Now 
a very short element of length can 
be regarded as a coil of very short 

axial length, carrying a current - 1 --► 

NI dxjl ampere, and consequently Fio. 4.8. Self-induction of a Solenoid 
the field intensity at any point on 

the axis due to this element will be given by the type of expression 
derived on p. 89. Thus at the centre, O, of the solenoid we have 



dH = NI(dxll)[(8m 0)/47rr2] 27ra 
= {NI/2)[a (sin dx 
= (N//2)[(sin* eyed] dx 
Now X = a cot 8 


, dx = 
dH = 


— (a/sin* 6) dd 
•— (N//2)(sin ddd/l) 
NI r« 


= NII21 [cos 
= (Nlfl) C08 a 
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If the solenoid is very long, the angle a becomes very small and cos a 
tends towards unity. The expression then becomes 

H = Nl/h as before 

Now suppose that the solenoid is cut into two equal halves at the 
centre line. Then for each half solenoid N is halved and I is halved, 
and therefore, as I remains the same as before, the field intensity 
remains the same. Thus the intensity inside a half solenoid is the same 
as that at the centre of the parent solenoid. 

At the point 0 we can imagine that the intensity is due to the effects 
of the two halves separately, and therefore the contribution of each 
half, ai this particular point, is NII2L If then we remove one-half, so 
that point O becomes the end, and not the middle point, the actual 
intensity is We therefore see that just at the end of a solenoid 

the intensity has one-half of the value inside the solenoid. 

Force between Two Parallel Current-carrying Conductors. We have 
already seen that, for currents and /g, the magnitude of the lateral 
force exerted by one conductor on the other is, for a medium such as air 
/ = 2 fjtQlil 2 lATrr newtons/metre 

The force is one of attraction if the currents are in the same direction, 
and one of repulsion if they are in opposite directions. 

Example. Two long parallel conductors, each carrying 500 A, are 
spaced with their centres 2 cm apart. Calculate the force per metre 
run acting on each conductor. 

= 500 A 

r = 2 cm = 2 X lO^^ m 

/. / = 2 X 477 X 10-7 X 5 X 102 X 5 X 102/(477 X 2 X 10-2) 

= 2*5 newtons/m 

In cases where parallel conductors carrying heavy conductors are 
installed very close to one another, the force set up may be very 
considerable. One very important example is the system of end 
connections (the overhang) of the stator winding of a very large 
alternator. The spacing is, of necessity, very small, and under short- 
circuit conditions the current may rise suddenly to several times the 
normal full-load value, thereby setting up sudden and violent mech¬ 
anical stresses on the windings. To prevent damage it is necessary to 
adopt a very complete system of mechanical supports. 

The Magnetic Force. A magnetic intensity of magnitude H at any 
particular point sets up at that point a magnetic fiux density of 

B = 

If there is a uniform distribution of fiux density B, over an area A, 
at right-angles to the direction of magnetization, then the product BA 
is called the magnetic fiux, O 
Thus ^ BA 
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The fundamental concept in which the whole of the preceding dis¬ 
cussion has been based is the side thrust exerted by a magnetic field 
on a current-carrying conductor. The defining equation for fiux density 
is thus 

f=BIl 

from which we see that unit flux density, the weber per square metre, is 
that flux density which results in a side thrust of one newton per metre 
on a long straight conductor carrying one ampere, and arranged at 
right angles to the direction of magnetization. 

The flux, being the product of B and A when B is uniformly distri¬ 
buted, or, in general, jBdA, is therefore expressed in webers. 

Any effect presupposes a cause. For example, we say that the 
establishment of an electric current round a circuit is the result of the 
application of an e.m.f. Under steady-state conditions there is the 
Ohm’s Law relationship 

current = e.m.f./resistance 

Similarly the establishment of a magnetic flux presupposes the 
presence of a cause which, by analogy, is called the magnetomotive 
force, m.m.f. The direct result of the m.m.f. is the establishment, 
round closed paths, of distributions of magnetic intensity H, and it is 
this field intensity which produces the quantity known as flux density 
B, Except in certain simple cases the intensity H is not constant, but 
varies from point to point along the closed path. The m.m.f. F is 
equal to jHdl, the integral f meaning that the integration must be 
taken all the way round a closed circuit. We have seen that the defini¬ 
tion of field intensity is the ampere per metre, and consequently it 
follows that §Hdl has the dimensions of a current. 

Consider two simple cases, 

(а) Straight conductor, at radius r 

H = II27rr 

and is uniform round the circular path of radius r. Hence m.m.f. 

F = §Hdl = II2nr X 27rr = / 

(б) Long solenoid 

H = NI/l 

We assume that the intensity has this value along the whole length 
ly and that the value at all points along the path outside the solenoid 
is negligibly small 

F = §Hdl = NI/l xl^Nl 

Thus the magnetomotive force of a current-carrying coil is the product 
of the turns and the amperes, that is, the ampere-turns. 

The Unit magnetic Pole. When using the e.g.s. system of units the 
science of electromagnetics is based on the conception of the unit 
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magnetic pole. A unit pole is defined as one which repels a like and equal 
pole situated 1 cm from it with a force of one dyne. It follows from this 
that when magnetic fiux is defined in terms of “lines of force,” there 
must be 477 such lines (maxwells) radiating from a unit pole. Suppose 
we wish to retain the unit pole and the conception of lines of force, 
how many maxwell lines radiate from the rationalized m.k.s. unit pole ? 

When calculating the m.m.f. of a simple system, such as a straight 
conductor, or a solenoid, we make use of the relationship 

m.m.f. = work done in taking a unit pole once round a closed 
magnetic path embracing the current 

and work done = current x number of lines offeree cut by the current 
during such a tour 

/. m.m.f. = current X number of lines cut 

Let there be x lines emanating from the rationalized m.k.s. unit pole, 
then in taking such a pole right down the inside of a solenoid and then 
back to the starting point by any outside path, each of the x lines cuts 
each of the N turns, so that the number of cuttings is Nx, Hence 

F = INx 


But 


F=^IN 

X = I 


Thus the total fiux radiating from a rationalized m.k.s. unit pole is 
one weber. 

Actually the conception of the unit magnetic pole is now of little 
value because an isolated magnetic pole is physically unrealizable, and 
also because, in the m.k.s. system the science of electromagnetism is 
based on the force exerted by one current-carrying conductor on a 
parallel current-carrying conductor. 

Flux inside a Toroid. Consider a toroid wound on a former of rec¬ 
tangular cross-section, so that each individual turn is of rectangular 
shape. Let the axial length be I and the inner and outer radii and 
Fig. 4.9. The intensity at a radius x is 

= FI27TX = NII27TX 

Bg. = 

*= fl/ilo{NII27TX) 

Total fiux inside the toroid 


i: 


BJdx 


277 


'■> dx 

X 


= loge(rJrj) 
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Example. A toroid of 1000 turns is wound on ^ circular non¬ 
magnetic former of rectangular cross-section, of inner and outer radii 
0*1 and 0*13 m, respectively, and of axial length 0*2 m. Calculate the 
flux produced by a current of 1 A. 

O = (fifi^NIlliTT) Ioge(rjs/ri) 

= (1 X 47r X 10-'' X 10® X 1 X 0-2 X loge 1-3) -f- 2n 
= 1*045 X 10“® webers 

The Magnetic Circuit. The path of the magnetic flux is spoken of as 
the magnetic circuit. Just as the flow of electric current in an electric 



circuit necessitates the presence of an e.m.f., so the establishment of a 
magnetic flux requires the presence of a m.m.f. Every line of magnetic 
induction is a closed line, and although there is nothing in the nature 
of a flow of magnetism comparable with the axial flow of electrons 
which constitutes the electric current in a metallic conductor, there is, 
nevertheless, a useful analogy between the magnetic and electric cases. 

Under steady-state conditions the current in an electric circuit is 
given by the Ohm’s law relationship 

I ^EjR 

also R = plja 

or /? = Ifga 

where g = l/p 

the reciprocal of the spocilic resistance p. 
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Now consider the case of a long solenoid. We have seen that 
B = fifioNIJl 
/. O = -Ba 

= fjLfioNIajl 

= NI -i- 

Now NI = jP, the magnetomotive force, and therefore we see that, 
in terms of the analogy between the magnetic and electric circuits, the 
quantity llfjijJ^a corresponds to the electric resistance Ijga, It is called 
the magnetic reluctance 8, Hence 

Flux = (m.m.f.)/(reluctance), O = FfS 

No name is in common use for the unit of reluctance; it is clearly 
expressed in ampere-turns per weber of magnetic flux in the circuit. 

In the case of a composite electric circuit we have for series-connected 
conductors 

JS = . . . 

and for parallel-connected conductors 

1/B = l/i2i + l/i?2 + l/i?3 + . . . 

Similarly with a composite magnetic circuit. 

Example. An iron ring 100 cm mean circumference is made from 
round iron of cross-section 10 cm^; its relative permeability is 600. If 
it is wound with 200 turns, what current will be required to produce a 
flux of 0*1 X 10“^ weber? 

The lines of magnetic induction follow the circular path of the iron 
so that 

I (mean value) = 100 cm = 1 m 

a = 10 cm^ = 10~® m^ 

8 = = 1/(500 X 477 X 10-7 X 10-«) 

= 107/6*28 = 1*692 X 10« 

O = 10“* weber 

F^<t>S= 10-« X 107/6*28 = 1*692 x 10^ 

But F = NI 

I = FjN = 107(6*28 X 200) - 7*96 A 

Magnetic Leakage. In the above example we assumed that all the 
lines of magnetic induction followed the closed path of the iron ring. 
In practice such an ideal state is never achieved, since a portion of the 
total flux will follow paths different from that of the intended circuit. 
The shapes of these paths, and the amount of flux in them, depend on 
the geometry of the magnetic circuit and also on the value of the 
relative permeability fi. Fig. 4.10 shows four cases. The flux taking 
the intended path, the main flux, is shown by continuous lines, that 
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taking other paths, the leakage flux, is shown by dotted lines. The 
relative permeability of the main path is important because, if its value 
is low, there will be a tendency for flux to take short paths through the 
air, for which the relative permeability is unity. 

An exact calculation of a magnetic circuit with distributed leakage 



1 Ferromagnetic Rin^ 2. Ferromagnetic Ring 


with Air-gap. 



3. Ironclad. Electromagnet 4. Simple A.C.Transformer 

Fio. 4.10. Examples op Maonbtio Leakage 

The leakage flux is Indicated by the dotted lines. Note that the numbers of 
lines representing the useful and leakage fluxes do not represent in any way 
the relative magnitudes. 

would be exceedingly difficult, and for practical purposes it is assumed 
that the total flux is carried by that part of the circuit on which the 
magnetizing coil is wound, and that the main flux, or useful flux is 
carried by that part of the circuit in which the flux is actually utilized, 

Tjet Oi = total flux 

(J) = useful flux 
(t>f = leakage flux 

Then <I>* = O + O, 

The ratio is called the leakage factor. 
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Example. The iron ring in the previous example has a saw cut 
2 mm wide made in it. Find the new current required to produce the 
flux of 0*1 X 10~* weber in the air-gap, given that the leakage factor is 
1'3, and that the relative permeability of the iron under the new 
conditions is 300. 

Let suffixes a and i refer to the air-gap and the iron path respectively, 
then 

Oa = 10“® weber 

== 0*2 X 10”2 = 2 X 10~® m 
= 10“® m^ 

= 1 

= 2 X 10-7(1 X 477 X 10-7 X 10-3) = 1*59 X 10« 

O, = 1*3 Oo = 1-3 X 10”^ weber 
= 0-998 m 
a, = 10“3 m3 
= 300 

/. 8 , = 998 X 10-3/(300 X 477 X lO-^ x 10-3) = 2-65 X 10« 

Since the iron and air paths carry diflFerent fluxes we are not able to 
add together the values of 8 ^ and 8 ^ to give the total reluctance. We 
therefore proceed as follows— 

F = + F, 

= 

= 1-69 X 10® X 10-3 + 2-65 X 10® X 1-3 X 10-3 
== (1-59 + 1-3 X 2-65) X 103 
= 5030 

/ = 5030/200 = 25-2 A 

Magnetic Circuits in Parallel. We see from the above example that 
when the different parts of a composite magnetic circuit are in series, 



Fig. 4.11. Analogous Magnetic and Electbic Circuits 


that is, when the closed path of the main flux passes through all the 
parts, the total m.m.f. required by the complete circuit is equal to the 
sum of the m.m.f. requir^ by the separate parts. In this respect the 
magnetic circuit is somewhat analogous to the electric circuit. 
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Consider first the simple iron ring of the example on p. 98, 
F = 10V6-28 == 1592, 8 = 1076*28 = 1*592 x 10«, O 10-®. The 
analogous electric circuit is a simple closed circuit of = 1*592 x 10® Q, 
acted on by an e.m.f. E = 1592 V, and therefore carrying a current of 
I = 10“® A, as illustrated in Fig. 4.11. In the case of the iron ring with 
air-gap (p. 100 ) we regard the leakage fiux as parallel to the air-gap 
fiux Ofl, and for the total iron fiux we have 

= ^a+^l 

The m.m.f. required to produce Q>i is thus the same as that required 
for Oo, so that we need calculate for one only. In the example this was 
for since we had the data necessary for the direct calculation of Sa, 
and therefore of = 0 ^/ 80 . Since Fi also equals F^, we have 

(p^Si = OA = 10-® X 1*592 X 10® = 1592 

8^ = OA/O* 

= 1592 (1*3 X 10'® - 10'®) = 5*3 x 10® 

The magnetic circuit and the analogous current are illustrated in 
Fig. 4.12. In order to simplify calculation the assumption is made 
that the whole of the magnetic leakage fiux is concentrated in the 



Fig. 4.12. Analogous Magnetic and Electric Circuits when there is 
Leakage in the Magnetic Circuit 

immediate neighbourhood of the air-gap, each leakage path therefore 
including the whole of the iron path. It is this which leads to the 
simple branched circuit with 8 ^ and 81 in parallel, as in the electrical 
analogue. Actually the leakage fiux is distributed, as shown by the 
dotted lines of Fig. 4.13, but to try to take this into account in a calcu¬ 
lation would be quite uneconomical in the very great majority of prac¬ 
tical problems, as, for example, the design of the magnetic circuit of a 
generator or motor. 

It must be realized that if there are two or more magnetic paths in 
parallel then each path requires the same m.m.f. as the others, so that 
it is sufficient to consider one path only. In many practical cases there 
is the further simplification that there are two identical paths only. 
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As an example, consider the ironclad electromagnet of Fig. 4.14. A 
total of 750,000 maxwells is required across the air gap, the leakage 
factor is 1'4, and the relative permeabUity of the iron under these 
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Fig. 4.14. Ironclad Electromagnet 


conditions 600. There are two magnetic paths in parallel, one of them 
being indicated by the dotted path. The calculation is conveniently 
made in tabular form, as below. N.B. 1 weber = 10® maxwells. 


Part of 
Circuit 

area a, 
square 
metres 

Length 

1, Metres 

Flux 

<l>, Webers 

Reluctance 

S » llfiMita 

F - 
^S>S 

Poles 

12 in.* » 

2 X 6 = 12 in. 

0*75 X 10-* 

3*04 X 10-» 


7-76 X 

10-> m* 

= 0 304 m 

X 1*4 « 105 
X 10~* weber 

600 X 47r X 10-» X 7*75 X lO'* 
= 52,000 

546 

Air gap. 

7-76 

X 10-* m* 

6 in.* = 3.88 
X 10-* m* 

0-5 in, = 1-27 

X 10‘*m 

Path 

ABCDEF 

20*6 in. = 

0*52 m 

0*75 

X 10"* weber 

1 X flux per 
pole 0*525 

X 10* weber 

1*27 X 10-* 

9780 

934 

Yoke . 

1 X 4ff X 10-* X 7*75 X 10-* ! 
=* 1,304,000 ’ 

5*2 X 10-* 

600 X 47r X 10“» X 8*88 X lO'* 
= 177,900 





Total F 

« 11,260 
ampere 
turns 








In the previous calculations, the reluctances of the various parts of the 
magnetic path have been calculated, and these have depended on the 
value of the relative permeability, fi. In practice, jjl is not known unless 
the induction density B is known, in fact, with all ferromagnetic 
materials (i is function of B (see p. 105). In this respect the magnetic 
circuit is diflPerent from the electric circuit, in which the quantity 
analogous to the relative permeability, namely the specific conductance 
g (= I Ip) is independent of the current, provided that a steady thermal 
state has been reached, the temperature therefore remaining steady. 
It will also have been noticed that the magnitude of the reluctance in 
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m.k.s. measure depends on whether the units are u^rationalized or 
rationalized. For these reasons the method usually adopted in practical 
magnetic calculations is the “ampere-tum per unit length’" method: 
this is explained on p. 106.* 

Energy Density. When an electric circuit is such that a magnetic flux 
is set up by a flow of current, the circuit possesses self-inductance. It 
is shown in Chap. 5 that the self-inductance is given by the expression 
L = (number of turns) X (flux per ampere) henrys. 

Thus if the geometry of the circuit is such that the quotient flux per 
ampere can be calculated, then the self-inductance of the circuit can 
be calculated. It is also shown that if a current I ampere flows in a 
circuit of self-inductance Z, then, in order to overcome the back e.m,f. 
of self-inductance, work equal to 

W — \LP joules 

has to be performed. This work is entirely separate from the work 
which has to be done to maintain the PR loss in the winding, and it is 
customary to associate it with energy stored in the magnetic field. 
Consider a simple case, such as a continuous ring with a uniform 
magnetizing winding, and of cross-section sufiiciently small to warrant 
the assumption that B is uniform. We have seen that the flux in such 
a ring is given by 

O = Nlfifi^all 

0/7 = NjbtjLiQall 

L = 

W = i . (JV7)V/Wi 

/. Energy density 
Wjal = 

But NI/l = H and Nljufioll = B 
Energy density 

= iBH = iBy/xfi, 

or joules/metre* 

Lifting Power of an Electromagnet. Consider two poles arranged 
directly opposite one another, as in Fig. 4.15. Let each have an area a 
square metres, and let / newtons be the force of attraction between 
them. Let one pole be moved a very short distance dx against the force 
/, then the work done is obviously/(5a: newton-metres or joules, j 

* L. K. Blake, **The design of electromagnets.’* Electronic Eng. 25 (Sept, and 
Oct., 1963). 

t The current in the exciting coil is assumed to be maintained constant during 
the movement of 6x. 



Fig. 4.15 
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But the volume of the magnetic field between the poles is increased 
by adx cubic metres, and therefore the energy stored is increased by 

X joules 
/. fdx = X adx 

f = newtons 

Example. In a telephone receiver the size of each of the poles is 
1*2 cm X 0*2 cm, and the flux between each pole and the diaphragm is 
300 lines. With what force is the diaphragm attracted to the poles ^ 
(Land. Univ,), 

O = 300 X 10~® = 3 X 10“® webers 
a = 1*2 X 0*2 = 0*24 cm® = 0*24 x 10“^ m® 

B = 3 X 10“®/(^‘24 X 10“^) = 12-5 x 10~® webers/m® 

// = 1 for air 
//q = 47r X lO”*^ 

/ = (12*5)2 X 10-^ X 0*24 X 10-V(2 X 1 X 477 X lO"’) 

= 0*1494 newton per pole 

= 0*299 newton altogether 

= 0*299 X 10®/981 = 30*5 grammes weight 

Ferromagnetism. The science of magnetism is conveniently divided 
into three parts since the reactions of materials which are influenced 
by magnetism are of three kinds— 

(a) Ferromagnetism^ characterized by the strong attraction or 
repulsion of one magnetized body on another. Iron, nickel and cobalt 
are the only ferromagnetic elements, but there are many ferromagnetic 
alloys, some of which do not even possess iron as one of their com¬ 
ponents. 

(b) Paramagnetism, a quality of some substances which causes them 
to be attracted by the poles of an electromagnet or strongly magnetized 
body. These materials have a relative permeability only slightly greater 
than unity, not usually greater than 1*001, and they do not exhibit any 
hysteresis. The ferromagnetic materials are all solids, but the para¬ 
magnetic may be solid, e.g. the elements sodium and potassium, liquid, 
e.g. oxygen, or gaseous, e.g. oxygen gas. 

(c) Diamagneiism, the property of being repelled by a magnet. In 
these substances the magnetization is in the opposite direction to the 
magnetizing field, and so the permeability is less than unity. Many of 
the metals are diamagnetic, e.g. copper, gold and bismuth, and most 
non-metals, e.g. carbon, both graphite and diamond, carbon-dioxide 
and nitrogen in gaseous form. 

Magnetization Curves. If an iron specimen, e.g. a closed ring, is sub¬ 
jected to a progressively increasing magnetizing force H, and the 
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resulting induction density B plotted against H, the familiar “magneti¬ 
zation curve” will be obtained, (Fig. 4.16), since 

B = niji^ 

[I = 

and from this relationship the curve of relative permeability may be 
plotted. The process of magnetization up to a high value of B can be 



conveniently divided into three stages at what are called the “instep** 
and the “knee*’ of the curve. 

(a) The Initial Stage. In the neighbourhood of the origin the ^aph 
is a straight line through the origin, and the slope gives the initial 
permeability. The value of H at which the graph begins to bend over 
varies over very wide limits, from one material to another. 

(b) The Middle Portion, between the instep and the knee. The 
slope is the greatest and consequently the point of maximum perme¬ 
ability is within this region. If curves for decreasing, as well as 
increasing values of H are obtained it will be found that these differ 
markedly, and it is within this region that these irreversible changes 
are the greatest. These changes and the associated losses in energy are 
discussed in the next paragraph. 

(c) The Upper Portion beyond the Knee. At the point 7, at which 
the tangent to the magnetization curve passes through the origin, p 
has its maximum value. For increases in H beyond this particular 
value there is a progressive (but not linear) decrease in p, which 
ultimately tends towards unity. 

In high fields B-H approaches a limit called the saturation, B^. This 
upper portion of the curve is represented with fair accuracy by 
Frohlich’s equation 

Hl(a + bH) 

where a is a “hardness” constant, and is a measure of the value of H 
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necessary to attain a given fraction of saturation, while 6 = 

When H can be neglected in comparison with B, the Kennelly equation 
can be used, 

l/yMiWo a+ bH 

This gives a linear relationship between l//z and H. The ratio 
is called the rductivity. 

It is very probable that for some very considerable time data 
regarding ferromagnetic material will continue to be given in the old 
c.g.s. notation, i.e. B in maxwells/square centimetre and H in c.g.s. 
units or in ampere-tum/centimetre. The relationship between the two 
systems is as follows: Let B,, and at^ stand for the induction density 
and ampere-tums per centimetre, both in terms of c.g.s. units; then 
since 

1 weber = 10® maxwells 
and 1 m® = 10* cm* 

B (webers/square metre) = 10*/10® = 10“* maxwells 

In other words the unit, the weber/square metre is 10* times the 
maxwell. 

In the c.g.s. system 

= (47r/10)(iV^//Z), I in centimetre 
and /. ate = Nljl ampere-tums/centimetre 

= (10/47r)J?„ or = (47r/10)afe 
Now the rationalized m.k.s. H is 

H = at = Nlfl ampere-turns/metre 
/. H = 10* ate 

For example, one particular point on the magnetization curve of a 
specimen of annealed iron is 

fr = 80AT/m 
B = 0*45 webers/m* 

/, Be = 0*46 X 10* = 4500 maxwell/cm* or gauss 
ate = ^/lOO = 0-8 

H^ = (47t/10) X 0-8 = 1*0 (very approx.) 

/. [i = 4600/1 = 4500 (relative permeability) 

Typical magnetization curves for a variety of commonly used 
magnetic materials are given in Fig. 4.17. 

Practical Calculations. In practical magnetic calculations it is not 
usual to make use of the reluctance of the circuit. All that is necessary 
is to calculate for each part of the circuit the value of 5, and then to 
refer to the magnetization curves for the particular materials of which 
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H Ampere- iurns/ Metre 
Fig. 4.17. Magneti2i<ition Curves 
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the circuit is composed. If the curve gives B in gauss and H in oersteds 
then we have 


ampere-turns/centimetre length = 0-796J? 

The values of B are therefore commonly plotted against 0*796Jy (or 
O-SjET approx.), so that the ampere-turns/centimetre length can be 
read off directly. 

Similarly in the rationalized m.k.s. system the value of B in webers/ 
square metre can be plotted against H in ampere-turns/metre. The 
trouble is that there is very little data in this form at the present time 
so that, for practical purposes it may be necessary to calculate on the 
old c.g.s. basis. On the other hand, for the purposes of practice, it is a 
good plan to convert given data to m.k.s. units. 

Example. A cast steel ring, of mean circumference 50*2 cm, has a 
cross-section of 0*52 cm^. It has a saw cut 2 mm wide at one place. 
Given that the steel has the following particulars 

J? (gauss) 10,000 12,500 14,600 16,000 

IJi 714*3 521 365 246*2 

Calculate how many ampere-turns are required to produce a flux of 
6,500 maxwells, given that the leakage factor is 1*2. 

Bfj^ = 6,500/0*52 = 13,000 gauss = 1*3 weber/m^ 

/. B^ = 1*2 X 1*3 = 1*56 webers/m2 

If the graph of B against ^ is plotted, it will be found that the relative 
permeability for an induction of 15,600 gauss in the steel is 290. 

/. H, = BJfAfi^ = 1*56/(290 X 477 X 10-^) 

== 4281 AT/m 

Ha = = 1*3/(1 X 477 X 10-7) 

= 1*03 X 10® AT/m 
= 50 cm = 0*5 m 
la = 0*2 cm = 2 X 10“® m 
/. ampere-turns required 

= 4281 X 0*5 + 1*03 X 10« X 2 X 10-s 
= 2141 + 2060 = 4201 

The Curie Temperature. If the temperature of a specimen of iron is 
gradually increased from a very low value, say from absolute zero, it 
will be found that the relative permeability decreases slowly, and 
almost in a linear manner up to a temperature of about + 300®C. 
Beyond this the permeability decreases more rapidly, eventually 
becoming unity. If H is kept constant there will be a de^ite tempera¬ 
ture, called the Curie temperature, at which this happens. For one 
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particular sample of annealed iron the Curie temperature with 

= 8 X 10® AT/m was 760°C. At the Curie temperature iron ceases 
to be ferromagnetic, and becomes paramagnetic. 

Magnetic Reversals. If the magnetizing force applied to a specimen 
of iron is increased from zero to some maximum value, and the force is 
gradually reduced again to zero, it will be found that the new B-H 
curve for decreasing values of H lies somewhat above the original 
curve, and that when H is zero again B is finite. This effect is called 
hysteresis^ since the values of B apparently lag behind those of H, The 
finite value of B when H is zero, OR in Fig. 4.18, is a measure of the 
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Fig. 4.18. Hysteresis Loop fob Wrought Iron 
T o convert to rationalized m.k.8. units multiply ordinates by 10~*, abscissae by 10V4ir. 


residual magnetism or retentivity. In order that the iron may be demag¬ 
netized it is necessary to apply a negative magnetizing force represented 
by OC. This negative force is called the coercive force. If now H is 
increased in this negative direction to its previous maximum value, the 
curve will reach a point Z>, at which the induction is equal to the pre¬ 
vious maximum value, B^hx- If, finally, H is gradually reduced to zero, 
reversed, and increased to its maximum value in the original direction, 
the curve DEFA will be traced out, the complete curve forming a closed 
loop, usually called a hysteresis loop. It will be seen that to take the iron 
through the various states represented by this loop, an alternating mag¬ 
netizing force has been applied. If these ^temations are maintained, the 
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value of J5max being the same during each cycle, then the iron wUl 
continue to go through the same series of changes.* 

The unit of retentivity has the dimensions metre per square metre, 
and of coercive force the ampere-tum per metre. 

The hysteresis loop can be regarded as a magnetic indicator diagram, 
and from this analogy we should expect that during each cycle an 
amount of energy represented by the area enclosed by the loop is 
expended. That this is true can be proved as follows. 

Consider an iron ring of mean circumference I metres and cross 
section a square metres. Let the magnetizing coil have N turns. If 
the value of the magnetizing current at any instant is i ampere (note 
that small letters are used to denote instarUaneous values of current 
and voltage), then 

H = Nifl ampere-tums/metre 

Let the current increase from i to (i + di) in a small time interval dt. 
This increase in current will cause a corresponding increase dH in H, a 
corresponding increase dB in B, and a corresponding increase dO in 
the total flux O. Obviously 

dO == a dB 

Now a change of flux sets up an induced e.m.f. in the magnetizing 
winding of 

e = - N{d(S>ldt) = - Na(dBldt) 

The negative sign implying that the flux change obeys Lenz's law and 
that, in consequence, the circuit will adjust itself so as to try to oppose 
this change. The adjustment is in the direction of the induced e.m.f., 
this direction being in opposition to the current. It thus follows that, 
apart from the i^R value, there must be a power flow from the source 
to the circuit, of magnitude 

P = ei watts 

During the time interval dt second the energy given to the circuit is 
thus 

dWn = PeU 

= Nia{dBldt) dt 
= Nia dB 

But H = Ni/l 

Nia = Hla 

= Hv where v = volume in cubic metres 
dWj,==HdBv 

= v^JETdB joules 

* In general, a sample of iron will not follow a closed hysteresis cycle if the 
cycle is only carried out once. The iron must be brought to what is called the 
cyclic state, by being subjected to a series of cycles, during which the maximum 
value of Hf both positive and negative, is kept constant. 
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Now jHdB is the area enclosed by the hysteresis loop, showing that 
hysteresis loss in joules/cubic metre = area of hysteresis loop 

In all classes of electrical machinery some part of the magnetic 
circuit is taken through rapid reversals of magnetism. Hysteresis loss 
therefore takes place, and in order that the efficiency and temperature 
rise of a machine may be calculable, it is necessary to know this loss. 
If the shape of the loop is known then the loss can be calculated by 
determining the area of the loop, but this method, although suitable 
for testing specimens of iron, is not so suitable for calcffiations on 
machines. Again, it does not follow that the magnetic properties of a 
material as incorporated into an actual machine will be the same as 
those of a sample tested in the laboratory, because these properties 
are dependent on the magnetic history of the material—this including 
how it has been handled during manufacture, for example, whether it 
has been filed or machined, whether holes or slots have been punched 
out of sheet material, and so on. 

In practice it is therefore common to use empirical methods of pre¬ 
determining certain losses. The loss rises rapidly as the maximum 
induction density is increased. For example, a certain iron having a 
maximum relative permeability of 4500 has the relationship 

Wh oc 5®max when -Bmax <0*1 webers/m® 

For the range 0-1 to 1*5 weber/m^, the range of special importance in 
the design of electrical machinery, 

oc 

or Wh = ^-6max^‘® ergs/cm® 

which is known as the law of Steinmetz. The coefficient rj is the 
Steinmetz coefficient and is approximately constant for any one material 
over the range for which the law holds. This coefficient is usually 
tabulated in c.g.s. units: the values can be converted to m.k.s. units 
as follows. Let the suffix c denote c.g.s. values, as before, then 

Wf, == 7]c(BjnfLx c)^-® ergs/cm^ 

= rjc(^max X 10^)^*® ergs/cm® 

= rio(Bmiix X 10®)^-® X 10”’ joules/cm® 

= rjc . 10® . 10“’. (10®)^-®.Bmax^*® joules/metre® 

But 

rj = 2-512 X 

In certain pieces of apparatus, iron having a steady unidirectional 
magnetization has superposed on this an alternating magnetization. In 
such cases the magnetic cycles are no longer symmetrical and the 
Steinmetz law does not apply, in fact, there is no empirical relationship 
which satisfactorily fits this case. 

The following data* is of value— 

* Based on material given by Miles Walker in Specification and Deoign of 
Dynamo-electric Machinery^ p. 48. Longmans, London. 
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Material 

rjc ergs/cm® 

r) joules/metre® 

= 2*612 X 10» rjc 

Hard cast steel 

0*028 

7034 

Cast steel 

0 003 to 0 012 

753*6 to 3014 

Cast iron 

0*011 to 0*016 

2763 to 4019 

Very soft iron . 

0*002 

502 

Good dynamo sheet steel . 

! 0*002 

602 

Silicon iron (0*2%Si) 

0*0021 

627*6 

Silicon iron (4.8%Si) 

0*00076 

191 


Example. A cylinder of iron, of volume 10,000 cm^, revolves for 
30 min at a speed of 3000 r.p.m. in a two-pole field of such strength that 
the induction density in the iron is 8000 gauss. If the hysteresis 
coefficient of the iron is 0 003 erg/cm®, the specific heat of iron 0-11, 
the density of iron 7*8 g/cm®, the loss due to eddy currents is equal to 
that due to hysteresis, and 30 per cent of the heat produced is lost by 
radiation, find the temperature rise of the iron. 

Mass of iron = 78,000 g 

If is the temperature rise, heat retained by the iron 
= 78,000 X 0*11 X 0 calories 
/. Total heat produced 

== (78,000 X 0-11 X 100/70)0 
= 12,250 0 calories 
vft joules 

where rj = 0 003 X 2*512 x 10® = 753*6 joules/m® 

-^max = 8000 X 10“^ = 0*8 weber/m® 

V = 10,000 X 10-« = 10-2 m® 
and / = 50 c/sec, 

since in a two-pole field there is only one magnetic reversal in each 
revolution 

^ = 30 X 60 = 1800 sec 
/. Wf, = 753*6 X (0*8)i-» X 10-2 X 50 X 1800 
= 47*5 X 10^ joules 
Total loss = 95 X 10* joules 
/. 4*2 X 12,250 0 = 95 X 10* 

0 = 95 X 10*/(1*225 X 10* x 4*2) == 18°C 

Coercive Force and Retentivity. Referring to Eig. 4.18, it will be seen 
that on the descending portion of the curve there is a particular value 
of B, namely OR, which represents the induction density when the 
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magnetizing force has been reduced to zero. This value is called the 
retentivity or remanence. In order to proceed down the descending 
portion it is necessary that the magnetizing force shall be reversed, and 
the particular value OC which just reduces the induction density to 
zero is called the coercive force or coercivity. 

When considering the phenomenon of hysteresis we imagined a 
sample initially unmagnetized, so that the first portion of the magneti¬ 
zation process was the following of 
the magnetization curve OA which 
commences at the origin. In view 
of the property of coercivity it 
might be wondered how a speci¬ 
men, once magnetized, could be 
brought back to the unmagnetized 
state. This is accomplished by 
taking the sample through a num¬ 
ber of cycles in which the maximum 
value of the magnetizing force is 
progressively decreased. The iron 
is then taken round a kind of spiral 
curve of progressively decreasing 
^max> as indicated in Fig. 4.19. Fig. 4.19. Illustrating the Process 

The suitability of a ferromag- of Demagnetization 

netic material for any particular 

appheation is largely determined by the shape of its hysteresis loop, 
and materials can be classified broadly into three groups— 

(1) Those with a very steep rise to the knee, thus giving a high 
permeability. Largely as a result of the work of B. W. Eliven it was 
found that alloys having a large percentage of nickel, 35 to 90 per cent, 
have permeabilities much larger than those of iron. These are called 
“Permalloys,’' and the hysteresis loop of 78 permalloy, compared with 
the loop of soft iron and taken to the same value of Bmax* is given in 
Fig. 4.20. The magnetic properties of these materials depend, not only 
on the percentage of nickel, but also on the heat treatment. Tests 
show that the maximum permeability (corresponding to the knee) 
is a function of the percentage of nickel for three kindS of heat treat¬ 
ment. Magnetic annealing consists in cooling from a higher temperature 
down to about 500°C, maintaining this temperature for a short time 
and at the same time acting on the specimen with a magnetizing force 
of several oersteds. The sample is then cooled to room temperature. 
The effect is very marked with a nickel content of 65 to 70 per cent, 
as indicated by the graph, but the most surprising result is the change 
in shape of the hysteresis loop. This becomes rectangular with vertical 
sides, as shown in Fig. 4.21, while the knee becomes almost a right- 
angled bend. 

Besides nickel, molybdenum, chromium and copper have been used 
in the manufacture of ferromagnetic alloys, one of these, “Mumetal,” 
having 5 per cent copper, 2 per cent chromium, 75 per cent nickel, and 
18 per cent iron. These alloys have high initial permeabilities and, at 

5~(T.8i8) 
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the same time, they have high electrical restivities, so that eddy-current 
losses under alternating magnetization are small. They are thus 
suitable for use in transformers operating at high frequencies. 

(2) Those with a small area of hysteresis loop. This property is 
important when the material is subjected to alternating magnetization, 
since the area of the loop is a measure of the hysteresis loss. Many of 
the materials in group 1 are also found in group 2. Table 4.1* gives 
the properties of a number of high permeability materials. 

Of particular interest in the design of heavy electrical machines, 
with magnetic reversals up to 60 or 60 per second, are the sheet materials 
having a small percentage of silicon. These have a Steimnetz coeflBcicnt 
much smaller than that for sheet steel without silicon and their cost 
is not prohibitive. The very-low-loss alloys described in Group 1 are 
much too expensive to be used in commercial machines and power- 
frequency transformers. For example, if we call the cost per pound of 
annealed cast iron unity, the costs of some of the others are of the 
order: Permalloy 28, Mumetal 27, Pcrmendur 69, 1 per cent silicon 
iron 7, 4-5 per cent silicon iron 8. 

(3) Those with a very large coercive force. These materials are used 
for the production of permanent magnets, and we shall see that it is 
not only the coercive force which is important, but also the area under 
that portion of the hysteresis loop which lies in the second quadrant, 
namely between the residual induction and the coercive force: the 
portion RC in Fig. 4.18. This portion is called the demagnetization 
curve. 

Up to about 1930 the carbon steels were used almost exclusively for 
the making of permanent magnets. These do not have a large area 
under the demagnetization curve, and, in addition, the very high 
percentage of iron leads to ageing, i.e. a gradual diminution in the 
strength of the magnet. With permanent magnets used in electrical 
instrument manufacture it is obvious that ageing should be eliminated, 
and it has been found that the best way to achieve this is to reduce the 
iron content as far as possible. The evolution of magnet steels is briefly 
as follows, (a) alloying with tungsten; (6) alloying with chromium; 
(c) addition of cobalt to the chrome alloys, in one case up to as much as 
36 per cent cobalt; (d) dispersion-hardened materials containing no 
carbon and in which the hardness is caused by the presence of very 
small particles of one kind dispersed in a matrix having a diflFerent 
composition from that of the other particles. 

The properties of some permanent magnetic materials are given in 
Table 4.2. f 

The demagnetization curves for a number of these materials are 
given in Fig. 4.22. It is interesting to compare their retentivity and 
coercivity with those of a low-loss material. Thus for Alnico V the values 
are 12,600 gauss or 1*25 webers/m^, and 560 oersteds or 43,780 AT/m; 

* From Bell Telephone System, Monograph B-1445. See also F. Brailsford, 
Magnetic McUerials, Methuen Monographs, 1961, and L. F. Bates, Modern Mag- 
netiem, Cambridge University Press, London, 1961. 

t From Bell Telephone System Monograph B-1445. 
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Uses 

Relays 

Power Transformers 
Power Transformers 

Power Transformers 

Transformers, relay 

Transformers 

Transformers 

Sensitive relays 

Transformers 

Transformers 

Transformers 

Electromagnets 
Telephone dia¬ 
phragms 

Loading coUs 

Density 

d 

(g/cm») 

7-87 

7-60 

7-65 

7- 65 

71 

817 

8‘25 

8'3 

8- 60 

8-72 

8-58 

8-76 

8-87 

8-3 

8-2 

7-8 

Curie 

Point 

0 

C’C) 

770 

690 

700 

700 

500 

440 

500 

580 

420 

430 

290 

400 

980 

980 

480 

Electrical 

Resistivity 

(fiSl - m) 

X 10-* 

10 

59 

50 

48 

80 

50 

35 

55 

16 

57 

60 

56 

60 

7 

.6 

10« 

Saturation 

Induction 

(webers/metre*) 

215 

1-97 

200 

200 

1 00 

1-60 

1-60 

1-56 

100 

0 87 

0-72 

0-60 

0’80 

2 45 

240 

1 

So 1 

1 

80 

48 

16 

8 

4 

24 

4 

24 

4 

4 

2-4 

1-6 

0-32 

160 

160 

Maximum 

Relative 

Perme¬ 

ability 

5,000 

7,000 

10,000 

40,000 

120,000 

25,000 

80,000 

25,000 

100,000 

80,000 

110,000 

100,000 

800,000 

5,000 

4,500 

130 

Initial 

Relative 

Perme¬ 

ability 

200 

400t 

600t 

l,500t 

30,000 

2,500 

4,000 

2,500 

8,000 

20,000 

20,000 

40,000 

100,000 

800 

800 

125 

Heat 

Treatment* 

'2 ’Sw* ij w bT m 

9.0 ppp ” oo lo 

S|S 1 II SS JS 

Composition 

% 

£ 1 sSisfeS 

O) ^ kOtACO 5 fH 5 gw S 

boQ®? 03 SoS S § SSn o ©5 W 

oi't^eo CO o i> i> lA^ 00 

Name 

Iron 

Silicon-iron 

Silicon-Iron 

H3i)ersilt . 

Sendust . 

45 Permalloy . 

Hypemick 

Radiometal 

78 Permalloy 

4-79 Permalloy . 

Mumetal . 

1040 AUoy 

Supermalloy 

Permendur 

V-Permendur 

Powdered Per¬ 
malloy . 


indicates heat treatment in pure hydrogen. t Measured dX B — 2Xi rather than B — 0. t Also called Corosil. 
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the corresponding values for electrical sheet material with 1 per cent 
silicon are 7200 gauss or 7*2 webers/m^ and 0*7 oersted or 55*7 AT/m 
respectively. 



Fia. 4.22. Demagnetization and Energy Product Curves for Several 
Permanent-magnet Materials 

Pennanent Magnets. Imagine a magnetized bar NS, Fig. 4.23, with 
a very small cavity in the direction of the lines of induction. Then, 
since no lines will emerge from the iron into the cavity, the walls of 
this cavity will not exhibit any form of polarity. The flux through the 
cavity will therefore be that corresponding to the magnetizing force H 
set up by the current, and not to the total flux density B, and, conse¬ 
quently, if an isolated north pole P* could be plact^d within the cavity. 



Fio. 4.23. Demagnetizing Force 


it would be acted on by a force of H dynes. But it is clear that the 
isolated pole would be repelled by the N pole of the magnetized bar 
and attracted by the S pole, these two together setting up a force 
which is in direct opposition to H, In other words, the fact of the bar 
having polarized ends is responsible for the setting up of a self- 
demagnetizing effect. 

♦ The concept of the magnetic pole, which forms the basis of the classical 
theory of magnetism, is no longer used to any extent, but it is nevertheless 
convenient in certain cases. 
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If Hint is the value of the resultant magnetizing force'in the interior 
of the bar, and H is the value when the bar is absent then 

Hint =^H ^H^^H --KJ 

where £ is a constant whose value depends on the dimensions and 
shape of the magnet, and J the intensity of magnetization. 

In the c.g.s. system the defining equation for J is 

B + 4^J, with B in gauss and H in oersteds 
/. J^(B^ H)lArr 

For an ellipsoid having semi-axes a and c, where c is the long axis 
parallel to the field, Clerk Maxwell* gave the following expression for K 

K = 47r(l/e2 ~ l){(l/2e) log [(1 + e)/(l ^ e)] - 1} 
where e = [1 — (a/c )*]^^2 

In the case of a rod of length Z and diameter d, we replace it by a 
slender ellipsoid having 

e = [1 - (d/Z)2]i/2 

The relationship between Ijd and K is then as follows— 


lid 

K 

10 

0-261 

50 

0-01817 

200 

0-00167 


This shows that with short magnets a very large proportion of the 
applied magnetizing force is required to overcome the demagnetizing 
effect. 

Now let the suffix m denote magnitudes expressed in rationalized 
m.k.s. units. Then 

J = B„,X 10^477 - ifio X 107477) 

X (Hn, X 477/1000) X II 47 T 
= - ftoHJ 

= (10V47r)J„ 

Again, from 

= H-KJ 

{4nlim)H„.,„, = (4Tr/1000)2/„ -Kx 
- 107(4,r)W„ 

But = H„- 

= [107(4 i 7)*]Z = 63.300Jr 
We now have for the above ratios of Z/d 


Ijd 

K (m.k.s. unit) 

10 

16,900 

60 

1,160 

200 

100 


* James Clerk Maxwell. A Treaiiae on EleAstricity and Magnetism, Vol. II, p. 66, 
Oxford University Press, Oxford, 1873, 
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The significance of this in connection with permanent magnets is as 
follows: the demagnetizing effect in a closed ring is zero, but, in order 
that the magnetic flux may be available, all permanent magnets must 
have a gap, thus requiring two polarized ends, and so giving rise to 
self-demagnetization. Consider the portion of the hysteresis loop shown 

in Fig. 4.24, and let the magnetization be 
taken to the point P. On removal of the 
magnetizing force the flux density will 
decrease to OQ in the case of a closed ring, 
but, in a practical form of permanent 
magnet, the self-demagnetizing effect will 
cause a further reduction to, say, R, If 
the magnet is jarred, there will be a 
further reduction in flux density, and, 
without any special ageing process, most 
of the magnetization may be ultimately 
lost. 

A better form of permanent magnet is thus a nearly closed ring, with 
the air-gap only large enough to enable the flux in the gap to be 
utilized. 

Since modern permanent-magnet materials are very expensive, it is 
necessary that the volume used for any particular magnet should be 
the minimum possible. The criterion, which is known as Evershed’s 
criterion,* is that the product BH shall be a maximum. 

Consider a ring magnet having a gap in the form of a radial saw cut. 
Let the suffix a refer to the air-gap and the suffix s to the steel. Then 
since the magnetic paths are all closed paths, and there is no external 
magnetizing solenoid, the total m.m.f. must be zero, 

/. JPA + = 0 

/. HX = - HX 

Ig = (HJHgX numerically 

The flux through the air-gap is 

The flux through the steel is 

= Bgag 

Again Os = where A is the leakage factor 

Bgag = 

. . X/^qHB g 

/. Volume of steel 

= aglg = {XjUoHgaJBg) x (HJHg% 

= X^o%WIBJlg 

* J. InaL Elect. Engra., 58, (1920) 780; 63 (1925) 726. 
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Now for a stable state the numerator is a constant, arid therefore the 
volume of steel is a minimum when the denominator BJS, is a maxi¬ 
mum. We have already seen, p. 103, that the product BE(2 gives the 
energy density in joules/cubic metre, and this product is therefore called 
the energy prodiict. The demagnetization curves with the corresponding 
energy product curves for a number of permanent-magnet materials are 
given in Fig. 4.22. 

When a permanent magnet has been magnetized the magnetizing 
field is removed and a relatively weak field applied momentarily in the 
opposite direction. This stabilizes the magnet against the effects of 
stray fields, mechanical shocks, or temperature changes, and so reduces 
the tendency for the gap field to reduce with age. 

Example. A permanent magnet has to provide a flux of 16,500 
maxwells in an air-gap of section 3 cm^ and length 0*3 cm. The material 
to be used is cobalt steel and the leakage factor is 4. Calculate the 
dimensions of the magnet. 

Oo = 1*65 X 10* X 10“® = 1*65 X 10“* webers 
= 3 X 10-* m2 
Ba = 0-55 weber/m2 

= 0*3 cm = 3 X 10~® m 

/. Gap volume 

v = 3 X 10”* X 3 X 10”^ = 9 X 10“’ m® 


Gap energy 

= V Ba^l2 juo = [0-552/(2 X 47r X 10“’)] X 9 X 10“’ 

= 0-552 O/Stt = 0-109 joules 
Since jEJl, + = 0 

HJa = Hglg with uniform cross-section 
. Energy in steel ^BJIglgag 
Energy in gap ~ \B^HJ^aa 

== Bgttgj BgCtfn 
= 4 

From Fig. 4.22, we see that for cobalt steel the energy product 
has a maximum value of 9-4 x 10® m.k.s. units and therefore 

J X 9*4 X 10® X core volume = 0436 

.*. core volume = (2 x 0-436/9*4) x 10“^ 

= 0*928 X 10“* m» 

Core flux = 4 x 1-65 X 10“* 

= 6-6 X 10“* webers 
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The induction corresponding to maximum BH product is 6100 gauss, 
or 0-61 weber/m^, 

/. Core section == 6-6 X 10“^ -r 0-61 = 10*8 x 10“^ m^, or 10*8 cm* 
/. core length = (core volume)/{section) 

== 0-928 X 10~V(10-8 X 10-*) 
= 8*6 X 10“* m, or 8*6 cm 

Theory of Magnetism. Beasoning from the magnetic effects of a 
current-carrying wire discovered by Oersted, Ampere suggested that 
the magnetic property of iron and similar materials might be due to 
circulations of current round each molecule. Hence, macroscopically, 
a mass of iron would be an assemblage of molecular magnets. About 
fifty years later Weber anticipated the modern theory of atomic 
structure by suggesting that the atoms of magnetic particles had 
associated with them a negative charge, and that, round this, a light 
particle carrying a positive charge rotated. Thus each molecule of iron 
was regarded as a permanent magnet. Furthermore, each molecular 
magnet was subject to a frictional force which tended to prevent any 
displacement from an established orientation. This explained the 
phenomenon of magnetic saturation and also, in a way, that of residual 
magnetism. Maxwell modified Weber’s theory by discarding the idea 
of molecular friction, and introducing the conception of more than 
one fixed position of equilibrium. The modern theory of magnetism 
gives a clearer picture of the source of atomic magnetism, and accounts 
for the properties of magnetic materials by a grouping of molecules 
into so-called dortiains. 

According to the modern theory the atom of an element consists of a 
nucleus associated with a number of negative charges (electrons). The 
nucleus contains positive charges (protons), and the total positive 
content exactly balances the negative content of the electrons in the 
case of a normal atom. The nucleus has other constituents in addition 
to the protons, but as these do not take part in any of the physical 
changes which normally interest the electrical engineer, they need not 
be considered. The properties which are the concern of the electrical 
engineer can be explained by means of the Butherford-Bohr atom 
model. It is assumed that the nucleus is a collection of particles and 
that it has a positive charge, while the electrons are particles of negative 
electricity which revolve in planetary manner round the nucleus. This 
is about as far as the astronomical analogy goes, since the planetary 
electrons themselves are grouped in a definite manner. These groups 
are called shells and are designated by the letters K, L, M, N, etc. 
There are limits to the number of electrons per shell, as follows 
K shell, 2 electrons 
L shell, 8 electrons 
M shell, 18 electrons 
N shell, 32 electrons 

for the first four shell’s. A shell can contain the maximum number or 
any smaller number of electrons. Remembering that, for each added 
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electron, there must also be a proton and also other additions to the 
nucleus, the atomic arrays of the fii-st few elements are as follows. 



K shell 

L shell 

H 

1 electron 

— 

He 

2 electrons 

— 

Li 

2 electrons 

1 electron 

Be 

2 electrons 

2 electrons 

B 

2 electrons 

3 electrons 


and so on. When the L shell has its full compliment of 8 electrons we 
have 

Ne K shell, 2 electrons, L shell, 8 electrons 

To add a new electron it is necessary to start a new shell. We then have 
the sodium atom, 

Na K shell, 2 electrons, L shell, 8, M shell, 1 

If we proceed through the periodic table in this manner we shall find 
that in the case of all metallic atoms the highest shell has only one or 
two electrons. Thus with the alkaline metals we have 
Li one electron in the L shell 
Na one electron in the M shell 
K one electron in the N shell 


With some other metals we have 

A1 one electron in the M shell 
Fe two electrons in the N shell 
Cu one electron in the N shell 


These lone electrons, the valency electrons, play a very important part 
in deciding the physical and chemical properties of the elements. 

The shells themselves can be divided into sub-shells and, from the 
electron array for the iron atom (Fig. 4.25), we see that there are 

electrons 


K shell .... 2 
L sub-shell 1 . . .2 

sub-shell 2 . . .6 

M sub-shell 1 . . .2 

sub-shell 2 . . .6 

sub-shell 3 . . .6 

N shell .... 2 


Thus there are 26 electrons altogether, and therefore there are 26 
protons in the nucleus. 

Now, when an electron travels round a closed path of any shape it 
will constitute an electric current of that shape, since the electric 
current is merely a translation of electric charge. Now a current round 
a closed path, e.g. a circle, sets up a magnetic force along the axis, 
and consequently all the electrons ^viU set up their individud magnetic 
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forces. When atoms combine to form molecules and the molecules 
aggregate to form a finite mass of the material the effects of these 
orbital motions may neutralize one another, and may thus make no 
contribution to the properties of the material. 

In addition to the orbital translations of the electrons as a whole 
there are, however, rotations, or spins of the electrons about their own 
axes. An electron, regarded as a particle, is of finite, although extremely 

K L M N 



Is 2s 2p 35 3p3d 4s 


Fig. 4.25. Electron Array for Iron Atom 
(Bozorth) 

small, size and consequently any element of the electronic charge at a 
finite distance from the axis will be taken round a circular path and will 
therefore set up a magnetic force directed along the axis of rotation. 
Thus each spinning electron will set up a force directed along its axis, 
and the direction of the force will depend on the direction of spin.* 
In any atom some of the electrons spin in one direction and some in 
the other, and the effects of all the spins may thus balance out. If 
they do not balance, then there will be a resultant magnetic force and 
the atom will correspond to one of Ampere's elementary magnets. 
This is the case with iron, as can be seen from Fig. 4.25. In the K, L, 
and N shells the positive and negative spins balance out; in the M 
shell there are nine electrons with positive spin but only five with 
negative spin. 

The properties of a mass of iron, as distinct from those of a single 
atom, are due to the assemblage of molecules into groups called 
domains. Within the domain all the elementary magnets have a parallel 
alignment, and when the state of magnetization of the material is 
changed all the elementary magnets move together. The difference 
between the unmagnetized and the magnetically saturated states is 
thus represented in a very elementary manner, in Fig. 4.26. Actually 
magnetization results not only from changes in the orientation of the 

* There is an experimental basis for the conclusion that ferromagnetism is the 
result of unbalanced electron spins, and not of orbital motions. See S. J. Barnett, 
Reviews of Modern Physics, 7, (1935) 129. 
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{Above) Jiitter pattern of a portion of a hingle er^btal of pure iron in tlic 
demagnetized btate. 

{Bates) 

{Below) Simple domain pattern m a single crystal of silicon iron, the direction 
of magnetization being as indicated. 

{Bozorth) 
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domains, but also from increases in size of some of the domains, at the 
expense of their neighbours. This is called boundary displacement. 
We have seen that the process of magnetization takes place in three 
stages, namely, up to the instep, from instep to knee, and finally beyond 
the knee. In each portion one type of process predominates 

(1) up to the instep, reversible boundary displacement; 

(2) instep to knee, irreversible boundary displacement; 

(3) beyond the knee, reversible domain rotation. 

The evidence for the existence of domains is based largely, but not 



Unmagnetized Magnetically Saturated 

Fig. 4.26. To Illustrate the Domain Theory 

entirely, on the Bitter powder patterns.* A suspension of FegOa, 
having particles of the order of 10“^ cm diameter, is applied to a 
polished, magnetized surface which is then examined under the 
microscope. It is, in a sense, a refinement of the well-known iron 
filing technique, the particles being so exceedingly small that they can 
indicate by their change in position very minute local inhomogenieties 
in the state of magnetization. By using a colloidal suspension of par¬ 
ticles small enough to show Brownian movement, Elmore showed that 
the movement of the domain boundaries during magnetization could 
be made visible to the eye. A typical Bitter pattern is shown in 
Plate If: it is a photograph of the colloidal magnetite on the central 
portion of a surface of a single crystal of pure iron in the demagnetized 
state. The figure shows the usual fir-tree patterns found on such a 
surface in the demagnetized state, together with some closure domains 
in the neighbourhood of imperfections or inclusions on the surface. 
The sharp boundary on the left of the photograph is the boundary 
between two main domains. 

Determination of llagnetization Curves. Probably the most impor¬ 
tant method of determining a B-H curve is the Ballistic method, so 
called because a ballistic galvanometer is used. The classical form of 
specimen is that of a ring and the radial thickness is preferably kept 

* Bitter, F., Phys. Rev. 38 (1931) 1903; 41 (1932) 607, and Mech. Eng. 55 
(1933) 287. 

t Supplied by Professor L. F. Bates, University of Nottingham. 
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small compared with the diameter, so that H will not vary appreciably 
over the cross section.* The ring has two windings, one, the magnetizing 
winding, distributed over the whole circumference as evenly as possible; 
the other a secondary winding having 30 or 40 turns. The magnetizing 
coil is connected to a direct-current supply through an adjustable 
resistance R (Fig. 4.27). An ammeter, measures the current, and a 
reversing switch, is included, so that the magnetizing current can 



Fig. 4.27. Ballistic Method of Dbtebmining Magnetization Curves 

be reversed. The secondary is connected to the ballistic galvanometer, 
and a resistance box, RB, and a calibrating coil, CC, are included in this 
circuit. The coil CC is placed in the middle of a large solenoid whose 
equipment is similar to that of the magnetizing coil for the specimen. 

Let iVj = number of turns on magnetizing coil 

I = mean circumference of specimen in metres 
a = cross section in square metres 
Then for any magnetizing current /, the magnetizing force 

H = NJfl 

If, for any value of /, the switch is reversed, the flux density B 
inside the ring is reversed, and it therefore changes from + J5 to — -B, 
a change of 2B, Hence, the change of flux in the ring is 2Ba, and if this 
change takes place in a small interval of time dt, then 

Rate of change of flux = 2Baldt 
Hence, if the secondary coil has turns, 

e.m.f. induced in the secondary, e — N^i^Bajdt) 

If the total resistance of the galvanometer circuit is /?, the average 
current through the galvanometer will therefore be 

2BaNJRdt 

Hence, quantity of electricity = Average current x dt 

= 2BaNJR 

* See the theory of the toroid, p. 97. 
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Now the '‘throw” of a Ballistic galvanometer, when corrected for 
logarithmic decrement, is proportional to the quantity of electricity 
which passes through it, provided that this quantity has passed 
through in a small interval of time, a condition which holds in this case. 
Hence, if 6 is the corrected throw and K the galvanometer constant. 

Quantity of electricity = K X 6 
2BaNJR = Kd 

B = (RKI2aN^)e 

In order to be able to calculate B it is necessary to know the constant 
K. This constant viust he determined under the actual conditions of the 
experiment^ since it may vary if these conditions vary. It is determined 
by means of the calibrating coil, CC. A current, 1 2 say, is passed through 
the large solenoid in which CC hangs, and it produces through CO a 
field of strength N 2 l 2 lh> where and Zg refer to the solenoid. IfCC has 
a cross section of ag the flux through it will be /JiffN 
reversing the switch K 2 there will be a change of flux through CC of 

2p,qN 3-f 2^27^2 

Hence, if CC has turns, the quantity of electricity which will pass 
through the galvanometer on reversing K 2 will, by the same reasoning 
as before, be 

2fiQN ^N 4 / 2 ^ 2 !^%^ 

If the corrected galvanometer throw when ifg is reversed is (f>, then 
2ixqN 3 a ^2(^2.^ = A<^ 

K rr: 2flJS! JSl J 2 ^ 2 !^^^ 

Substituting this in the expression for B, we have 
B — ^N 4 / 2 ^ 2 !^ 

All the terms in the expression in the brackets are known, and therefore 
B can be calculated from observed values of 0. If it is not required to 
determine a hysteresis loop, the magnetizing current I is given a series 
of gradually increasing values, and the throw observed on reversing 
Ki, It will, of course, be necesary to make a preliminary test in order 
to be sure that the throw is of suitable magnitude when is reversed 
with I at its highest value. Before taking observations it will then be 
necessary to demagnetize the iron, this being most easily accomplished 
by applying a gradually decreasing alternating potential to the 
magnetizing coil. 

If it is required to take the iron through a complete loop, then the 
procedure is somewhat different from the above. The current is 
suddenly increased in small steps and the galvanometer throw noted 
at each increase. Obviously for any given current the throw from which 
the corresponding flux density is calculated is the sum of all the previous 
throws, since the throw is only proportional to the change in flux and 
not to the total flux. When the maximum current is reached, the 
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current is reduced in small steps and at last brought to zero. Then 
is reversed and the current increased in steps again until the same 
maximum value has been attained. This procedure is followed until 
the complete loop has been traced out. Reversed galvanometer throws 



will obviously be experienced when B is being reduced. These are 
reckoned negative, and the total throw from which B is calculated at 
any step is the algebraic sum of all the throws up to that point. 

M^etic Potentiometer Method. The great disadvantage of a ring 
specimen from the practical point of view is that the specimen itself is 
expensive, whether solid or whether made up of laminations, and, in 
addition, a separate magnetizing winding, put on by hand, is required 
for each one. 

Practical methods involving samples, as distinct from materials in 
bulk, therefore require a more convenient shape, as, for example, a 
short rectangular bar.* In thelUioviciPermeameter the specimen is used 
to close the magnetic circuit of a massive yoke, as shown in Fig. 4.28. 
Both specimen and yoke carry separate windings, the function of the 
yoke winding being to provide the ampere-turns necessary for the yoke 
and the two gaps. The specimen is, of course, clamped down to the 

* Illiovici, A. “A new universal permeameter,’* Bull, Soc, Int, Elec, 8. (1913), 
681. See also: Spooner, T. Properties and Testing of Magnetic Materials, 
McGraw Hill, New York. Wall, T. F. Applied Magnetism, Longmans, London. 
Golding, E, W. Electrical Measurements and Measuring Instruments, Pitman, 
London. 
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yoke, but even then the gap ampere-tums may not be negligible, and 
furthermore will be different for every test. Compensation being thus 
provided for yoke and gaps, it is known that ampere-tums of the wind¬ 
ing on the specimen will be required by the specimen only. The interest 
of the method lies in the method of ensuring that the yoke winding 
carries just sufficient current to compensate for the yoke and gaps. 
The appliance used is the magnetic potentiometer, which employs a 
thin strip or rod of flexible insulating material wound uniformly with 
a helix of thin wire. This coil is connected to a ballistic galvanometer. 
An e.m.f. will be induced in this coil either by a change in the magne¬ 
tizing current producing the magnetic field in which the coil is situated, 
or by a rapid movement of one end of the helix from one point in the 
field to another. It can be shown that the galvanometer throw is 
proportional to the change in magnetic potential, this potential being 
given by 

In the above test the magnetic potentiometer is applied to the ends 
of the specimen, as shown in the figure, and is kept in that position. 
In making the test the current in the ammeter A is adjusted to give 
the desired value of H and the throw-over switch S placed on contacts 
aa\ The current in the yoke compensating coil is now adjusted by 
means of until, on reversing both currents by means of RS, no 
galvanometer deflection is noted. When this adjustment is made, the 
magnetic potential between the two ends of the search coil will be 
zero, and therefore the m.m.f. of the coil on the sx)ecimen will be 
required to overcome the reluctance of the specimen only. The value 
of H in the specimen is now known to be 

H = NIII ampere-turns/metre 

The switch S is now changed over to contacts bb\ thus connecting 
the search coil to the galvanometer, and RS reversed. The galvano¬ 
meter throw is noted, and the value of B calculated as for the previously 
described ballistic test. 

The Magnetic Potentiometer. A method of testing employing the 
magnetic potentiometer is described on p. 128. This device consists 
simply of a uniform helix of thin wire wound in a special way on a 
flexible strip or rod of insulating material. The method of winding is 
as followsf “The winding. No. 40 S.W.G., d.s.c. copper Avire was 
wound from the centre towards one end. It was lightly coated with 
shellac and then wound back towards the other end to an equal 
distance from the centre. It was again lightly coated with shellac and 
wound back to the centre again, so that the two ends of the windings 
emerged from the former. . . . The feet of the former were filed flat 
until the material was almost down to the wire; the final removal of 
the material was done by careful rubbing on sand-paper until bare 

* See p. 130. 

t Bates, L. F., “The Magnetic Potentiometer Study of Permanent Magnets.** 
PhU. Mag., Ser. 7. 84 (1946) 297. 
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wire was just visible.” This description makes it quite clear that it is 
not merely a simple coil of fine wire wound on a fiexible former, as is 
sometimes implied. 

The manipulation of the potentiometer is very simple: the ends of 
the winding are connected to a ballistic galvanometer and the former 
is bent so that the two ends can bo applied to the points between 
which the magnetic potential difference is required. The 

potentiometer is then suddenly removed, and the reading noted. The 
potentiometer is calibrated during a set of measurements either in a 
standard solenoid or in the uniform field of an electromagnet with 
plain pole-pieces. The former method is the more reliable.* 

The theory of the magnetic potentiometer is as follows— 

We have seen that the quantity of electricity induced by the reversal 
of a flux Ba in a search coil is 

Q = 2BaNIR 

Hence, if the flux is reduced to zero, not reversed, as in the case of the 
magnetic potentiometer, 

Q = BaNjR 

This, of course, applies to a search coil in which the flux Ba is 
uniform throughout the whole length. Now regard the magnetic 
potentiometer as a special kind of search coil having N‘ turns per unit 
length. Then for any element of length dl, we have 


dq = BaNdlJR 



since the search coil is on a core for which fi = \ 

This is proportional to the magnetic potential between the points of 
application. 

Magnetic Moment. In the e.g.s. system a pole of strength m placed 
in a field of strength H will be acted on by a force mH, Consequently 
a bar magnet placed transversely across the lines of force, as in Fig. 
4.29 (a) will be acted on by a turning moment of 

T = mlH dyne-cm 

The product ml is called the magnetic moment. 

In the rationalized m.k.s. system a flux of O webers leaving the end 
of a magnet corresponds to a pole strength <1>. f A flux density, in air, 

♦ Bates, L. F., Modern Magnetism, p. 63. Cambridge U.P., London, 
t In the rationalized m.k.s. system the satisfactory treatment of the magnetic 
pole presents considerable difficulty, particularly when the classical conception is 
entirely abandoned, and the science of electromagnetics developed de novo. 
This difficulty is frankly stated by McGreevey in The M.K.S, System of Units, 
Chap. VI, Pitman, London, 1954. In problems such as this, the retention of the 
magnetic pole conception gives a very simple solution. 



ELECTROMAGNETISM 


Ch. 4] 


131 


of B weber/metre* corresponds to a field strength of H = BI/Hq ampere 
tums/metre, Fig. 4.29 (6). 

T = newton-metres 

The magnetic moment is now 01 and it is expressed in weber-metres. 
Example. A bar magnet of magnetic length 10 cm. is made from 
round bar 1 cm. dia. The intensity of magnetization at the ends is 

H B 


111111 


M 


\M 


-I cm 


MH dynes 


(CL) 


mill 


MH dunes 

t. 


Weberss 


l metres 
Newtons 
Cb) 

Fig. 4.29 


fB/fjQ Newtons 


^Webers 


1*5 wb/m^. If the magnet is suspended at right-angles to the lines of 
force of a magnetic field of density lO^^wb/m^, calculate (1) pole 
strength, (2) magnetic moment (3) torque. 

a = (7r/4)d2 = (7r/4) X ( 10 - 2)2 = 7-854 X 10-« m* 

/. O = Ja = 1-5 X 7*854 X lO"® = 11*78 X lO-^ wb 
magnetic moment = = 11*78 X 10“® X 10“^ = 11*78 x 10“® wb-m 

T = OIBIijl^ = OZ X Bffx^ 

= (11*78 X 10-® X 10-3) ^ (477 X 10-’) 
= 9*36 X 10-3 newton-metres 


Suppose that the bar magnet is a linear electromagnet, energized by 
a magnetizing coil of N turns carrying a current of I amperes. Then 

<D = MMF/^ 

= NIKl/aju^fio) 

= Nlafifi^ll webers 
T = OlH 

= (Nlafi/j^Jl) X I X (BI/Xq) 

= BNIafi newton-metres 

If the solenoid is wound on a core of relative permeability unity this 
reduces to 


T = BNla newton-metres 


Furtheb Reading 

In addition to those mentioned at the end of Chapter 2, the following books 
may, with advantage, be consulted. 
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M.I.T. EiiKCTRicAij Engineering Staff. Magnetic Circuits and Transformers, 
Wiley, New York, 1944. 

Spooner, T. Properties and Testing of Magnetic Materials. McGraw Hill, New 
York, 1927. 

Bates, L. F. Modern Magnetism. Cambridge University Press, London, 1951. 
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Examples on Chapter 4 

1. A solenoid 1 m long and of small diameter has 1,000 turns. If it is placed in 
the magnetic meridian where the strength of the earth’s magnetic field is 
0*18 gauss, what current must fiow in it ? 

Ans. 0 0143 A. 

2. A ring-shaped electromagnet has an air gap 6 mm long and 20 cm^ in area, 
the mean length of the core being 60 cm, and its cross section 10 cm®. Calculate 
the ampere-tums required to produce a fiux density of 0*6 weber per metre® in 
the gap. (Assume the permeability of the iron as 1800.) (C. and G. II.) 

Ans. 2610. 

3. An iron ring of 10 in. mean diameter is made from J in. round iron, of which 
the particulars are 


B (c.g.8.) 

10,000 

12,000 

16,000 


2500 

1800 

600 


If it has a saw-cut ^ in. wide and its leakage factor is 1‘25, calculate how many 
ampere-turns are required to produce a flux density in the gap of 1-1 weber per 
metre® ? 

Ans. 2195. 

4. A circular lifting magnet heis a diameter of 50 in., the inner circular pole is 
16 in. in diameter, and the outer annular pole has the same area as the inner one. 
The mean length of the magnetic path through the magnet is 60 in., and the 
relative permeability of the steel can be taken as 1000. If it is lifting steel plates 
of negligible reluctance, and the plates are separated J in. from the magnet poles, 
find the ampere-tums necessary to produce a flux density in the poles of 1 
weber/m®. 

Ans. 11,360. 

6. Calculate the force of attraction between the magnet and plates in the 
above example. 

Ans. 1-03 X 10® newtons. 

6. Find the force of attraction in pounds weight between the square-faced 
ends of two rods of iron placed in a solenoid. The area of the iron rods is 6 cm®, 
the relative permeability of the iron is 1000, and the magnetic force produced in 
the iron by the solenoid is 14 e.g.s. units. (L.U.) 

Ans. 105. 

7. A smooth core armature, working in a four-pole field magnet, has a gap 
(from iron to iron) of 0-5 in. The area of surface of each pole is 1 ft®. The flux 
from each pole is 7 x 10“® webers. Find (o) the mechanical force with which the 
pole attracts the armature; (6) the amount of energy expressed in joules that is 
stored in the four gaps. 

Ans. {a) 2*08 X 10* newtons; (6) 1065 joules. 

8. The armature core of a dynamo is a cylinder of length 12 in. and internal 
and external diameters 7 and 12 in. respectively. It rotates at 1000 r.p.m. in a 
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four-pole field, and from each pole a fiux of 1-65 x 10-* webers emerges. If the 
c.g.s. value of the Steinmetz coefficient for the sheet iron used in the core is 
0*0025, and 80 per cent of the core is iron, find the hysteresis loss in watts. 

Ansm 81. 


9. The ascending and descending values of B and H for a half-cycle are as 
follows— 

Ascending— 


H 

151 

159 

239 

318 

358 

AT/m 

B 

Descending- 

0 

0-2 

0-58 

0-7 

0-73 

Wb/m* 

H 

199 

79*6 

0 

- 79-6 

- 151 

AT/m 

B 

0*7 

0*61 

0-53 

0*38 

0 

Wb/m* 


Plot the curve and calculate the energy dissipated in hysteresis in joules per cycle. 
Calculate also the hysteresis coefficient. 

Ana, (a) 4*5 X 10“*; (6) 729 joules/m*. 

10. Define the terms “Magneto-motive Force,” “Magnetic Flux,” and “Mag¬ 
netic Reluctance,” and prove the relation which holds between these quantities 
for a magnetic circuit. 

Estimate the niimber of ampere-turns necessary to produce a fiux of 
1 X 10“* webers round an iron ring of 6 cm* cross section and 20 cm mean 
diameter, having an air gap 2 mm wide across it. The relative permeability of the 
iron may be taken to be 1200. Neglect the leakage fiux outside the 2 mm air gap. 
(L.U.) 

Ana. 3370. 

11. Define hysteresis. Prove that when any material is subjected to cyclic 
changes of magnetism, a loss of energy is involved proportional to the area of the 
hysteresis loop. Calculate the loss of energy caused by hysteresis in 1 hr in 50 kg 
of iron when subjected to cyclic magnetic changes. The frequency is 25, the area 
of the hysteresis loop represents 2400 ergs/cm*, the density of the iron is 7*8 g/cm*. 
(L.U.) 

Ana. 138,000 joules. 


12. Calculate the strength of the magnetic field at the centre of a single-turn 
square core of 1 ft side when carrying a current of 20 A. Prove the formula 
employed. (L.U.) 

Ana. 7*41 x 10“® wb/m*. 


13. A long straight conductor is of rectangular section in which the width 26 
is large compared with the thickness. Show that the m.m.f. gradient at a point 
distant d from the centre and situated in the plane of the width is given by 

H = (l/47r6) . logefCd -f 6)/(d — 6)] ampere-tums/metre 

14. Two parallel conductors are spaced 0*3 m apart, and carry currents of 
100 A in opposite directions. Calculate the magnetic flux density at a point 
0*15 m from one and 0*25 m from the other. 

Ana. 1*6 X 10“* wb/m*. 

15. A single turn of insulated wire, 30 cm mean dia. rests on a similar turn, 
the distance between the centres being 5 mm. A current of 30 A flows through one, 
and a current in the opposite direction of 50 A flows through the other. Find the 
direction and magnitude of the resultant force. (L.U.) 

Ana. 0*05G5 newton. 



134 


ELECTRICAL TECHNOLOGY 


[Ch.4 

16. A solenoid is 2 ft long and 1 in. diameter and is uniformly wound with 600 
turns of insulated wire. Calculate the strength of the magnetic held at the centre 
when the current is 2 A. If a secondary coil of 60 turns is wound roimd the 
central part of the solenoid and is connected to a ballistic galvanometer through 
a resistance which makes the total resistance of the circuit 10,000 Q, calculate 
the quantity of electricity discharged through the galvanometer on reversing the 
current of 2 A in the primary winding. Estimate the error due to assuming the 
solenoid infinitely long. (L.U.) 

Ans, 2*47 x 10”* wb/mS 1*25 x 10“® coulomb, 0-09%. 


17. An iron ring of 3-5 cm* cross-sectional area and mean length 100 cm is 
wound with a magnetizing winding of 100 turns. A secondary coil with 200 turns 
of wire is connected to a ballistic galvanometer having a constant of 1 micro- 
coulomb per scale division, the total resistance of the secondary circuit being 
2000 fl. On reversing a current of 10 A in the magnetizing coil the galvanometer 
gave a throw of 100 scale divisions. Calculate the flux density in the specimen 
and the value of the (relative) permeability at this flux density. (C. and G.) 

Ans. 1-43 wb/m*, 1136. 


18. The demagnetization curve for a sample of permanent-magnet steel after 
hardening and ageing is as follows 

Permanent flux density 

inwb/metre* 0-65 0*59 0*52 0-43 0-31 0*14 

Demagnetizing ampere- 

turns per metre 4000 12000 20000 280000 36000 44000 

The air-gap flux density in the moving-coil instrument where this steel is to be 
used is to be 0-09 wb/m*, the length of the single gap is to be 0-12 cm, and the 
area of the gap 10 cm*. To ensure the necessary permeance, the ratio of the area 
of the gap divided by its length, to the area of cross-section of the magnet divided 
by its length is to be 300. Assuming the leakage flux to be equal to the useful 
flux, and regarding all leakage as being concentrated at the pole shoes, calculate 
the necessary length and cross-sectional area of the magnet. (L.U.) 

Ana, 0 ll5m, 3'2 x 10”* m*. 



CHAPTER 5 


ELECTROMOTIVE FORCE 

Production of an Electromotive Force. An electromotive force can be 
produced in the following ways: (a) by chemical action as in a voltaic 
cell; (6) by the heating of a thermo-junction; (c) by electro-magnetic 
action. The third method is by far the most important, and it has two 
subdivisions. First, an e.m.f. can be produced by the motion of a con¬ 
ductor in a magnetic field; such an e.m.f. is called a “dynamically- 
induced” e.m.f. Second, an e.m.f. is produced when the flux which 
threads, or links with a coil, changes. In this case there is no motion 
of the coil relative to the magnetic field, and therefore the e.m.f. so 
produced is “statically-induced.” 

Dynamically-induced E.M.F. In Fig. 5.1 three conductors. A, B, and 
C, are shown in cross section in a magnetic field, and the arrows attached 



to them indicate their directions of motion. Conductor A is moving in 
the direction of the lines of force and therefore, since it does not cvi 
any of them, no e.m.f. is induced in it. Conductor B is moving in a 
direction perpendicular to its own length and perpendicular to the lines 
of force, and consequently, since it cuts the lines of force, it has an 
e.m.f. induced in it, of magnitude 

E = Blv volts 

where B is the field strength in webers/square metre, I the length of 
conductor in metres, and v its velocity in metres/second. The direction 
of this induced e.m.f. is given by Fleming’s Right-hand Rule (Fig. 5.2). 
Hold the thumb and first finger of the right hand at right angles and 
bend the second finger so as to point at right angles to the plane of 
these two. Then if the first finger is pointed in the direction of the field, 
and the thumb in the direction of motion, the second finger will point 
in the direction of the induced e.m.f. 

Conductor C in Fig, 5.1 is moving at an angle 0 to the direction of 
the field. In this case the magnitude of the induced e.m.f. is proportional 
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to the component of the velocity perpendicular to the direction of the 
field. The modified form of the e.m.f. equation is, therefore, 

E = Blv sin 0 volts 


Example. A conductor 12 in. long on the periphery of an armature 
of diameter 18 in. rotates at 1000 r.p.m. If the field strength under the 
poles is 6000 maxwell/cm*, find the e.m.f. induced in the conductor. 



Fig. 6.2. Fleming’s Right-hand Fig. 6.3 

Rule 


The lines of force in the air gap between poles and armature are 
radial, as shown in Fig. 5.3, and therefore the conductor cuts the lines 
of force at right angles. 

B = 6000 c.g.s. units = 6000 x 10~^ = 0-6 weber/m^ 

I = 12 in. 

= 30*5 cm = 0'305 m 
V = 7T X diameter x revolutions/sec 
= TT X 18 X 2-54 X (1000/60) = 2390 cm/sec = 23*9 m/sec 
E = 0*6 X 0-305 X 23-9 = 4-4 V 

Statically-induced E.M.F. A statically-induced e.m.f. may be (a) 
“mutually,” (b) “self” induced. Consider first of all its production by 
the process of mutual induction. In Fig. 5.4 there are two coils, A and 
Bf placed close together. A has a battery and switch connected to it, 
and B is connected to a galvanometer. If A carries either zero current 
or a finite steady current, there will be no deflection of the galvanometer, 
thus showing that there is no e.m.f. in the coil B, If, when the current 
in A is zero, the switch is suddenly closed, there will be a momentary 
deflection of the galvanometer, but not a permanent deflection so long 
as the switch is kept closed and the current in A is not varied. If now 
the switch is suddenly opened there will be another momentary 
deflection, this time in the reverse direction, and immediately after¬ 
wards the galvanometer needle will return to the zero position. These 
experiments show that an e.m.f. is induced in B whenever the current 
in. A ia changing^ but not when it is steady. Also the direction of the 
e.m.f. induced by an increase in current is opposite to that induced by 
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a decrease in current. These phenomena are explained by the following 
laws— 

1. Whenever the number of lines of force linking with a circuit 
A B 



Fio. 6.4. Mutually-induced E.M.F. 


changes, an e.m.f. is induced in the circuit proportional to the rate of 
change of flux. 

This is Faraday’s law of electromagnetic induction. 

2. The direction of the induced e.m.f. is such that the current set up 
by it tends to stop the motion or change producing it. 

This is known as Lenz’s Law, and it follows from the fact that in 
order to set up an induced current some energy must be expended. 

Self-induced E.M.F. In the case of a mutually-induced e.m.f., the 
e.m.f. is set up by a change in flux through a coil when the flux is pro¬ 
duced by a neighbouring current. Obviously an e.m.f. will be produced 
whenever the flux changes, no matter how the flux may be produced. 
Thus if a single coil carries a current it will produce a magnetic flux, and 
if the current changes the flux will change. The change in flux will 
induce an e.m.f. in the coil, which in this case is called a self-induced 
e.m.f., because it is set up by a change in its own current instead of by 
a change in a neighbouring current. If the current increases, the self- 
induced e.m.f. will oppose the current; whereas if the current decreases, 
it will act in the same direction as the current. 

Coeflftcients of Self- and Mutual-Induction. Consider a solenoid of N 
turns, length I metres, and cross-section a square metres. If it is carry¬ 
ing current, it will produce a flux; and if the current changes, the flux 
will change. We then have 

Self-induced e.m.f. = — (Rate of change of flux) x N volts 
Now Flux = (Flux set up by one ampere) X I 

the quantity in the brackets being a constant (if the permeability of 
the core is constant), which can be determined from the data of the 
circuit. Therefore we can write 
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(Rate of change of flux) = (Mux set up by one ampere) 

X (rate of change of current) 

/. (Self-induced e.m.f.) = — [(Mux set up by one ampere) X N] 

X (rate of change of current) 

The expression in the large brackets is a constant for any given circuit 
and it is called the ‘‘coefficient of self-induction.” It is given in prac¬ 
tical units, henrys. It is represented by the symbol L. Hence we have 

Self-induced e.m.f. = — Z x rate of change of current 
or = — L{dlldt) 

the minus sign being used because the e.m.f. is opposed to the change 
of current; in other words, the minus sign is the mathematical 
equivalent of Lenz’s Law. 

The law can be stated as follows. If an e.m.f. is induced in a circuit 
through a change of current in the circuit, its direction is such as to 
oppose the change of current. Thus, if the change is an increase in 
current, the e.m.f. will act in the opposite direction to the current; if 
the change is a decrease in current, the induced e.m.f. will act in the 
same direction as the current. 

It is very easy to determine L for a simple circuit such as a solenoid. 
We have, for any current /, 

flux = (m.m.f,)/(reluctance) = Nlf^n^ajl 

if the core is magnetic and of relative permeability fx. Hence, fliix per 
ampere 

= NjUjUQaJl 

L — (flux per ampere) x N 
= henrys 

The “coefficient of mutual induction” of a coil B relative to a coil A 
is obtained as follow.s— 

Let A and B have and N 2 turns respectively, 

(Mutually induced e.m.f. in B) 

= [(Flux through B due to one ampere in .4) x 
X (rate of change of current in A) 

The expression in the large brackets is the coefficient of mutual 
induction M, of B with respect to A, The flux produced by A^ and there¬ 
fore that portion of it which links with B, is proportional to N^, We 
thus see that the coefficient of mutual induction of two coils is pro¬ 
portional to the product of their numbers of turns, whereas the 
coefficient of self-induction of a single coil is proportional to the square 
of its turns. 

Rise and Decay of Current in an Inductive Circuit If a coil possessing 
no self-induction, that is, a coil which does not produce a magnetic 
fleld when current is passed through it, has a p.d. of V volts applied to 
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its terminals, the current produced reaches the Ohm’s ^Law value of 
V/R instantaneously. If the coil possi^es self-induction, the current 
theoretically takes infinite time to reach this value. With a non-induc¬ 
tive coil the applied p.d. has to overcome the ohmic drop IR only, but 
in the case of an inductive coil it has, in addition, to overcome the back 
e.m.f. set up by self-induction, this back e.m.f. only becoming zero 
when the current is steady. Now the self-induced e.m.f. is — i difli, 
where i is the instantaneous value of the current, and the applied p.d. 
therefore has to possess a component equal and opposite to this, as well as 
a component equal to the ohmic drop iR. Hence, when the current is 
increasing we have 

V = Rt “f" L dijdt 

If we multiply both sides by idt we have an energy equation 
Vidt = RiHt + Lidt{dildt) 

Vidt is the total energy supplied to the coil in time (ft, Ri^t is the 
energy converted into heat due to the ohmic resistance of the coil, and 
Lidt{dildt) is the energy required to establish the magnetic field whose 
presence is the cause of the coil’s self-induction. The solution ol the 
original equation is 

= /{l-e i) 

where I is the final value of the current. 

Example 1. A closed iron ring of mean diameter 12 cm is made 
from round iron bar of diameter 2 cm. It has a uniform winding of 
1000 turns. Calculate the current required to produce an induction of 
1-5 webers/m®, given that the relative permeability is then 1250. Hence 
calculate the self inductance. 

1 = ir X 12 X 10-® m 
a = nfi X 2^ X 10"* m* 

.-. -S = X 12 X 10-V(1260 X 4ir X 10"’ X 77/4 X 4 x 10"*) 

= 0-96 X 107477 

O = 1'6 X ( 77 / 4 ) X 2® X 10"* = 1'577 X 10"* weber 
NI = <t>S 

= 1-577 X 10"* X 0-96 X 107477 = 360 
I = 360/1000 = 0-36 A 

.’. (Flux per ampere) 

= 1-577 X 10"*/0-36 = 1-31 X 10-» weber 
.-. L = 1-31 X 10-» X 10* = 1-31 H 

Example 2. A coil of self-inductance 0-75 H and resistance 4£1 
carries a current which is gradually increasing. At a certain instant the 



140 


ELECTRICAL TECHNOLOGY 


[Ch. 5 


current is 20 A and is increasing at the rate of 10 A/sec. Calculate the 
p.d. at the coil terminals, the rate at which energy is being transferred 
to the magnetic field, and the amount of energy stored at that particular 
instant. 

V = R% “ 1 “ L{di/di) 

= 4 X 20 + 0-76 X 10 
= 87-5 V 

Rate of supply of energy to the field, 

Li{dildt) = 0-75 X 20 X 10 
= 160 W 

Energy stored ^Li^ = ^ X 0*75 X 20^ 

= 150 joules 


Example. 3. A constant p.d. of 1 V is applied to a coil of resistance 
1 £1 and inductance 1 H; plot the curve of current against time. 

The final value of the current is / = J^/7? = 1 A, hence, for the 
current at any instant we have 

i = /(I — e 
= 1 - e~< 


when / = 0*1 sec, ^ = 1 — e~®*^ = 
when t = 0*2 sec, i = 1 — e”®*^ = 


(The curve is as shown in Fig. 



Seconds 
Fig. 6.6 


1 - 2-7183-0-1 = 0*095 
1 - 2 * 7183-®*2 = 0*181, and so on. 

, 5.5.) 

After an interval of time of LjR 
seconds the current reaches the 
value i = /(I - e-i) = 0*63217. 

This is a definite fraction of 7, 
and the ratio LjR is therefore called 
the “time-constant” of the coil. 
The time-constant can thus be 
defined as the time required for 
the current to reach 0*6321 of its 
final value. 

From the energy equation we saw 
that the energy imparted to the 
magnetic field in time dt was 

Lidt(dildt) 


Hence, when the current has attained its final value 7, the energy of 
the field will be 


i 


I 


Lidi = J7/72 


Now L is the fiux per ampere x N and therefore the energy of the field is 
^ X current x total fiux x N 
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We have now to consider the decay of the current when the applied 
p.d. is removed. Suppose, for instance, that the coil is suddenly short- 
circuited and the source of p.d. at the same time disconnected. Then, 
since the current now decreases, its rate of change dijdt is negative, 
and the e.m.f. equation becomes 

0 = -f L dijdt 

the solution of which is 



This shows that the curve dies away exponentially, as shown in Fig. 
5.6. The curves of rise and decay are complementary, for if they are 

£ 
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drawn with the same origin as in Fig. 5.6 the sum of the ordinates at 
any instant is equal to the Ohm’s Law value of the current I, 

If both sides of the e.m.f. equation are multiplied by idt^ another 
energy equation is obtained, namely, 

0 = Ri^dt + lAidijdt ). dt 

This shows that, when the current is decaying, the whole of the energy 
for the production of heat in the winding is drawn from the stored 
energy of the magnetic field, and eventually, when the current is zero, 
the &ld also is of zero strength. 

Consider again the curve giving the rate of rise of current. At any 
instant the rate of rise of current is 

di _ {V/R - i) 
dt LJR 

if time is reckoned from the instant of zero current. The denominator 
LJR is called the time constant. If the curve of rise of current is known, 
LJR can be determined graphically as follows. 
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At any point P, Fig. 6.7, draw the tangent PT to cut the horizontal 
AB at T, where OA = final current = V/R, Then 

tan 6 = dijdt 
QP = VjR - i 
/. QT = L/R in seconds 

Example. A shunt dynamo gives an air-gap fiux which is practically 



proportional to the exciting current. When this current is 2 A, an air- 
gap fiux of 0-02 weber is produced. If there are 1000 shunt turns 
of resistance 100 Q, and the}^ are carrying a current of 2 A, determine 
the equation of decay of the current if the shunt winding is suddenl}^ 
short-circuited. 


L = (Flux)/(amperes) X N henrys 
= (0-02/2) X 1000 
= lOH 
R = 100 
Initial current I = 2 A 

i = I X e ^ 


== 2e-io< 


Relative Permeability Not Constant. In the above discussion of the 
effect of self-induction we have assumed that the magnetization 
characteristic of the circuit, namely, the graph of flux against current, 
is a straight line, or, what amounts to the same thing, the permeability 
of the magnetic circuit is constant. If the path of the lines of flux is 
through iron, this is no longer the case, particularly if the iron is taken 
up to saturation point, the result being that the coefficient of self- 
induction is no longer a constant, but is a function of the current. To 
determine the self-induction it is, therefore, necessary to calculate the 
flux per ampere for a series of values of the current, the flux per ampere 
being given by the gradient to the curve of flux against current. A 
numerical example will make this clear. 
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A ring of iron whose magnetic characteristics are given by the 
following figures— / 

B 2500 5000 7600 10,000 X 10“^ 

1250 1200 1000 800 

has a mean circumference of 3 m and cross-section of 10“* m*. It has 
a magnetizing coil of 250 turns. Plot a curve of self-induction against 
magnetizing current. 

The four values of S (= B//zfiQ) are equal to 160, 334, 600, and 1000 
respectively. 

The total AT (= at X 1) are, therefore, 480, 1002, 1800, and 3000 
respectively. Dividing these values of -4 T by the number of turns we 
obtain the currents, whose values are, therefore, 1*92, 4*01, 7*2, and 
12*0 respectively. 

The total fluxes (<& = BA) are 2*5 x 10“®, 5 x 10“®, 7*5 x 10“®, and 
10“* webers. The curve of O against I can now be plotted, and is given 
in Fig. 5.8. Tangents to the curve are drawn at the points corresponding 
to the above values of the current, and their gradients, in webers/ 
ampere, are 1*218 x 10“®, 9*14 x 10“*, 6*35 X 10“*, and 4*26 X 10“* 
respectively. 

We now apply the general expression for the self-induction, and the 
corresponding values are— 

when I = 1*92; L = 1*218 X 10“® x 2*5 x 10* == 0*305 H 

when I = 4 01; L = 9*14 X 10“* X 2*5 x 10* = 0*229 H 

when / = 7*2 ; L = 6*35 x 10“* x 2*5 x 10* = 0*159 H 

when / = 12*0 ; L = 4*26 x 10“* x 2*5 x 10* = 0*107 H 



Fig. 5.8 
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If the current in such a circuit varies by a small amount, from, say, 
/ to (/ + dl)y then the self-induced e.m.f. will be calculated from the 
value of L corresponding to the mean current, namely, (/ + ^ . 61). 
On the other hand, if the current I is suddenly changed by a small 
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amount to / + 61, then the mean value of the self-induced e.m.f. will 
be given by the value of L corresponding to the current (/ + 57/2). 

The growth of the current in such a circuit is obviously not of the 
pure exponential form corresponding to a constant value for L, The 
most convenient method of determining the curve is a step-by-step 
method based on the differential equation of the circuit. Whatever 
the shape of the magnetization curve, the e.m.f. equation is 
E== Ri + N{d^ldt) 

If wo use small differences, then the equation becomes 
E=^Ri + N(6(S>l6t) 

6^ = [(E -Ri)IN]6t 

Suppose, in the above example, that 72 = 1*0 £2, that E = 20, and 
let 6t be taken as 0*01 of a second; then, since N = 250, we have 

50 = [(20 - i)l(2-5 X I0^)]6t 
= 4 X 10-3(20 - i)6t 
= 4 X 10-3(20 — i) webers 
When f = 0, i = 0, and O = S50 = 0; 

when t == 0 01, 50 = 8 x 10“^ O == S50 = 8 x 10“^ and i = 0-58, 
as read off from the magnetization curve; 
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when t = 0 02, <50 = 7-77 X l0-\ O = (8 + 7*77) 10^* = 16-77 

X 10-“* and i = 1-1; 

when t = 0 03, 60 = 7-56 x 10-*, O = (16-77 + 7-66) x 10-* 

= 23-33 X 10-* 

and i = 1-7, and so on. 

In this way the curve of i against t can be determined as far as 
desired, and obviously the accuracy of the determination depends solely 
on the smallness of the intervals dt» The curve of Fig. 6.9 gives the 
curve of growth of current as so determined up to a time of 0-15 sec 
after switching on. It will be seen that this curve is, up to ^ = 0-13 sec, 
concave upwards instead of concave downwards, as in the case of a 
circuit for which L is constant. The reason for this is that the value of 
L is continually falling, as is indicated by the curve of L against /, 
and the growth-of-current curve will only assume the normal form 
when L has become sensibly constant. 

Mutual Inductance. Suppose there are two coils A and Bj whose 
coefficients of self-induction are Lj^ and respectively, and whose 
coefficient of mutual induction is M, If they are traversed by currents 
and /j 5 respectively, then 

The energy due to self-induction is clearly 

The energy due to mutual induction is 

ji^M(dij^ldt)dt + jij^M(di^ldt)dt 
using the symbol i for the value of the current at any instant 

= MSdiiJ^) = MIJj, 

The total energy is, therefore, 

iLJJ + MIJj, + 

We can write the voltage equations for the two coils as follows, 
remembering that (a) the applied p.d. to coil A has to supply not 
only the resistance drop in this coil, but also the self- and mutually- 
induced e.m.f.s in it, and {b) the applied p.d. to coil B is zero. 

F^ = Lji{dij^/dt) + M{di^/cU) Rj}j^ 

0 = Ljj{di^ldt) + M{dij^ldt) + R^i^ 

Suppose that we simplify the problem by assuming that Rj^ and Rjj 
are both very small, as is often the case with transformers, for example, 
then 


F^ — Lj^dij^ldt) -f- M{di^ldt) 
0 = L^(dij^ldt) + M{di^ldt) 

6—(T.8x8) 
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Solving for we have 

{di^fdt) = — {MIL^){dij^ldt) 

= LJdiJdi) - {MyLs)(diJ<U) 
(diJdt)=^VJ(L^^M^IL^) 

Integrating this, we have for the relationship between and time t 
= [VaULa - MyLs)]t 

This shows that the primary current rises in a linear manner with 
respect to time when a steady p.d. is applied to it. 

For the secondary induced current we have 

(di^/dt) = - (MILj^){diJdi) 

% = — {MIL^)i^ 

= - {MIL^)[VJ(L^ - MyLj,)]t 

This shows that the current is also linear with respect to time, but 
when is reckoned positive then is negative. 

We can deduce the expression for the energy in an alternative way, 
as follows. The whole of the energy is derived from the source to which 
the primary is connected, and therefore we have 

Total energy = /: VJ^dt 

- iuviii'A - 

= UVaHLa - M^ILsW(L^ - 

= \L^^ + \L^ij^ 

But since — (311L^)ij^ 

^B^B^ ~ ^B ^ 

Total energy = iLJJ + 

In the treatment the S 3 mibol i is used instead of I since the currents 
both vary with respect to time. 

Inductance of a Pair of Parallel Conductors. The lines of force due to 
either conductor are concentric circles round the conductor and also 
concentric circles inside the conductor (Fig. 5.10). Consider first of all 
the fiux inside the conductor. The current inside a line of force of 
radius cc is / x and therefore the field strength at a distance x 
from the centre 

= /x/27rr2 

— n being unity 
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Hence, the flux through a cylindrical shell of radial thickness da and 
axial length 1 m is 

= {fjL^I2iTr^)x dx 

But the flux links with only of the conductor, so that the linkage 
of the shell is 


(/^of/27rr2)x dx(xyr^) = dx 

Total linkage inside the conductor 

IMjf 


r 

^rrr^Jo 


x^dx = 


Stt 


Now consider the flux between the two conductors. At any distance 


ct- _1 

-d-- 

U_ 



1 ^ 



Fig. 5.10 


X the field strength is again //27ra;, and therefore the flux through a 
cylindrical shell of thickness dx and axial length 1 m is Bg^ = 
(fjLQ[l2'jTx)dx, Hence, linkage 


27r 


i 


'^dx flgl d 


Hence, the total linkage per conductor, reckoning the fluxes inside 
and outside the conductor, is 

/ZoI/Stt + [//o^/2ir] log. (d/r) 

The total linkage for both conductors is, therefore 

+ [f^M loge (d/r) 

= ((Mo^/n-)(loge (d/r) + i) 
linkage per ampere 

= Ww)[log, (d/r) + i] 

and therefore, as the two conductors correspond to only one turn we 
have 

^ Wf) + il heniys/metre 

If the log is rediiced to base 10, and the inductance in henrys/mile, 
we have, finally 

L = (1609/77) X 477 X 10-»[2-303 logio (d/r) + J] 

= 6-436 X 10-‘[2-303 logjo (d/r) + 
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When the spacing is large it is possible to neglect the second term in 
the brackets and we then have, approximately 

L = 14-8 X 10“”* logio (d/r) henrys/mile 

It is of interest to consider the effect of the flux inside the conductor 
in another way. At any radial distance x we have seen that 

Bx = f^Ixl2TTf^ 

The corresponding value of H is 

= Ixl27Tr^ 

Now wo have seen that energy density is equal to Hence, since 

the volume of an elementary cylindrical shell of radius x and axial 
length 1 m is 2nx dx, 
stored energy in the shell 

= \{fiQ[xl27Tr^)(Ixl2Trr^)2TTX dx 
= {fij[^l4t7rr^)x^ dx 


Total stored energy inside one metre length of conductor is 


energy = ^LH 

L = //q/Stt per conductor 

= jHoli^ for both conductors, as before. 


Examples on Chapter 5 

1. A conductor 12 in. long rotates about one end at lOOOr.p.m. in a plane 
perpendicular to a magnetic field of strength 0*5 weber/m*. Find the e.m.f. 
induced in it. 

Ans, 2-42 V. 


2. Define the coefficient of inductance of a magnetic circuit and show that it 
is proportional to the square of the magnetizing turns and inversely to the 
reluctance. Show how to find, by observation of the curve of rise of current when 
a steady voltage is applied to the inductance, the change of reluctance due to 
saturation of the iron. (L.U.) 

3. A coil of resistance 10 D and inductance 1 H has a current which increases 
uniformly at the rate of 10,000 A/sec. Find the value of the necessary applied 
p.d. (o) when the current is 10 A, (6) when it is 60 A. 

Ans. {a) 10,100; (6) 10,600 V. 

4. Plot a curve giving the value at each instant of an electric current which 
varies in the following way—^At time 0 it is 4 A. It increases at the rate of 
10 A/seo for 2 sec; it then remains constant for 2 sec; it then decreases at the 
rate of 4 A/sec for 6 sec; it then follows the law 12 sin 27r/20 . t. Plot curves 
showing the voltage at the terminals of a resistance of 3 II and at the terminals 
of an inductance of 4 H respectively when this ourrent is passed through them. 
(L.U.) 

6. A certain choke coil has 1500 turns. When 4 A are passed through it, the total 
magnetic flux threading the coil is 6,000,000 maxwells. The resistance of the coil 
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is 20 n. Find an expression for the current in the coil immediately after it is 
switched on to a d.c. supply yielding 100 V. Assume that the self-induction of the 
coil is constant during the rise of current. (L.U.) 

Ana. i = 6(1 - e-®-"*). 


6. A certain electromagnet has a winding of resistance 5 fl and inductance'4H. 
After how many seconds, after the application of a steady p.d., will the current 
rise to one half of its final value. 

Ana. 0*575 sec. 

7. Define the unit of inductance. Obtain an expression by which the induc¬ 
tance of an anchor ring of D cm mean diameter and A cm® cross section wound 
with n turns of wire may be calculated approximately, if the permeability (fi) of 
the iron is assumed constant. A field magnet coil woimd with 1500 turns of wire 
produces a fiux of 2*8 megalines when carrying a current of 2 A; estimate the 
inductance of the coil in henrys. (L.U.) 

Ana. 21 

8. What methods may be used for limiting the voltage rise of an inductive 
coil when it is disconnected from a d.c. supply ? Estimate the discharge resistance 
necessary to prevent the voltage rise exce^ing 300 V when a coil of large induc¬ 
tance having a resistance of 100 D is disconnected from a supply at 200 V. 
(L.U.) 

Ana .—60 D. 


9. Prove, for any simple case, that the mechanical work done by, or on, a 
coil traversed by a steady current I due to a movement from a position in which 
the total magnetic fiux through the coil is Nit to another position, in which the 
total fiux is Ni, is I{Ni — ^2)* State precisely the units in which the different 
quantities are measured, and what determines whether the work done is positive 
or negative. 

The coefficient of mutual induction M, in henrys, between two coils, one of 
which is fixed, and the other movable about an axis, is given by Jlf = o 4- bdf 
where a and b are known constants, and 0 is the deflection in degrees measured 
from some zero position of the moving coil. Calculate the torque between the 
two coils for any deflection 0, when the coils are traversed by two currents 
and /g amperes. State the unit of torque in which the result is expressed. (L.U). 

10. A transmission line consists of a pair of J in. conductors spaced 8 ft apart. 
Calculate the inductance of the loop formed by joining the two conductors at one 
end. 

Ana. 4*25 mH/mile. 

11. A copper wire of circular section carries a current of 1 amperes. Show that 
tho magnetic energy within the wire is equal to jM(,/®/167r joules per metre length. 

12. A mutual inductor consists of two coils for which = 1*0 H, Lg = 2*0 H, 
and M = 1*2 H. A p.d. of 10 V is suddenly applied to coil 1. Calculate the mag¬ 
netic energy after one second. 

Ana. 179 J. 

13. An iron ring 1 ft mean diameter is made of round iron 1 in. diameter, and 
is imiformly wound with 600 turns of copper wire 0*06 in. diameter. A second 
winding of 1000 turns of wire 0*025 in. diameter is uniformly wound over the 
first. Assuming the iron to have a (relative) permeability of 800, calculate the 
self-inductance of each winding and the mutual inductance between them. (L.U.) 

Ana. 0*133, 0*632, 0-266 H. 

14. A toroidal coil is uniformly wound with 260 turns. The core is of marble 
with a rectangular cross-section 2| in. deep by 2 in. wide; the outer diameter of 
the toroid is 6 in., and the inner diameter is 2 in. Find the inductance of the 
toroid, proving any formula used. (L.U.) 


Ana. 0*344 mH. 
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15. There are two neighbouring coils. The primary has a resistance of 10 Q and 
self inductance 0*2 H, the secondary a resistance of 5 fl and self inductance of 
0*8 H. The mutual inductance is 0*1 H. Calculate the voltages of self induction 
and the voltages of mutual induction in the two coils at the instant a p.d. of 200 V 
is applied to the primary. 

Ana, Voltages of self induction, 534 and 266 V; 

Voltages of mutual induction, 334 and 266 V. 

16. A circuit consisting of a non-inductive resistor in series with an air-cored 
inductor has 277*2 fl resistance and 4 H inductance. A voltage of 1000 V d.c. is 
suddenly applied. After 0*03 sec. the applied e.m.f. is reversed and simultaneously 
one-half of the resistance is removed, the remainder of the circuit being closed on 
itself. 

Construct the curve of current against time for a total time of 0*1 sec. and 
from the curve deduce the current at 0*09 sec. (A.M.E.M.E.) 

Ana, 0*38 A. 

17. A circuit consisting of a resistor of 6 O in series with an inductor of 3 H 
has an e.m.f. of 60 V suddenly applied to it. Calculate (a) the initial rate of rise 
of current, (6) the rate of rise of current at the instant the current has reached 
5 A, (c) the instantaneous current 0*2 sec. after the application of the e.m.f. 

Ana, 20A/seo.; 10 A/sec.; 3*25 A. 

18. A resistor of i?, Q is in series with an inductor of -Rj fl and H. An e.m.f. 
E is suddenly applied. Calculate the p.d. across the inductor terminals after an 
elapsed time of t sec. 

Ana. V = (JS/«, + «»)(«, + 



CHAPTER 6 


CONSTRUCTION OF D.C. MACHINES 

Essential Features. In order to set up a dynamically-induced e.m.f. 
three things are required: a magnetic field, a conductor, and motion 
of the conductor relative to the field. In d.c. dynamo-electric machinery 
the magnetic field is produced by the “field-magnet,” the conductors 
in which the e.m.f. is induced are placed on the “armature,” and the 
necessary motion is obtained by the rotation of the armature within 
the field magnet. We shall see that the internally induced e.m.f. is an 
alternating e.m.f., that is, alternately positive and negative. The e.m.f. 
acting round the external circuit to which the armature winding is 
connected is a unidirectional e.m.f., this resulting from the fact that 
the field system is stationary in space^ Connection between the external 
circuit and the armature winding is made by means of fixed “brushes” 
which press on a rotating member, the “commutator” which is, in 
effect, an extension of the armature winding which is less expensive to 
wear away than the winding 
itself. It is often stated that 
the commutator acts as a recti¬ 
fier, but this is not the case. 


The Field Magnet. Practic¬ 
ally all modern direct-current 
machines have a field magnet 
consisting of a circular yoke 
with inwardly projecting poles, 
the polarity of which is alter¬ 
nately N. and S. A typical four- 
pole frame is shown in Fig. 6.1. 

The dotted lines indicate the 
paths of the main magnetic 
fluxes and the full lines the 
leakage paths. It will be seen 
that the flux per pole divides at 
the yoke, so that the cross section of the yoke carries only half the 
flux per pole. Similarly the cross-section of the armature core carries 
half the flux which enters the armature from the air gap. 

The yoke of a large machine is now almost invaTia]^,.£abrioat6d 
steel, because this material has roughly twice the permeability of c^iPt 
iron. Only half the weight of fabricated steel need therefore be used, an 
important consideration in large machines. At the present time the 
main poles are nearly always (a) laminc^d throug^lmut, i.e. built up of 
sheet material, or (6) solid st^l pole cores with laminated pole shoes. 
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Fia. 6.1. Fluxes in a Typical Field 
Magnet 
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When laminated, the pole is secured to the yoke by a bolt or bolts 
screwed into a bar passing through the laminations, as shown in 
Fig. 6.2. 

In the case of small machines, cast iron is often used for both yoke 
and poles, because here the main consideration is cheapness, both from 



Fig. 6.2. Construction of a Laminated Pole 


the point of view of the materials used and also the amount of machining 
required by individual parts. Cast-iron poles obviously require much 



less machining than, say, wrought-iron poles. The extra weight due 
to the use of cast iron for small machines is not so important as with 
large machines. 

The calculation of the ampere-turns per pole for a given magnetic 
circuit is made as follows. The mean path of the flux {see Fig. 6.3) is 
divided up between the various parts of the circuit. The ampere-turns 
per pole have to overcome the reluctance of half the mean circuit, i.e. 
the path A to F, Fig. 6.3. 

Let ly = mean magnetic length of yoke — AB 


ly = length of pole = BC 

Ig = length of air gap = CD 

li = length of a tooth = DE 

1^ = mean length in core = EF 


Let corresponding suffixes refer to the areas a^, etc. 
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Denote the flux entering the armature by O and the leakage factor 
by A, then the total flux through the pole core is AO. The fluxes carried 
by the various parts of the circuit are thus 

Yoke iAO 
Pole AO 
Air gap O 

Teeth under one pole O 
Armature core 0/2 

The calculation of the necessary number of field ampere-tums per pole 
for the yoke, poles, and armature core is straightforward and needs no 
comment. The calculations are 
more complex for the gap and 
teeth, and as most of the 
ampere-turns are needed for 
these two portions the accuracy 
must be sufficiently high. It 
must be realized that magnetic 
calculations cannot be made 
with a very high order of ac¬ 
curacy, and a designer will 
always provide more ampere- 
turns than the calculated value, Fig. 6.4. Flux Fringb at End of Pole 
in order to allow for contingen- Shoe 

cies. 

(1) The Air-gap. The first step is to make an allowance for the flux 
fringes at the pole shoes (Fig. 6.4). There are two general ways of 
doing this— 

(a) A careful plot of the flux is made, the armature arc, namely, 
one-half of the pole pitch, less one-half the width of the interpole shoe, 
being divided into a number of equal paths, say 20.* The lines of force 
are drawn in as carefully as possible, assistance with this being afforded 
by drawing the equipotential lines at the same time and arranging so 
that lines of force and equipotential intersect at right-angles. As the 
metal surfaces are equipotentials except in the case of high magnetic 
saturation, the lines of force must leave these surfaces normally. It is 
a good plan to start at the point of maximum induction density and 
plot outwards. When completed, the map will consist of a number of 
“curvilinear squares,’’ in each of which all four corner angles are right 
angles. As the potential drop is the same for all the lines of force the 
induction densities at the various points chosen are inversely propor¬ 
tional to the lengths of the lines of force, which are therefore measured 
carefully. Calling the induction at the centre point the graph of 
induction against distance round the armature is drawn, as in Fig. 
6.5, curve 1. Now some of the flux fringe passes to the tip of the 
adjoining pole, a fact which cannot be taken into account in the flux 
plot without leading to some complication. A simple correction is to 

* The technique of field mapping is explained fully in S. S. Attwood’s Electric 
and Magnetic Fields, 
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join point B to the point where the lengthening of the air-gap 
begins. The ordinates of the line BA are then deducted from curve 1, 
giving the corrected curve 2. The area under this curve is obtained by 
planimeter and the ratio B^^jB^ thus obtained. 

A second method, due to Carter*, is to regard the fringing as increas¬ 
ing the effective width of the pole shoe. Let be the pole shoe width, 



Fig. 6.6. Gbafhioal Method 
OP Allowing for Flux 
Fringe 




Ca) (i) 


Fio. 6.7. Effect of Armature Slots 

and Ig the gap length at the tip of the pole shoe, then the effective 
width is 

Wj,, + 2 hf^g 

where Icf is a fringing coefficient whose value can be determined from 
the graph of Fig. 6.6. 

The next step is to calculate the effect of the armature slots, since 
these cause the flux to “tuft” into the tooth tops and flanks. For the 
purpose of calculation it is assumed that the actual distribution, Fig. 
* Carter, F. W., J, Inst, Elect, Engra,, 29 (1900) 925. 
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6.7 (a), is replaced by an equivalent radial distribution, Fig. 6.7 (6), 
in which a portion of the slot width, carries no flux, This is tanta¬ 
mount to reducing the slot width from to dw?,. Over a whole slot 
pitch y,, the width of a group of lines of force is thus reduced from 
to {y, - dw,). 

With a uniform gap density each group of lines of force would have 
occupied the width and thus the effect of armature slots has reduced 
the air-gap area in the ratio 

(y, — Sw,)/y, 

Denoting the axial gap length by Z, the uncorrected gap area is 

l(w^, + 2k^g) 

and the corrected value is therefore 

l{w„, + 2k^)[(y, — dw,)/y,] 

The ratio (y, — dwg)ly^ is called the contraction coefficient. Denoting 
it by kf. we have for the corrected gap area, 

Ag = KKwj,, + 2k;ig) 

If the armature has ventilating ducts then a packet of laminations 
between two ducts must be regarded as a wide tooth, and the ducts as 



0 4 6 12 16 20 24 23 

Ratio of Openin^/Gap 


Fig. 6.8. Contbaction Coefficient d fob Open Slots 

a slot. There must be another contraction coefficient k\ calculated 
for this, giving 

Ag == + 2kjlg) 

If the pole face is slotted, as for example in a machine with a pole-face 
compensating winding, then another contraction coefficient must be 
determined in the same way, For open slots, as is usual with d.c. 
machines, the contraction coefficient d can be determined from the 
graph of Fig. 6.8. 
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Example. A 4-pole machine having a flux per pole of0*042 weber has 
an armature of 40 cm, diameter with 54 slots each of width 1*1 cm. 
The axial length is 26 cm and there are two ventilating ducts, each 
1 cm wide. The ratio of pole-shoe width to pole pitch is 0*7, and the 
radial gap length is 0*9 cm. Calculate the ampere-tums per pole 
required for the air-gap. 

Diameter at centre of gap = D + = 40*9 cm 

. /. Pole pitch y — 40-97r/4 = 32*2 cm 

Width of pole shoe = 0*7 X 32*2 = 22*5 cm 

/. X (Fig. 6.6) = ^(32*2 - 22-5) = 4-85 cm 
/. x/lg = 4*85/0*9 = 5*4 
kf = 1*05 (from graph) 

/. Corrected pole width 

= 22*5 + 2 X 1*05 X 0*9 = 24*5 cm 
Net iron length of core, allowing a factor 0*92 for core disc insulation 
= (26 - 2 X 1) X 0*92 
= 22 cm 

For the armature slots 

wjlg = M/09 = 1*22 
.*. 5 = 0*18 

Slot pitch yg* = TrD/slots 

= TT X 40/54 = 2*32 cm 
/. Contraction coefificient for armature slots 

h = (y, — ^.)ly, 

= (2-32 - 018 X M)/2-32 = 0-915 

For the ventilating ducts 

m'A = 10/09 = M 
d (for ducts) = 0-17 

Distance between centres of adjacent ducts 

(26 - 2 X l)/3 + 1 = 9 cm 
Contraction coefficient for ducts— 

k/ = (9 - 0-17 X l)/9 = 0-98 
A = 0-915 X 0-98 X 26 X 24-5 
= 572 cm* = 0-0572 m* 

5, = = 0-42/0-672 

= 0-735 weber/m* 

* y* “ Vf *be tooth pitch. 
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/. = 0-736/(47r X 10“’) , 

= 6*86 X 10« 

= 9 X 10“^ cm = 9 X 10“^ m 
ampere-turns per pole required for the air-gap 
= 6-86 X IQS X 9 X 10-8 
= 6265 

(2) The Abmature Teeth. The roots of armature teeth, owing to 
their small cross-section, are sometimes highly saturated, to values of 
2-6 webers/m*, or even more. In such cases some of the flux from the 
gap enters the flanks of the teeth, the fluxes at the various tooth 
sections thus being different. Let be the tooth width at any section, 
Oi, the tooth flux per tooth pitch, and the slot flux. Fig. 6.9. The 



uncorrected tooth density, that is, on the assumption that the tooth 
carries the whole flux O, + throughout, is 

+ ^a)lhWt = 

= = -B. + Sgkf 

where kt is the ratio air-area/iron-area for the particular sections of 
tooth under consideration. The gap density can be written 

B/ = + I^J^tH 

Prom the above expression a set of curves of against 5/ can be 
constructed by taking a series of values of 5^, reading off from the 
magnetization curve the corresponding values of and then adding 
the product fiJc^H. In this way, by t^ing a series of values of a 
famfly of BjB^ curves can be drawn. Thus, suppose that for a par¬ 
ticular sheet material we have H = 10*76 x 10* AT/m, when 
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B = 2*3 weber/m*, then, by taking for hf the values 0 (for smooth 
core), 0-5, 1-0, 1*5, etc., we have for the corresponding values of 


k, 

= 

0 . 

•• Bt' 

= 2-3 

+ 

0 = 2 

-3 webers/m* 




h 

= 

0-6 . 

•• B,' 

= 2-3 

+ 

0-6 X 

X 

1—• 
O 

1 

•*> 

X 

10-76 X 

10« = 

2-367 

ki 


10 . 

•• B,’ 

= 2-3 

+ 

47r X 

10-’ X 10-76 

o 

X 

= 

2-436 


== 

1-6 . 

•• B,' 

== 2-3 

+ 

1-6 X 

4n- X 10-^ X 

10-75 X 

10* = 

2-602 

and 

so 

on. 










We next take other values of (from the original curve) and proceed 
in the same way. The process is illustrated by Fig. 6.10, which shows 



the points conesponding to — 2*3. A set of such curves for a grade 
of sheet steel commonly used for d.c. armatures is given in Fig. 6.11. 

Example. An armature of diameter 130 cm and length 35 cm has 
four ducts, each 1 cm wide. It has 114 slots, each of dimensions 
1*6 X 4*2 cm. The gap density is 1-155 webers/m^. If the stampings 
have the characteristics of Fig. 6.11, calculate the ampere-turns per 
pole for the teeth. 

Net iron length of core /, = (35 — 4 x 1) X 0-92 

= 28-5 cm 


Armature diameter at top of tooth = = 130 cm 

Armature diameter at middle of tooth = D — = 125-8 cm 

Armature diameter at root of tooth = D — 2Zj = 121-6 cm 
Periphery at top of tooth = tt x 130 = 408 cm 

Periphery at middle of tooth = tt X 125-8 = 395 cm 
Periphery at root of tooth == tt X 121-6 = 382 cm 
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For the tooth pitches at these positions we have 

ya = 408/114 = 3-68 cm /. == l-6/(3-68 - 1-6) = 0-81 

ytt = 396/114 = 3-46 cm /. = l-6/(3-46 - 1-6) = 0-86 

yta == 382/114 = 3-34 cm /. Jfc,8 = l-6/(3-34 - 1-6) = 0-92 

For the apparent inductions at the three sections, 

-B'a = H,(y,Jwti) = 1 166 X (3-58/1-98) = 2-088 weber/m® 

B'tt = B,{yjw,i) = 1-165 x (3-68/1-86) = 2-223 weber/m® 

B't 3 = BgiytJwti) = 1-155 x (3-58/1-74) = 2-376 weber/m® 


2-9 

26 



Ampere Turns Per Metre x W~* 

FlO. 6.11. B, Cusvi^ COBBESPOMDINO TO Stebi. OP D.C. 
Axuatuse Grade 

From the curves of Fig. 6.11 the corresponding ampere-tums per metre 
length are, for the particular values of kt, 

(^2')u = 2-7, (.in. = 4-9, (.in. = 8-9 
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Using Simpson’s rule, wo have for the ampere-turns for the teeth 
1/6[(2*7 + 4 x4-9 + 8-9) X 10^] X 4-2 x = 2180 

The Armature. The armature consists of the core and the winding. 
The core obviouslyTias to be magnetic in order to provide a pa& of 
low reluctance to the lines of force, and since iron is a good conductor 
of electricity, the rotation of a solid cbfe'ih a strong magnetic, field 
t^TouId result in very heavy eddy currents (or Foucault currents) being 
set up. These eddy currents would necessitate such a heavy expenditure 
of energy, and would cause such a large amount of heat to be produced, 
that it is imperative to eliminate them as far as possible. Since iron is a 
conductor it is impossible entirely to eliminate the 'production of these 
currents, but they can be kept down to reasonable proportions by 
building up the core of thin sheets lightly insulated from one another 
by varnish, thin paper, or even the oxide coating they acquire w+en 
they are “pickled.” These sheets or discs are about in. thick. Up 



{Courtesy Metropolitan Vickers Electrical Co Ltd ) 
Fig. 6 . 12 . Cross-section of Small D.C. Machine 


The arrows indicate the paths of cooling air. By a double-inlet system of cooling, 
and careful proportioning of the radial and axial air paths the occurrence of high 
hot spot temperatures is avoided. 


to about 3 ft diameter they can be cut out in complete rings, but for 
large armatures it is necessary to cut them out in segments. There 
are thus two typical constructions for a direct-current armature 
according as the (fiscs are in one piece or in segments. 

Fig. 6.12 shows the construction of a fairly small machine. It will 
be seen that the armature laminations are arranged in three groups, 
with radial ventilating ducts betw'een each pair. These ducts are for 
the purpose of removing the heat generated by the losses which take 
place in the armature, and it is therefore essential that air from the 
ends of the machine shall be able to reach them. This is effected by a 
series of longitudinal ducts which intersect the radial ducts. In the 
machine shown, the ventilating air is pulled through by means of the 
fan shown at the right-hand end, the paths of the air currents being as 
indicated. 

The construction of a generator of large capacity is shown in Fig. 
6.13. In this case the ratio of diameter to length is much greater than 






{Courtuy Metropditan Vickers El 
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in the case of the machine of Fig. 6.12. If the machine is housed in a 
power house, as is usual for this type, then an open construction is 
possible, and the centrifugal force acting on the air in the radial ducts 
is sufficient to set up the necessary ventilating current of air. It will 
be seen from the end view that there is a distributed winding arranged 



in slots in the faces of the main poles. The function of this winding is 
explained on p. 192, but it is not always essential for such a winding to 
be provided. 

The Commutator and Brush-Gtear. The commutator, the function of 
which is to facilitate the collection of current from the armature {see 
p. 168), is a cylindrical structure built up of segments of high-conduc- 
tivity, hard-drawn copper, insulated from one another by mica. Fig. 
6.14 shows the construction for a medium-sized machine. The hub is 
shown mounted on the shaft, but in a large machine it will be mounted 
on an extension of the armature hub, a mechanically sound arrange¬ 
ment. The hub is provided at one end with a fixed flange, and between 
this flange and the end ring the commutator segments are mounted as 
shown. The segments have F-grooves so that they cannot fly out 
under the action of centrifugal force, and the insulation in these grooves 
is in the form of conical micanite rings. 

The brushes, which are almost invariably of some form of carbon, 
are housed in brush holders. There are several forms of holder, the 
box type probably being the best. Fig. 6.15 shows a typical holder of 
this type. The holder is mounted on a spindle which passes through the 
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hole shown, and the brush slides in a rectangular slot. It is pressed on 
the commutator by a spring whose tension can be adjusted by placing 
the small lever in one of the notches shown. At the top of the brush 
a flexible copper “pig-tail*'~is moimted, and this conveys the current 



collected by the brush to the holder. There may be several brushes per 
spindle, according to the magnitude of the current to be collected. 

Armature Windings. All modern windings are what are called lap 
or wave windings, or modifications of these. The differences in the 
two types are illustrated in Fig. 6.16, and it will be seen that these 



differences consist merely in the arrangement of the end connections 
at the front of the armature. The various “pitches’" are also shown in 
this figure. The length of the end connection at the back, measured in 
terms of armature conductors, is called the back pitch y^\ the length 
of the front connection is the front pitch The two conductors 
which join two commutator bars which are consecutive in the scheme 



164 


ELECTRICAL TECHNOLOGY 


[Ch. 6 

of the winding, constitute a winding element, and the distance between 
the first and last conductors in an element is called the resultant pitch y. 
Hence, 

y^VB—yF ^ winding, 
y = y^ + Vf wave winding. 

The winding element may be regarded as the ‘‘repeat’^ of which the 
whole winding is composed, and it is obvious that all the conductors 
must be included. A reference to the figure shows that the end connec¬ 
tions of consecutive conductors point alternately to right and left, and 
from this it follows that the partial pitches y^ and yjp must be odd 
numbers, and therefore y is an even number. In a simple lap winding y, 
reckoned in conductors, is 2. We also see from the directions of the 
arrows, which, in Fig. 6.16, represent the directions of the e.m.f.s in 
the various conductors, that since the poles are alternately N and S, 
the partial pitches y^ and y^ must be approximately equal to the pole 
pitch measured in armature conductors. 

Exmnple of a Simple Lap Winding. 

Let No. of poles, 2p =4 

No. of conductors, Z = 24 
pole pitch = 24/4 = 6 

Now the partial pitches must both be about the same as the pole pitch, 
but they must be odd numbers. Again, their difference must be equal 
to 2. Suitable values are, therefore, 

2 /^ = 7 ; yjr — B 

The complete winding shown in the form of a developed view is given 



in Fig. 6.17. The connections to the commutator bars are also shown, 
and it wiU be seen that there are half as many bars as conductors. 

It is now necessary to find the brush positions, and this requires that 
the directions of the e.m.f.s should be inserted. As diagrams of armature 
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windings are liable to be somewhat confusing, it is a good plan to draw 
the equivalent ring or spiral winding. The ring winding, now obsolete, 
consists simply of a solenoid wound on an annular ring, with equidistant 
tappings taken to the commutator bars. As there are no cross-overs 
of the end connections it is very easy to understand. The eqrdvalent 
ring is shown in the bottom half of the figure, and the directions of the 
e.m.f.s are obtained by reference to the actual diagram. Thus, if the 
e.m.f.s in the conductors under the N poles are assumed to be, say, 
downwards, then those in the conductors under the S poles will be 
upwards. There will, of course, be some conductors in the inter-polar 
gaps, but if there is any doubt as to the direction of the e.m.f. in any 
particular conductor it need not be inserted. Tracing the general trend 
of the e.m.f.s through the equivalent ring, we find that there kre two 
meeting points of two e.m.f.s and two separating points of two e.m.f.s. 
These are obviously the positions at which the + and — brushes 
respectively should be placed. It may happen that, according to the 
position of the poles relative to the winding, some of the brush positions 
may apparently come at the back of the armature. The brush, in such 
a case, must obviously be placed opposite to this position, but at the 
front. 

The brushes of the same polarity are connected together, and there¬ 
fore the armature winding is divided into four paths in parallel. In 
general, the number of parallel paths through a lap winding is equal 
to the number of poles; the terminal e.m.f. is equal to the e.m.f. 
induced in one parallel path; the current delivered to the external 
circuit is equal to the current in each armature conductor multiplied 
by the number of parallel paths. 

Example of a Simple Wave Winding. Sometimes called a series 
winding. In the simple lap winding all the conductors can be included 
in the winding if the number of conductors N is an even number. Any 
even number of conductors will not necessarily do for a wave winding, 
for when a number of winding elements equal to the number of pairs 
of poles has been passed through, the winding returns practically to 
the starting point, namely, two conductors in front of, or behind, the 
starting point. Hence, the product of the resultant pitch and the num¬ 
ber of pairs of poles must be two greater or less than the number of 
conductors. 

y X p Z ±2 
y = (Z± 2 )Ip 

Mean pitch, i.e. + yj,)/2 = y/2 = (Z ± 2)/2p 

As an example, take again 2p = 4 and let Z be in the neighbourhood 
of 24 as before. We see that Z = 24 will not do, because the quotient 
of (24 ± 2) divided by 4 is not a whole number. Z = 26 will do, and 
we then have 6J for the pole pitch. Suitable values for the partial 
pitches are therefore 

t//2 = (26 ± 2)/4 == 6 or 7 
Vb^Vf — if y = 14 


Hence, 
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If we take y = 12, then one of the partial pitches must be equal to 7 
and the other to 5, and in such a case it is usual to make the smaller, 
because the value of fixes the width of the armature coils, and 
therefore the amount of copper used in the coil end when multi-turn 
coils are used. The values = 5 and y^, = 7 are used in the winding 
shown in Fig. 6.18. It is assumed that the winding is in front of the 
poles and that it is moving from left to right, the induced e.ln.f.s 
being therefore downwards in front of the N poles and upwards in front 
of the S poles. The equivalent ring winding is now drawn, and it will 
be noticed that the conductors in this winding are numbered, not 



Fig. 6 . 18 . Simple Wave Wdstdino 


consecutively, but in the order in which they are connected together in 
the scheme of the winding. On inserting the directions of the e.m.f.s 
as obtained from the actual winding, we see that the winding divides 
itself electrically into two halves, namely, the portion of the winding 
lying between points P and Q on the equivalent diagram, and that 
lying between points R and P. In the first part, the e.m.f.s induced in 
the various conductors act in series with a general trend from left to 
right, while in the second part the general trend is from right to left. 
Hence, there can only be two parallel paths through the winding, and 
therefore only two brush sets are required, one positive, the other 
negative. The brush positions are found as follows. The point P is the 
separating point of the e.m.f.s in the two halves of the winding, and it 
therefore corresponds to the position of the negative brush. But it is 
at the back of the winding and not at the commutator end. We thus 
have two alternative positions for the negative brush, namely, points 
8 and T on the equivalent winding, which corresponds to the points 
on the actual winding from which tappings are taken to the commutator 
segments L and E respectively. For the placing of the positive brush. 
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we see from the diagram that there are two meeting points of e.m.f.s, 
namely, Q and B, and both of these are at the back of the winding. 
They are separated by one loop only, that composed of conductors 26 
and 7, and therefore the middle point U of the loop is the required 
position. This corresponds to the tapping brought out to the com¬ 
mutator segment B, It appears, therefore, that the e.m.f.s in these 
two conductors oppose the e.m.f.s acting in the parallel paths in which 
they lie, but on referring to the actual winding it will be seen that they 
are each situated almost in the middle of an interpolar gap, the e.m.f.s 
induced in them being therefore very small. 

For one positive brush position, we thus see that there are two 
alternative positions for the negative brush. Now consider the two 
conductors 26 and 7 situated between the points Q and B. The winding 
is moving across the pole faces so that its position relative to the poles 
as represented by the figure is only instantaneous. We see that con¬ 
ductor 26 is just about to move from the infiuence of a S to that of a 
N pole, and the e.m.f. in it is therefore on the point of reversing. But 
conductor 7 is already past the point where its e.m.f. is reversed, so 
that its e.m.f. will not change in direction but will gradually increase 
in magnitude. This means that in a very short interval of time the 
point B will become the meeting point of two e.m.f.s, and since it is 
at the back of the winding, there will be two alternative positions for the 
positive brush, namely, point U, which has already been considered, and 
the point F, correspon^ng to commutator segment H, Similarly, when 
the armature has moved a little farther forward the segment I adjacent 
to H will become the second alternative position for the positive 
brush. Hence, if one positive brush is making contact with segment 
B and not either of the adjacent segments, then the second positive 
brush, if used, should be in contact with both of the segments H and /. 

If brushes are placed in both alternative positions for both positive 
and negative, the effect is merely to short-circuit one loop of the winding 
between two brushes of the same polarity. Thus, whether only two 
or four brushes are used, the number of parallel paths still remains at 
two. Also these loops during the very short period of short-circuit 
occupy a position almost symmetrical with respect to one of the poles, 
so that the actual e.m.f. acting round the loop and tending to produce 
circulating currents through the loops and connections to brushes of 
like polarity is very small. 

The e.m.f. developed by a simple wave winding is therefore equal to 
that induced in one-half of the total number of armature conductors 
all connected in series, whereas the current delivered to the external 
circuit is twice the current in an individual armature conductor. 

Series-parallel Windings. These are windings in which the number of 
parallel paths, 2a, through the winding is greater than 2 but less than 
2p, the number of poles. Thus a 6-pole machine will have 6 parallel 
paths with a lap winding, and 2 with a wave, but it can have 4 with a 
series-parallel winding. The winding equation is 

Mean pitch y/2 =r= (Z ± 2a)/2p 
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where a is any even number greater than 1 and less than 2p. We have 
already seen that there are half as many commutator bars as coil sides 
Z, so that the amount y/2 is equal to the pitch in commutator bars. 

yj: = (^ ± 2a)/2p 

The number of coils is equal to Zf2 and there are two cases: 

(a) If yjj; and Z /2 have no common factor the winding will close on 
itself once only, like the simple wave winding. 

(b) If and Z /2 have a common factor, the whole winding will 
consist of a number of independent closed windings, the number being 
equal to this common factor. 

Example 1. Let Z = 68, 2 ^ = 6 poles, a = 2 

58 ± 4 ^ 

Vk — — 0 — = taking the minus sign 
Hence we can make 


yB = yF = ^ 


also since and Z/2(= 29) have no common factor the winding will 
consist of a single coil, that is, it will be singly re-entrant. 

Example 2. Let Z = 56, 2p = 6 , a = 2 


56 ± 4 

*. yK^ 


= 10 


since we must take the positive sign. 

The partial pitches must now be unequal and we can make = 9 
and yjp = 11. y^ and Z/2 (= 28) have a common factor of 2 , and 
therefore the winding will consist of two entirely separate windings. 
It will therefore be doubly re-entrant. 

Action of the Commutator. Fig. 6.19 shows a small portion of a lap 
winding moving from left to right. The conductors under the influence 
of a N pole have induced e.m.f.s which act downwards, while those 
under a S pole have e.m.f.s which act upwards. In the figure the con¬ 
ductors marked 1, 2, and 3 are at the top of a slot, and those marked 
1', 2', and 3' at the bottom. Consider first the coil formed by joining 
conductors 1 and V by the front connector. No. 1 is clearly nearer to 
the S pole than to the N and so its e.m.f. acts upwards. Conductor T 
is under the N pole and so its e.m.f. acts downwards. Thus as far as the 
loop formed by these two conductors is concerned the two e.m.f.s act 
in the same sense and so the nose of the coil at A is neither a meeting 
point nor a separating point of two e.m.f.s. 

Examining in the same way the coil formed by conductors 2 and 2' 
we see that although conductor 2 ' has a downward e.m.f., conductor 2 
is so near to the middle of the intei-polar gap that its induced e.m.f. 
will be zero or negligible. Hence point B also is neither a meeting point 
nor a separating point of two e.m.f.s. 

The e.m.f.s in conductor 3 and 3' forming the third coil in the figure 



CONSTRUCTION OF D.C. MACHINES 


169 


Ch. 6] 

both act downwards and therefore point 0 is a meeting point of two 
e.m.f.s. In other words point 0 is a point of maximum potential in 
the winding. Now when the armature winding has moved a distance 
equal to BC, the point B will be where C is at present and the coil 22' 
voU occupy the position at present occupied by coil 33'. Hence the 
point B will now be the point of maximum e.m.f., but only in virtue of 
its new position with respect to the poles. We thus see that the points 
of maximum potential, and similarly the points of minimum potential 
are fixed in space, and therefore the potential distribution as a whole 



ABC 


Fig. 6.19. To Illustrate the Function of the Commutator 

is fixed in space. But we have made no reference whatever to the com¬ 
mutator, and therefore this member has nothing whatever to do with 
the fact that the potential distribution round the winding is fixed in 
space. 

As shown before, the brushes are placed at meeting points and 
separating points of two e.m.f.s, but strictly speaking, these points are 
at the noses of the cods. If a d.c. armature were constructed without 
a commutator, but the insulations were stripped at the noses so that 
brushes could press on the exposed copper the machine could function 
as a dynamo or motor, but it would not be long before the coils were 
worn through and a completely new armature winding required. Thus, 
in fact, the commutator is merely an extension of the armature windings, 
and its function is to withstand the wear and tear of current collection. 
From time to time it can be turned or ground to a true cylindrical 
surface, and when this is no longer possible a new commutator can be 
fitted. 

Multi-tum Windings. The single-turn windings, described above, are 
used whenever possible. Such windings necessitate half as many 
commutator bars as armature conductors. If the voltage to be 
generated is high, particularly in a small machine, it wiU obviously be 
impossible to house only two conductors in a slot, one at the top and 
the other at the bottom, since this would necessitate too many slots. 
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In such a case, six or eight conductors may be placed in one slot, those 
at the top being taped together, and also those at the bottom. The coils 
so formed are still single-turn coils, since they each consist of three or 

four single turns, insulated from 
one another, and mounted to¬ 
gether for convenience. 

In the case of small machines it 
is necessary to adopt multi-turn 
coils. The winding in such a case 
is identical with that for single- 
turn coils, except that each loop 
of the simpler winding is replaced 
by a coil of the required number 
of turns. This is illustrated clearly 
by Fig. 6.20. Comparing the 
multi-turn lap and wave windings, 
it will be seen that the arrange¬ 
ment of the coils in the two cases 
is identical. It is only the arrange¬ 
ment of the connections to 
the commutator which decides 
whether the winding will be lap 
or wave. 

Since the construction of an 
Fia. 6.20. Windings with Multi- actual winding is by no means 
TUBN Coils obvious from an examination of 

the developed diagrams, such as 
those given in Figs, 6.17 and 6.18, Fig. 6.21 has been drawn. This figure 
shows the actual arrangement of a four-pole lap-wound armature, having 
as many elements as the winding in Fig. 6.17, namely, 24. Each coil 
consists of several turns, and there are two coil sides per slot, each coil 
side consisting of only one element. There are, therefore, half as many 





Fig, 6.21. Foub-pole Lap-wound Abmatube 
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slots as elements, that is, 12 slots in the example. It would, of course, 
be possible to tape up coils a and b into a composite coil with two 
elements per coil side, similarly with poils c and d, and so on. In such 
a case the number of slots would be only one-half the number required 
when there are only two elements per slot. Similarly, if coils a, 6, and 
c were taped up into a composite coil, likewise d, e, and /, and so on, 
the winding would still be essentially the same, although it would now 
only require one-third as many slots as when there are only two elements 
per slot. For a clear understanding of the completed winding it is there¬ 
fore necessary to realize that (a) the winding is arranged in two layers, 
and (6) that what appears to be a single coil on the armature may in 
reality consist of several quite independent coils all taped up together. 
This is indicated by a comparison of the number of commutator bars 
and of slots. 

Numerical Example. The actual disposition of an armature winding 
in the slots is decided, in practice, by 

(а) the pitch of the commutator segments; 

(б) the total ampere-conductors per slot; 

(c) the voltage between adjacent commutator segments. 

The segment pitch should not be less than 0*5 cm, even on a small 
machine, nor greater than 1*0 cm on a large machine. This shows that 
the range for this particular dimension is very small. There is some 
variation in the total ampere-conductors per slot, the upper limit for 
even a very large machine being about 1000. For a machine of 100 kW 
it will be of the order of 650. The mean voltage between adjacent 
commutator segments should not exceed 16 V. 

We will now consider a numerical example and show how the above 
requirements are fulfilled. Suppose that a shunt dynamo has to be 
designed to give an output of 80 kW at 230 V, the speed being 600 r.p.m. 
Then output current = 80,000/230 = 348 A. Allowing for the drop 
of volts in the armature and interpoles, and for the exciting current, 
we will assume round values of 

240 V for the induced e.m.f. 

350 A for the total armature current. 

The designer will know immediately how many poles the machine 
will have, and what will be the diameter of the armature. His pre¬ 
liminary calculations will then give the core length, from which the 
next step will be the flux per pole. We will therefore assume that the 
designer has decided on the following— 

No. of poles = 4 

Flux per pole = 64 x 10“^ weber 
Armature diameter = 63 cm 
No. of slots = 75 
Commutator diameter = 35 cm 
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It is proved, p. 178, that the induced e.m.f. of a d.c. machine is 
given by 

E = (I>ZN{PIA) volts 
where 0 = flux per pole, in webers 

Z = No. of armature conductors 
N = speed in revolutions per second 
P == No. of poles 

A = No. of parallel paths through the armature winding 
/. Z = (EI(I>N)(AIP) 

(а) Lap winding: A = P 

Z == (240/6-4 X 10-2)(60/500) 

= 450 

As this is divisible by 75, the number of slots, giving a quotient of 6, 
we see that 6 conductors per slot are possible. We will now check the 
various requirements. 

First the pitch of the commutator segments. If we use single-turn 
coils 

No. of bars = Z/2 = 225 
Comm, periphery == tt x 35 = 110 cm 

Segment pitch = 110/225 = 0*5 cm, almost exactly. 

Second, the total ampere-conductors per slot. 

Conductor current = (total current/(parallel paths) 

= 350/4 = 87-5 A 
/. Slot loading = 6 X 87-5 

= 525 ampere-conductors 

Voltage between adjacent segments. 

Since the brushes have an angular distance equal to the pole pitch 
and there are 4 poles, the full terminal voltage of 230 V will exist over 
one-quarter of the commutator periphery, that is over 225/4, say 56 bars 

average voltage between segments 

= 230/56 = 4-1 V 

The above calculations show that a satisfactory winding will be a 
lap winding having single-turn coils and having six coil sides per slot, 
three at the top, and three at the bottom. 

(б) Wave winding: A = 2; P = 4 

/. Z = (240/6-4 X 10-2)(60/500)(2/4) 

= 225 

This, when divided by the number of slots gives the odd number of 
3, which is not possible. If we adopt 2 the number of slots will be too 
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large, and if we adopt 4 the number will be rather low* However, for 
the purpose of comparison we will adopt 4 conductors per slot, the 
number of slots thus being 67 (it is preferably odd for a wave winding), 
and the actual number of conductors thus 

Z = 4 X 67 = 228 

With single-turn coils the number of segments will be 

228/2 = 114 

Segment pitch = 110/114 =1*0 very nearly, which is much too 
large for a small machine. 

The current per conductor for a wave winding 
= 360/2 = 175 A 

Slot loading = 4 X 175 = 700 ampere-conductors, and this is too 
large. 

The full voltage is again built up over one-quarter of the com¬ 
mutator periphery, i.e. over 114/4, say 28 segments 
average voltage between segments 

= 230/28 = 8-2 V 

Thus in every respect the lap winding is the better for the particular 
specification of 80 kW, at 230 V, and 500 r.p.m. 

Now suppose that the specification were to be 80 kW at 460 V, and 
600 r.p.m. Then clearly the same field system and the same size 
armature core would do. Considering first of all the lap winding we 
could double the voltage by doubling the numbers of conductors, 
thereby making Z equal to 900, and having 12 per slot. This would be 
possible because, with the current being halved, the conductor section 
is halved and the slot will hold all 12 conductors and still have the 
previous slot loading of 515 ampere-conductors. 

If single-turn coils are attempted then the number of segments will 
be doubled, i.e. 450, and so the segment pitch will be only 0*25 cm. 
This is much too low, and the difficulty can now be met by having 
coils of two turns each, thereby retaining the previous number of 
segments, namely 225, and the segment pitch of 0*5 cm. 

As the voltage is doubled, but the number of segments kept as 
before, the mean voltage between segments now becomes 

2x41 = 8-2 V 

Such a machine would be perfectly satisfactory. The disadvantages 
neither of them serious, are: firstly, a two-turn coil gives a higher 
reactance voltage than a single-turn coil (see p. 188), secondly, a con¬ 
ductor current of nearly 44 amperes requires a rectangular copper 
strip and this makes a rather awkward nose at the end remote from 
the commutator because the two bends do not fit very snugly together. 

Now consider a wave winding for the new specification. We now 
have an induced e.m.f. of about 480 V so that 

Z = (480/6*4 X 10--2)(60/600)(2/4) 

= 460 
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This is exactly divisible by 76, the quotient being 6, showing that we 
can adopt 76 slots and 6 conductors per slot. With single turn coils 
the number of segments will be 226 and the segment pitch 0*6 cm. 
The reader can prove for himself that the slot loading and voltage 
between bars are also satisfactory. Hence for the higher voltage of 
460 V the wave winding is more satisfactory than the lap. 

With very small machines of only a few kW output, then multi-turn 
coils are essential, but as the conductor current is very small, round 
wire can be used, and this presents no difficulties in winding. 

Equalizer Rings. In a lap winding any path from brush to brush con¬ 
sists of conductors under the influence of two adjacent polos only and 
not all the poles. If the fluxes from all the poles are equal, the e.m.f.s 
induced in all the paths will be equal, and when there is no current in 
the external circuit there will be zero current in the armature. In prac¬ 
tice it is impossible to obtain absolutely equal fluxes from each pole, the 
result being that the e.m.f.s in the various parallel paths are not equal. 
The resulting e.m.f. acting roimd the armature may give rise to large 
currents oven with no external load. When the armature is delivering 
current the circulating current is superposed on the load current and 
produces imequal heating in the armature. 

Referring, again, to the lap winding of Fig. 6.17, if we take the 
conductors lying between the first + brush and the first — brush 
positions, we see straight away from the equivalent ring winding that 
these are the conductors numbered 1, 8, 3, 10, 6, and 12. The poles 
influencing these conductors are the ffist north and south poles. 
Similarly with the other three parallel paths, the conductors in them 
are influenced by two poles only. It therefore follows that if the mag¬ 
netic fluxes entering the armature from each of the poles are not 
exactly equal, the e.m.f.s induced in the various parallel paths will not 
be equal. Since the armature winding forms a closed circuit indepen¬ 
dent of any external connections to the brushes, and since, with respect 
to the armature itself, these paths are in series, we see that the e.m.f.s 
set up in the armature will not exactly balance out. Hence, a parasitic 
current will be set up in the armature winding, this current being 
independent of, and superposed on, the current due to the external 
load. In order to illustrate this point, the equivalent ring winding of 
the lap winding previously considered is reproduced in a modified 
form in Fig. 6.22. The e.m.f.s in the four paths are indicated as E^, E^^ 
E^, and E^, their directions being indicated by the arrows. The resultant 
e.m.f. acting round the winding in a given direction, say, clockwise, is 

i^2 + — (E^ + E^) 

If these four e.m.f.s are exactly equal, their resultant will, of course, 
be zero, and no parasitic currents will be set up round the winding. 
If they are not exactly equal, but have a resultant equal to, say, c, 
then a circulating current will be set up, its magnitude being equal to 

i = e/B 
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vrhere R is the resistance of all the armature conductors and their end- 
connections reckoned in series, and not the armature resistance as 
measured from brush to brush. This current will be quite independent 
of the external load on the machine, in fact, it will flow even when the 
brushes are lifted from the commutator. 

When the brushes are in place and the machine is delivering current 
to an external load, the conditions are not quite so simple. In the 
simplifled scheme of Pig. 6.22 it appears that since the four e.mf.s, i^i. 



^81 are not equal, the two positive brushes can be at slightly 

different potentials, and also the two negative brushes. Actually such 
differences of potential between brushes of like polarity cannot exist, 
because such brushes are joined together externally by copper straps 
of negligible resistance. These connections are shown in Fig. 6.23, in 
which the winding is again represented as a ring winding for simplicity. 
It is obvious that currents will flow along these connections, and since 
their magnitudes are only limited by the resistance of the armature 
and the brush-contact resistances, they may assume very large pro¬ 
portions. In the flgure they are indicated as 10 and 16 A, while the 
load current is represented as 60 A. Now the load current divides into 
two halves of 26 A each at the brush connections, and these halves 
divide again into quarters of 12^ A each, through each armature path, 
these currents all being indicated in the figure. Hence, when we 
superpose the circulating current through the brush connections on 
to the true load currents, we find that the currents collected by the 
four brush sets are 40, 36, 10, and 16 A, as indicated by the numbers 
in small circles. Actually each brush should collect 26 A. Obviously 
the overloaded brushes will give trouble; their temperature rise will 
become much too high, and they will probably spark badly, no matter 
how their position may be adjusted. It is to be noted, however, that in 
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the case of lap (not wave) windings, any very excessive unbalancing 
of the current in the different armature paths is to some extent 
automatically checked by the effect of armature reaction, to be con¬ 
sidered later. 

It will be seen that the conditions represented by Figs. 6.22 and 6.23 
are very different. Without the connections between brushes of the 
same polarity the brush potentials are incorrect, but when these con¬ 
nections are made, as in Fig. 6.23, the brush potentials are corrected. 



Fig. 6.23. Effect of Brush Connections on Distribution of Current 
IN A Lap Winding 


but at the expense of incorrect proportioning of the current between 
the various brush sets. Now, these connections put the potentials 
right, and therefore if similar connections could be made without 
involving the brushes at all, the potentials and current distribution <U 
the brushes would be corrected. The clue is given by the fact that the 
brushes joined together are all the same potential, and therefore all that 
is necessary is to join together by a permanent connection (i.e. not 
involving the brushes) points on the winding which should be at the 
same potential. Such points are very easy to find from the wiring 
diagram. Thus, in Fig. 6.17 conductors 1 and 13 occupy exactly the 
same positions with respect to the two north poles, so that their 
potentials are the same. Also, conductors 8 and 20 are at the same 
potential, and since conductors 1 and 8 form one loop, while 13 and 20 
form another loop, the middle points of their end connections, namely, 
the apexes of the end connections joining 1 to 8 and 13 to 20, could be 
connected together. Similarly other pairs which could be joined 
together can be easily found. Actually the number of points to be 
joined by any one connection is equal to half the number of poles. Such 
connections are called equalizing connections, and they are usually 
carried out by rings joined to tappings taken off from the back of the 
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armature. Fig. 6.24 shows the elementary scheme of equalizer connec¬ 
tions, the number of rings in this case being three. A very large arma¬ 
ture may have as many as 8 or 10 equalizer rings. A more complete 



Fig. 6.24. Equaxizeii Connections 


diagram of equalizer connections is given in Fig. 6.25. Notice that there 
are three tappings to each equalizer, three being half the number of 
poles. 


Selective Commutation. Since each path in a wave-wound armature 
consists of conductors distributed under all the poles, inequalities in 




Fig. 6.26. Six-pole Lap Winding Showing Connections to Equalizer 
Kings, 36 Conductors 

the fluxes from the poles do not produce inequalities in the total e.m.f^s 
induced in each of the two paths. As a result, equalizer connections 
are not required with a simple wave winding. If more than two brush 
sets are used, then trouble with the brushes may be produced by what 
is called “selective commutation.’’ The use of more than two brushes 
does not divide the armature into more than two parallel paths, but the 

7—(T.8i8) 
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current collected from the armature is divided between the brushes of 
like polarity. If there are differences in contact resistance, then it is 
easy to see, from the diagrams in Fig. 6.26 that the currents picked off 
by the individual brush sets may be different. Thus the two brushes 
A and B should each collect a cmrent 7, where 27 is the load current, 
but if the contact resistance of A is greater than that of By A will 
obviously collect less current than By so that B will be overloaded. 






Similarly with brushes C and 7). The brushes must therefore be adjusted 
very carefully when more than two brush sets are used with a wave 
winding. The advantage of using the maximum number of brush sets 
is that the current per brush set is reduced, and therefore the axial 
length of the commutator is reduced. This gives a cheaper machine. 

E.M.F. Equation. Consider one conductor in position A, Fig. 6.27, 
where it is about to enter the flux from the pole. When it has moved 
to the position B it will have cut all O lines of force coming from the 
pole, and so the average e.m.f. induced in it is given by 

E^y = (Flux cut)/(Timc of cutting) volts/conductor 

Now the time taken to make one revolution, at N revolutions per 
second, is IjN second: but in moving from A to B the distances is one 
pole pitch, namely 1/P of the circumference. Hence time of cutting all 
O lines is IjNP second, 

Pav = O l/NP = (S>NP volts/conductor 

But there are Z conductors arranged in A parallel paths, the number 
in series per path thus being Z/A, Again all these conductors occupy 
during a movement of one pole pitch all the possible positions in the 
field, so that their summation gives, not the average e.m.f. for the whole 
winding, but the actual value which appears at the brushes 

/. E = (t>NP(ZIA) otE = <bZN{PIA) volts 
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Another derivation of this equation is as follows— 

Fig. 6.28 shows a portion of a multipolar machine. The flux through 



the armature core is 0/2 and any particular conductor is associated 
with this flux. The opposite conductor with which it forms a coil is 


TT 


Fio. 6.28. Pertaining to the E.M.F. Equation 

associated with the flux 0/2 in the core opposite, so that we can regard 
the flux associated with one coil as the flux per pole O. 

e.m.f. per coil = dQ>ldt 
e.m.f. per conductor = ((i/(ft)(0/2) 

Now the flux through any section of the core varies with the angular 
position a, and can be written 

tf> = i’(a) 




ELECTRICAL TECHNOLOGY 


180 


[Ch. 6 


Let there be Z' conductors i>er pole, then within the distance da 
there are 

{Z'l7r)da conductors 

The angle tt is now taken to embrace one pole-pitch, since, in a two-pole 
machine, the angular distance embraced by the pole pitch is tt radians. 

The e.m.f. induced in these conductors in series is, neglecting the 
negative sign, 

e = (Z'l7T)doL(d(l>ldt)l2 

If CO is the angular velocity of the armature in radians per second 
dccldt = CO 

/. e = {Z'lTT){daLldt)d4l2 
= (Z77r)ft)^'(a)da/2 

Hence, the total e.m.f. due to all the conductors in series between the 
brush positions and is 

rW2 Z' 

E=: . ft). i^'(a)da/2 

J-w/2 ^ 

== (Z77r)ft)(<D/2) 

Now ft) = 2ttN 

E = oz'i^ 


Suppose that all the conductors on the armature could be connected 
in series, then total conductors for a P-pole armature 

Z=:Z'P 


and we should have 


E = Q>Z'NP 


As we have seen, the armature is automatically divided into a 
number of parallel paths, and denoting this number by A we have 
finally 

, E = <S>ZN(PIA) volts 

"^fixAMPLE. A two-pole generator has an armature 12 in. long, 12 in. 
diameter, and the radial depth of the iron in the core is 3 in. Each pole 
subtends an angle of 120° and the flux density in the air gap is 
0*5 weber/m^. If there are 200 conductors and the armature rotates 
at 1000 r.p.m.. And (a) the e.m.f. induced; (6) the induction in the core. 

Each pole subtends one-third of the periphery. 

Area of air gap = 12(7r X 12/3) X 2*542 x 10-^ m^ 

== 9*75 X 10-2 m2 

Flux per pole, O = 9*75 x 10“2 x 0*5 = 4*875 X 10“2 webers 

Since P = 2, A also must be 2 

E = OZAT = 4*875 X IO -2 x 200 X (1000/60) 

= 162 V 
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The flux through the cross section of the core is one-half the useful 
flux, i.e. 2*44 X webers. ' 

Cross section of core = axial length x radial depth 

= 36 in.2 or 2-33 X gross 

A portion of this will be taken up by insulation between core discs 
and, if 10 per cent is allowed for this, the net section will be 
0-9 X 2-33 X 10-2 = 21 X 10-2 m2 
Flux density in core 

= 2*44 X 10-2/(2*l X 10-2) 

= 1‘16 webers/m 2 


Fluctuations in the Induced E.M.F. An elementary armature, con¬ 
sisting of a single coil with a two-part commutator, gives an e.m.f. 
which falls periodically to zero. As the number of coils is increased 


the magnitude of the voltage fluctua¬ 
tion, in relation to the minimum 
voltage decreases, becoming very 
small when the number of coils is 
large. Consider the case in which 
the distribution of flux density round 
the air-gap is sinusoidal. Reckoning 
angular distances from the neutral 
plane we have, at any angular posi¬ 
tion 0, (Fig. 6.29) 

B — sin 0 



Fig. 6.29 


The instantaneous e.m.f. induced in a conductor at this position is 
therefore ^ 

e = Blv = BJiv sin 0 


Let there be Z' conductors (or conductor groups in the case of a 
machine with several turns per coil) per pole pair, then, electrically, 
two pole pitches correspond to 27r radians, so that the spacing of 
consecutive conductors is 27 t/Z'. The instantaneous e.m.f.s in successive 
conductors or groups are therefore 

= BJiv sin 0 

Cg = BJv sin (0 + 27tIZ') 

Cg = BJv sin (0 + 2.27r/Z'), etc. 


A complete half wave of air-gap flux density has an angular spread 
of 77 and therefore embraces Z'I2 conductors. The final term in the 
series is thus 


6 z 72 = BJv sin [0 + {Z'I2 - 1)(277/Z')] 

= BJv sin [0 + (77 - 277/Z')] 

The total e.m.f. contribution of one pole is thus 

S(c) = BJv [sin 0 + sin (0 + 277 /Z') + . . . 

4" sin {0 4" (77 — 2 it/Z )}] 
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This expression has a minimum value when 0 = 0 and a maximum 
value when 0 = tt/Z', the total e.m.f. therefore fluctuating between 
these values. We have 


Hmiu = HJiv {sin ( 27 r/Z') + sin ( 47 r/Z') + . . . + sin (77 — 277/Z')} 
= BJ,v cot (tt/Z') 

-^max ~ {sin {ttJZ*) -f- sin {STrjZ') -4" • • . “f* sin (tt tt/Z^)} 

= B^lv cosec (tt/Z') 


The percentage e.m.f. fluctuation is given by 


100 X 


{EmtLX — -^mln) 
-^mln 


= 100 X 


cosec jn/Z') — cot (rr/Z') 
cot (tt/Z') 


This has the value infinity when Z' = 2 and the value 0 when 
Z' = 00 , showing that a perfectly uniform voltage is not practicable. 



Fig. 6.30. Dependence of Voltage Fluctuation on the Number 
or Conductors per Pole Pair 


The value of Z' to give any particular value of the percentage fluctu¬ 
ation can be calculated, the simplest plan being to give Z' a series of 
values and to plot the corresponding percentage fluctuation. This is 
done in Fig. 6.30. Thus suppose that we wish to limit the percentage 
variation to 0*5, then Z' must be not less than 34. 
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Examples on Chapter 6 

1. The two-circuit armature of a four-pole generator has 51 slots, each slot 
containing 20 conductors. What will be the voltage generated in the machine 
when driven at 1500 r.p.m., assuming the useful flux per pole to be 0*7 x 10~* wb 7 
(L.U.) 

Ana, 367 V. 

2. State Faraday’s Law of magneto-electric induction, and And from first 
principles the voltage of a four-pole lap-wound continuous current generator 
having a pole flux of 2 x 10* maxwells, and 560 conductors running at a speed 
of 980 r.p.m. How is the terminal voltage affected by load 7 (L.U.) 

Ans, 183 V. 

3. Calculate the resistance of an armature from the following data— 

Number of slots = 160. 

Conductors per slot ~ 8. 

Mean length of one turn = 250 cm. 

Cross section of each conductor = 1-0 X 0*26 cm. 

Number of parallel paths through armature = 6. 

Specific resistance of copper at working temperature == 2 x 10”* D-cm. 

(If the resistance of one parallel path is calculated, the actual resistance will be 
one-sixth of this.) 

Ans, 0*033 D. 

4. A four-pole armature is built up of 400 core discs each ^ in. thick; the 
discs are 12 in. external and 6 in. internal diameter. There are 600 conductors 
and the armature is wave woimd. If the flux density in the armature is one 
wb/m*, and the speed is 1000 r.p.m., what will be the e.m.f. generated 7 

Ana. 778 V. 

5. The exciting winding of a dynamo has 2000 turns per pole and the exciting 
current is 2 A. The armature, which is lap wound, has 500 conductors, rotates 
at 1200 r.p.m., and gives 100 V. Calculate the reluctance of the magnetic circuit, 

Ans, The reluctance of an individual magnetic path is 1*6 x 10”*. 

6. A 40 h.p., 500 V traction motor heus four poles. There are only two brush 
arms. Assuming that there are 41 slots and 123 commutator bars, make a 
diagram sufflcient to explain how the armature winding may be arranged emd 
connected to the commutator. It is sufficient to show the connections of three 
coils. (L.U.) 

7. What is the object of equalizing connections on an a.c. generator, and to 
what class of winding are they applied? Give a diagram to show the way in 
which these equalizers are connected up to the armature winding. (L.U.) 
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8. A 4-pole generator with 1,200 conductors generates 250 V on open-circuit 
when driven at 500 r.p.m. The pole shoes have a bore of 14 in. and the ratio 
pole arc/pole pitch is 0*7, while the length of the shoes is 8 in. Find the mean flux 
density in the air gap. (I.E.E.) 

Am. 0*632 Wb/m«. 

9. A 300 kW, 300 r,p.m. d.c. generator has 8 poles, and the armature has a 
series-parallel winding with 4 parallel paths between terminals. The no-load 
speed is 3 per cent greater than the full-load speed. If there are 684 armature 
conductors calculate the flux per pole on no load. 

Am, 7*3 X 10“*webers. 

10. The armature of the machine in question 9 has single-turn coils, the total 
length of each being 1*60 m. The conductor cross-section is 0*37 x lO**^ m^ and 
the specific resistance at the working temperature 2 x 10”* ^Q-m. Calculate the 
resistance of the winding. 

Am, 0*0185 n. 

11. Find possible windings for a 4-pole, 2-circuit armature. The number of 
conductors in series must not be greater than 400 nor less than 360; the number 
of slots is to be between 40 and 45, and the number of commutator segments 
within 126 ± 4. (C. and G.) 

Am. 738, 750, or 774 conductors. 



CHAPTER 7 


ARMATURE REACTION AND COMMUTATION IN D.C. 
GENERATORS 


Armature Reaction. Armature reaction is the effect of the magneto¬ 
motive force set up by the armature currents, on the distribution of flux 
under the main poles. Consider an armature rotating in a clockwise 
direction in a bi-polar field, as shown in Fig. 7.1. Let the brushes make 
contact with those conductors which lie in the geometric neutral plane 
(g.n.p.). Then all the conductors under the N pole carry currents 
whose directions are inwards, while the currents in the conductors under 
the S pole are outwards. This distri¬ 
bution of armature currents is mag¬ 
netically equivalent to a solenoid 
carrying current, and we therefore 
see that the armature sets up a 
m.m.f. directed along the brush 
axis, in this case from right to left. 

The main m.m.f. is downwards, 
and if we represent these two 
m.m.f.s by the vectors OA and OB 
respectively we have OC for the 
resultant m.m.f. The magnetic 
neutral plane (m.n.p.) is perpen¬ 
dicular to OC, but on no load, when 
there is no armature reaction, m.n.p. 
is coincident with g.n.p. The effect 
of armature reaction is thus to 
shift the m.n.p. round in the direc¬ 
tion of rotation. The magnitude 

of the shift obviously depends upon the length of OA, and therefore on 
the magnitude of the armature current. The lines of force produced 
by the armature reaction assuming that this reaction exists indepen¬ 
dently of the main field, take the path across the pole faces, as shown 
by the dotted lines. Each line of force crosses the air gap twdce, and, 
comparing the directions of the armature and main fluxes, we see that 
the field strength in the gaps is weakened under the leading pole tips 
and strengthened under the trailing pole tips. The distributions of 
gap flux density on load and on no load are shown in Fig. 7.2, curves 
I and II. If the armature teeth are not saturated, the weakening of the 
field under the leading pole tips will be equal to the strengthening under 
the trailing pole tips and the total flux will be unaltered. The areas 
under the two curves in Fig. 7.2 will thus be equal. If the teeth are 
strongly saturated on no-load, the ampere-tums producing the armature 
cross-magnetizing field, as it is called, will not be able to increase the 
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flux through the teeth under the trailing half of the pole to the extent 
that they axe able to demagnetize the teeth under the leading half. 
The result will be that, on the whole, there will be a certain amount of 
demagnetizing action as well as distortion of the main field. 

Position of Brushes. Since the meeting and separating points of two 
e.m.f.s occur at the magnetic neutral planes, and the brushes are placed 
at these points, it is obvious that the brushes must be given a “forward 




Fig. 7.2. Modification of Aib- Fig. 7.3. Armatubb Keaotion 

GAP Density dub to Abmature in a Generator 

Bbaction 


lead“ in order to bring them into the resultant m.n.p. This condition 
is shown in Fig. 7.3. The total armature m.m.f., OA^ still acts along 
the brush axis and it can now be resolved into two components, the 
cross-magnetizing component, OB, acting along the g.n.p., and a demag¬ 
netizing component, OG, acting in opposition to the main m.m.f., OD. 
The resultant, OE, of all these m.m.f.s is of course perpendicular to the 
m.n.p. We see that when the brushes are given a forward lead the 
armature exerts a definite demagnetizing as well as distorting effect. 
The armature distorting, or cross-magnetizing ampere-tums are those 
lying above the horizontal WX and below the horizontal YZ\ the 
d^agnetizing ampere-turns are those lying between WX and YZ, and 
^ej/are comprised within an angular (hstance of twice the brush lead. 
Tm distribution of air-gap density is now represented by curve III in 
Big. 7.2. 

Armature Ampere-toms. It is obvious that the armature demag- 
natizing ampere-tums must be neutralized by adding extra ampere- 
tums to the main field winding. It is therefore necessary to be able 
to calculate the armature ampere-tums per pole. Fig. 7.4 shows a 
portion of a multipolar armature the bmshes of which have been given 
a forward lead of 6® mechanical. There are thus (20/36O)Z demagneti¬ 
zing conductors in each interpolar gap, that is (d/360)Z on either side 
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of each pole tending to demagnetize it. These will act as though they 
were joined together as shown, and they will produde (6/360)Z de¬ 
magnetizing turns per pole. Hence, if / is the current flowing in each 
conductor, demagnetizing ampere-tums per pole, 

(AT)^ = (0/36O)Z/ 

The total ampere-conductors per 
pole, both cross and demagnetizing, 

= ZIJP 

Total armature ampere-turns per 
pole 

= ZII2P 

/. Cross-magnetizing ampere-tums 
per pole, 

(AT)c - Z/(1/2P - 0/360) 

Example. A four-pole generator has a wave-wound armature with 
722 conductors, which delivers 50 A on full load. If the brush lead is 
8°, calculate the armature demagnetizing 
and cross-magnetizing ampere-tums per pole. 
Current per conductor 

I = IJ2 = 50/2 = 25 A 
{AT)a = (8/360) X 722 x 25 
= 400 

(AT), = 722 X 25(1/8 - 8/360) 

= 1850 

Commutation. Whenever a brush spans 
two commutator segments the winding 
element connected to those segments is 
short-circuited. By commutation we mean 
the changes that take place in a winding 
element during the period of short-circuit by 
a brush. These changes are illustrated in 
Fig. 7.5, the winding elements being drawn as 
portions of a ring winding for simplicity. In 
(a) the element B is on the point of being 
short-circuited and it is carrying, in a direc¬ 
tion from left to right, half the current delivered by the armature to the 
bmsn; (6) shows the element in the middle of its short-circuit period, and 
it will be seen that it is possible for the currents to reach the brush with¬ 
out passing through this element; in (c) the same element B is shown 
immediately after short-circuit and in this position it is, or should be, 
carrying the full current in a direction from right to left. We thus see 



6.MP 



Fig. 7.4. Cai<ou1iAtion of Abma- 
TUBs Reaction 
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that during the period of short-circuit by a brush the current in a short- 
circuited element should be reversed and brought up to its full valm in 
the reversed direction. If the current in B has not attained its full value 
in the position shown in (c), then, since element C is carrying the full 
current, the difference between the currents through elements C and B 
has to jump from the commutator bar 6 to the brush in the form of a 
spark. Thus the cause of sparking at the commutator is the failure of 
the current in the short-circuited elements to reach the full value in 
the reversed direction by the end of short-circuit. The curve of current 



Fio. 7.6. CuBBENT Changes in a Shobt- Fig. 7.7. To Illus- 

ciBcuiTED Element tbatb Hobabt’s Rule 

against time in such a case is shown in Fig. 7.6, curve I; what is 
required is a curve of current similar to curve II. 

Reactance Voltage. The difficulty experienced by the current in 
attaining the full value in the reversed direction by the end of short- 
circuit is due to the fact that the rate of change of current is so great 
that the self-induction of the coil sets up a back e.m.f. which opposes 
the reversal. Since the current in the coil has to change from + / to 
— /, the total change is 21, If t is the time of short-circuit and L the 
self-induction of the coil, then the average value of the self-induced 
e.m.f. is 

L(2Ilt) = 2LIIt volts 

This is called the “reactance voltage.” The self-induction, L, is here 
a composite quantity, being made up of the true self-induction of the 
short-circuited coil and the mutual inductions of its neighbouring coils. 
An approximate value for L can be determined by Hobart’s Rule.* 
Fig. 7.7 shows an armature coil; the sides AB and CD are embedded 
in iron, whereas the triangular ends are free. For slots of normal 
proportions, Hobart has found by experiment that 1 A flowing through 
a coil of a single turn produces a flux of 4 lines/cm of embedded length, 

* For more complete information the student should consult design texts, e.g. 
Clayton, A. E., Performance and Design of D,C, Machines, Pitman, London, 1938. 
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and 0-8 line/cm of free length. Hence, and are the total embedded 
and free lengths respectively, flux per ampere due to the whole coil 

= 4ii + O-SZg for a single-turn coil 
and + O-Snig for a coil of n turns. 

With lengths expressed in metres and fluxes in webers these 
expressions become, respectively 

( 4^1 + 0 * 8 / 2 ) X 10~® webers/ampere 
(4nZi + 0 * 871 / 2 ) X 10”® webers/ampere 

The self induction of the coil is therefore 


Flux per ampere X Number of turns 
= 7 i 2 ( 4 /i + 0 * 8 / 2 ) X 10 "® henries 

The effect of neighbouring coils can be taken into account by writing 
for the effective coefficient of self-induction of a short-circuited coil 


( total flux through coil per ampere,\ 
due to self and neighbouring coils j 


X Number of turns 


Fig. 7.8 shows the disposition of the short-circuited coils in a lap 
winding. The flux per ampere through one coil due to the embedded 
length is twice that which would exist if the coil . yv yv 
had no neighbours, but the flux due to the free \/ \/ 

length is not influenced by the neighbours. 

Total flux per ampere through a coil of n turns ^ ^ 1 ^ ^ 

= ( 8 n/i + 0 * 871 / 2 ) X 10“® webers 
and the effective coefficient of self-induction is 

L = n*(8i, + 0.8gxl0-H J' 

This applies to the case of a brush short- m a 

circuiting only one coil at a time. If the brush Winding 

width is such that it short-circuits m coils at a time, 
then, since these m coils will probably lie in the same slots, the flux 
through a coil will be increased m times. We then have 

L = 77 i 7 i*( 8 /i + 0 * 8 / 2 ) X 10 "® henrys 


This expression shows that L is proportional to the square of the 
number of turns in an armature coil. For good commutation it is 
therefore advisable to use single-turn coils. This can be done in large 
machines where the large number of commutator bars required by 
such a winding does not make the bars too narrow, but it is obviou^y 
impossible with small machines. 

It is obvious from Fig. 7.7 that the period of short-circuit is the time 
taken for a point on the commutator to move a distance equal to the 
brush width, less the thickness of the mica insulation between segments. 
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Calling these and respectively, and the peripheral velocity of 
the commutator v, we have 

Period of short-circuit t = {w^ — second 

It is, of course, impossible to give maximum allowable values for the 
reactance voltage to cover all cases. In general, it can be taken that 
it should not exceed 0*6 or 0*7 V in non-interpole machines. For a 
large interpole machine it may be as high as 15 V. 

Example. Calculate the reactance voltage for a machine having the 
following particulars: number of commutator segments, 55; revolu¬ 
tions per second, 11-67 ; brush width in commutator segments, 1-74; 
coefficient of self-induction 0-000153 H; current per coil 27 A. 

Time of commutation 

= 1-74/(55 X 11-67) = 2-71 x lO-^sec 

/. Average reactance voltage 

= (2 X 1-53 X 10-^ X 27)/2-7 X lO-^ = 3-06 V 

Interpoles. There are two methods of making the current in the 
short-circuited element attain its full value in the reversed direction 
by the end of short-circuit. They are known as e.m.f. and resistance 

commutation respectively. In e.m.f. 
commutation the short-circuited coil has 
a voltage induced in it which neutralizes 
the reactance voltage. This induced 
voltage must therefore be in the same 
direction as the final direction of the 
current. The magnetic field required to 
induce this e.m.f. is called the commuta¬ 
ting field. One method is to shift the 
brushes so that they lie, not in the 
m.n.p., but in the fringe of the field pro¬ 
duced by the next main pole farther 
ahead. This field will induce an e.m.f. in 
the required direction in the short- 
circuited coils, with the result that 
if the brushes are advanced sufficiently beyond the m.n.p. sparkless 
commutation will be obtained. This method is now obsolete because, 
since the effect of armature reaction is to weaken the field under 
the leading pole tips, and this weakening increases as the load 
increases, a very large brush shift is required when the load is heavy. 
Also the brush position has to be adjusted when the load varies, an 
obvious disadvantage. A better method of providing the commutating 
field is to make use of interpoles. These are small auxiliary poles placed 
in, the geometric neutral planes, that is, midway between the main 
poles. Their polarity must, in the case of a generator, be that of the 
next main pole farther ahead, as shown in Fig. 7.9. Since the com¬ 
mutating field produced by them has to be proportional to the armature 
current, they are series excited (see Chapter 8). The neutralization of the 



Fig. 7.9. Field Frame with 
Intekpoles 



Ch. 7] ARMATURE REACTION 191 

reactance voltage is thus rendered automatic when interpoles are used, 
and modem machines will operate between no load and 20 or 26 per 
pent overload with fixed brush position without appreciable sparking. 
'The most important advantage of the use of iiiterpoles is that they raise 
Ihe sparking limit of a machine to about the same value as the heiiting 
limit, so that for a given output an interpole machine can be made 
smaller, and therefore cheaper, than a non-interpole machine. 

It must be noticed that for a given armature current there is a 
proper value for the commutating field, and that it is possible for this 
field to be too strong. In such a case the reversed current in the short- 
circuited coil is forced to too high a value by the end of short- 
circuit, and sparking at the commutator takes place in the reversed 
direction. This is called over-commutation and is illustrated graphically 
by curve III, Fig. 7.6. 

Let = flux density of the commutating field 

= axial length of interpole 
= armature peripheral velocity 

Then since each coil has two sides, the commutating e.m.f. is equal to 
If this is just equal to the reactance voltage E^, we have 

2nBiJiijf)^ = E^ 

Example. A 6-pole machine has an armature diameter of 0*56 m. 
and an interjiole axial length of 0-15 m: the speed is 450 r.p.m. The 
armature has single-turn coils and the reactance voltage is 1*86, 
Calculate the strength of the commutating field. 

= ttD^NIQO = 77 X 0-55 X 460/60 
= 12-95 m/sec 

/. = l-86/(2 X 1 X 0-15 X 12-95) 

= 0-478 webers/m^ 

High-resistance Brushes. The second method 
of obtaining good commutation is to use high- 
resistance brushes. When the current flowing 
from the right (Fig. 7.10) reaches the commu¬ 
tator bar 6, there are two parallel paths open to 
it. The first is straight across the bar 6 to 
the brush, the second, round the short-circuited element in a counter¬ 
clockwise direction and across the bar a. With brushes having a low 
contact resistance there is no inducement for the current to take the 
second path. With carbon brushes, which have a high contact resis¬ 
tance, more and more of the current flowing to the brush from the 
right hand will be shunted round the element as the bar b passes the 
brush, because the area of contact of bar b with the brush is diminishing, 
and its contact resistance, 72, increasing, wj^ile the area of contact of the 
brush with bar a is increasing, and its resistonce, , therefore decreasing. 



Fig. 7.10. Effect of 
Brush Contact 
Resistance 
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Carbon brushes have therefore almost entirely replaced copper brushes. 
The disadvantage of carbon brushes is that they can only be worked 
at a current density of about 40-50 A/in.^, as compared with 150-200 
for copper brushes. This necessitates a larger commutator. The pro¬ 
perties of a few grades of carbon brush are shown below—* 



Max. Current 
Density, 
A/in.» 

Max. Contact 
Resistance, 
Q/in.* 

Pressure on 
Commutator, 
lb/in.2 

Copper 

200 

0003 

1-6 

Ordinary Carbon . 

40 

004 

20 

Electrographitic . 

60 

002 

20 


To illustrate the increase in contact resistance obtained by using 
carbon instead of copper brushes, take the case of the ordinary carbon 
brush. For the same area of brush, 

Contact resistance of carbon brush _ 0 04 __ 

Contact resistance of copper brush 0*003 

But for the same current collected, the area of the carbon brush is 
200/40 = 5 times the area of the copper brush. Hence, since the con¬ 
tact resistance is inversely proportional to the area, we have for the 
same current collected 

Contact resistance of carbon brush __ 13 _ ^ 0 
Contact resistance of copper brush 5 

This is sufficient to give improved commutation. In practice, both 
e.m.f. and resistance commutation are used together in the same 
machine. 

Compensating Winding. In the case of large direct-current machines 
subjected to very violent fluctuations in load, e.g. turbo-generators, 
motors for roUing mills, and colliery winders, it is usual to neutralize 
the cross-magnetizing effect of armature reaction by providing the 
fleld with a compensating winding. Whenever the load changes, the 
flux density in the air gap changes, as we have seen. A sudden change 
in load will produce a sudden change in flux threading the armature 
coils, and this in turn will set up a statically-indncQd e.m.f. in these 
coils. The magnitude of this induced e.m.f. will depend upon the 
rapidity of this change of load, and it will be very high if the change 
of load is very great and takes place almost instantaneously. This 
induced e.m.f. will appear as a voltage between consecutive commutator 
bars, and if it is great enough it will give rise to a flash over, that is, 
an arc completely encircling the commutator, and thereby short- 
circuiting the whole armature. Since the distortion of the field which 

♦ P. Hunter-Brown. Carbon Brushes for Electrical Machines* Morgan 
Crucible Co., Ltd., London, 1923. 
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produces this phenomenon is caused by the armature conductors which 
lie under the pole faces, it can be eliminated by neutralizing the mag¬ 
netic effect of those conductors. This is done by housing the com¬ 
pensating winding in the pole faces and connectmg it in series with the 
armature in such a way that the currents in the armature and com¬ 


pensating windings are in opposite 
directions. The arrangement of 
these windings on a four-pole inter¬ 
pole generator is shown in Fig. 7.11. 

Owing to the expense, and the 
room taken up, it will be clear that 
compensating windings can only be 
used in the case of machines of 
large output. They are required (a) 
if a machine is subjected to very 
violently fluctuating loads—the 
motor of a rolling mill, for 
example— or (6) where a generator 
has to deliver full current at a very 
low induced voltage, as for example, 
the generator of a Ward-Leonard 
set {see p. 242). 



Fig. 7.11. Multipolar Field with 
Compensating Windings 


Special Armature Windings. The methods discussed above for the 
prevention of sparking at the brushes are methods which are external 
to the armature itself. Obviously, if it is at all practicable, the arma¬ 
ture itself should be wound in such a manner that its reactance voltage 
shall be as small as possible. This voltage is proportional to the self- 
induction of the coil undergoing commutation, and is therefore 
proportional to the square of the number of turns in the coil. Thus, 
the fewer the turns per coil the smaller will be the reactance voltage, 
for which reason it is preferable to use only single-turn coils whenever 
possible. Again, when a brush spans more than two segments, two or 
more neighbouring coils fnay be undergoing commutation at the same 
instant, in which case they will induce e.m.f.s in one another by the 
process of mutual induction. The total reactance voltage in any coil 
is thus the sum of its own self-induced e.m.f. and the mutually-induced 
e.m.f.s set up in it in virtue of the changes of current taking place in 
neighbouring coils.* It is, therefore, desirable that these mutually- 
induced e.m.f.s, as well as the self-induced e.m.f., shall be made as 
small as possible. One solution is to design the winding so that if 
adjacent conductors are undergoing commutation at the same instant, 
they do not lie side by side, but are separated by a small band of 
conductors carrying the full current in opposite directions. This can 
be done by using what is called a “short-chord” winding, that is, a 
winding in which the rear pitch, i.e. the coil width, is somewhat less 
than the pole pitch. Fig. 7.12 shows such a winding. In this winding 

* See Clayton, Zoc. cif., H. Cotton, Design of Electrical Machinery^ or any 
standard text on the design of d.c. mcushines. 
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conductors 1 and 20 are undergoing commutation at the same time, 
but they are separated by the band of conductors numbered 24, 23, 22, 
and 21. Similarly with conductors 13 and 8. 




Armature M.M.F. Diagram. Fig. 7.13 shows a portion of an armature 
winding with conductors represented in the conventional manner. For 
a normal full-pitch winding each conductor can equally well represent 
all the conductors in one slot, as the winding overhang does not make 
any contribution to the m.m.f. distribution within the core length. We 
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can imagine that the conductors are joined by the series of end con¬ 
nections shown in the figure. In this way we can regard the armature 
winding as consisting of a series of distributed coils. The fluxes will 
have the directions shown by the arrows, but the numbers of turns 
with which the various lines of force link will be different: thus the 
lines marked 1 will each link with 4 turns, those marked 2 with 3 turns, 
those marked 3 with 2 turns, and those marked 4 with one turn. The 
m.m.f. contribution of each turn will be a rectangular graph of width 



Fig. 7.14 


equal to the turn width and of height proportional to the linkage. 
Inserting these rectangles wo obtain the lower portion of Fig. 7.13, 
from which we see that the resultant m.m.f. distribution is the stepped 
triangular distribution shown. 

With a large number of slots per pole the m.m.f. distribution would 
approximate to the dotted triangular distribution. With a constant 
air gap radial length, that is, with no interpolar gap, the flux distribution 
duo to the armature currents above would tend even closer to this 
triangular shape, because the tendency to spread at places where there 
is a sudden change in m.m.f. would smooth out the steps. Owing to the 
presence of the interpolar gap the distribution would be like curve 1 of 
Fig. 7.14 in the case of a non-interpole machine, and like curve 2 for a 
machine with interpoles. 

In the case of the non-interpole machine we see that the armature 
flux in the interpolar gaps becomes so small that compensation of the 
armature reaction can be effected by means of a winding embracing 
the pole arc only. This applies also to the interpole machine because, 
although the armature acting alone would produce a strong flux at the 
interpole axis this can be neutralized by an appropriate number of 
ampere-turns on the interpole itself. Thus a compensating winding 
spread over the pole arc, and not the whole pole pitch is sufficient in 
both cases. The m.m.f. diagram for a compensated machine is shown 
in Fig. 7.15. In an actual machine there would, of course, be a greater 
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numbers of slots on both armature and pole face. By making the current 
loading of each pole-face slot equal to that of each armature slot it will 
be seen that there is complete compensation over the pole width, the 
cross-magnetizing effect thereby being neutralized. There is no 
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compensation in the interpolar gap, but, as we have seen this is effected 
either by the gap itself, or by an appropriate number of interpole turns 
when interpoles are present. 

Compensation of the armature m.m.f. is also important in the case 
of some a.c. commutator motors and this is considered in Chapters 25 
and 26. 

For further reading consult the books recommended at the end of 
Chapter 6. 






CHAPTER 8 


CHARACTERISTICS OFD.C. GENERATORS 


Types of Grenerators. Generators are usually named according to the 
manner in which the field or exciting current is produced. Not including 
generators with permanent magnet fields, e.g. magnetos, there are four 
types, as illustrated in Fig. 8.1. These are the series wound, separately 
excited, shunt wound, and compound wound. In the series generator 
^e field winding coi^sts of relati vely few turns^f he avy c abW or 
popper strip connected in^ series the ar mature and the externa T 

Toad; t Ee^^parately^ex cit generat or has its fi eld supplied from an 




Fig. 8.1. Methods of 
Excitation 


Fig. 8.2. Characteristics 
OF Series Generator 


independent source; the shunt generator has its fie ld connected across 
the armature terminalsj^ and the co mpoun d ge nera tor hasiboth S|^ies 
^nd shunt excitation. 

Series-wound Generator. The current which flows through the arma¬ 
ture also flows through the field winding, and this fact determines the 
nature of the characteristics. If the flux/pole is plotted against the 
current, the armature being driven at constant speed, the magnetic 
characteristic is obtained, its shape being given by curve I, Fig. 8.2. 
This curve starts a little way up the voltage axis due to the residual 
magnetism when the current is zero. If it were not for the demag¬ 
netizing effect of the armature reaction this curve would give the total 
flux when the machine is delivering current to the external load, but 
because of the armature reaction the actual curve lies somewhat below 
this. (Curve II.) This curve gives, to a different scale, the e.m.f. 
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generated in the armature, because this e.m.f. is proportional to the 
flux. It is called the internal or total characteristic. _Jhe termin al 
volta ge of the generator isjeg^ual tp the e.m.f. generated, less tE^ 
j)hmic drop of volts'in the marine. If R^^ and R^ are fFe resistances of 
T;he series field and armature respectively, then, since each carries the 
load current /, the ohmic drop is 

[Ra + 

and for the terminal voltage, F<, we have 

The ohmic drop is represented graphically by a straight line through 
the origin, and deducting ordinates of this lines from corresponding 
ordinates of curve II, we obtain the curve of terminal voltage, curve 
III. This is called the external characteristic. We see that as the 
current taken from a series j;enerator is increased, the terminal voltage 
^rst increases accor^g to an approximately, linear law, reaches a 
jnaximum,, and finally decreases. If it is worked on theThitiaTstraigHt 
portion of the characteristic it will give a voltage approximately 
proportional to the current. The booster (Chapter 13) is a series 
dynamo of this kind. If worked on the drooping portion, and if so 
designed that this portion is nearly vertical, the dynamo will give 
approximately constant current, independent of the resistance of the 
external circuit. Series dynamos of this kind used to be employed for 
lighting a number of arc lamps in series, but they are now obsolete. 

If a straight line through the origin, such as OP, is drawn on the 
diagram, its gradient 

tan 0 = PMjOM = (terminal voltage)/(cuiTent) 

= resistance of external circuit 

Thus, if a series of such lines is drawn, the gradient of each corres¬ 
ponding to a definite resistance, the points of intersection with the 
external characteristic will give the terminal voltage and current which 
will be obtained when the external circuit has the corresponding resis¬ 
tance. Neglecting the initiate or dinate due to residual magnetism we 
^n draw a straight line OQ which is tangential to the characteristic. 
^The resistance represented pfis line is caUed'THe critical resistance^ 
since it is the g reatest resistance with which the generator wHT be able 
"to biSt up its mag netism. If the external resistance is greater than thisT” 
^ pre sented by OR, then since OR has no point of intersection with 
' the characteristic, the generator will not excite, and it wijl deliver no 
current. 

% 

Separately-excited (Generator. The excitation is here independent of 
the load current, so that if there were no armature reaction the flux 
would be constant as indicated by curve I, Fig. 8.3. Because of arma¬ 
ture reaction the curve of actual flux is slightly drooping (curve II). 
This second curve gives to a different scale the e.m.f. induced in the 
apnature, and it is therefore the total characteristic. The terminal 
voltage on load is the total e.m.f. generated, less the ohmic drop in the 
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armature (not in the field in this case); hence, if we draw the curve 
of armature drop, R^I, curve III, and deduct its ordinates from those 
of curve II, we obtain the external characteristic, upper curve III. 

^ee that in th is case ther e is a slight decrease in termi nal voltage ag the 
load in creases. This^'d ecrease oan be ftflRilv-neiitrk1iV.ed aUght " 
increase in e xc i ting curre nt. 

Shunt-wound Generator. When the external circuit is open the field 
winding can be regarded as being in series with the armature. The 
machine will therefore build up its own magnetism, and will give full 



Armature Current 0 A Current 


Fig. 8.3. Chabacteristics of Pig. 8.4. Chabaotbbistios of 
Sepabatkly-excited Gbnbbatob Shunt Genebatob 

voltage on no load if the resistance of the field winding is less than the 
critical resistance. If the voltage across the shunt field did not fall as 
the external load increased, this generator would have a characteristic 
similar to that of a separately-excited generator, but since a fall in 
terminal voltage causes a decrease in exciting current, the total 
decrease in voltage is greater than if the machine Ivere separately 
excited. The external characteristic therefore droops rather more than 
if the machine were separately excited. If the load on the ma ch ine is, 
^adually increased by decreasing^ tbie r esista nce of .theT external 
^circ uit, a de c rease in r^stanjce when the current i^small willnaus© an 
increase in current. At the same timVtEe increase^current will lower 
the terminal voltage, this, of course, Jbending to decr^se the current. 
At first the efiecf of the decreased reSstance pre3ominates overnffifiT 
jeflPect of decreased terminal voltage, but when the current has reached 
a certain value (much greater than the normal fud load in modern 
machines) the load resistance shunts th e field winding to such a n extent 
that the terminal voltage decreases more rapidly than the loadTresis- 
tance . Then a further decrease in external resistance actually causes 
a decrease in current. The characteristic thus turns back, and when 
the armature is actually short-circjipted it cuts the current axis at some 
point A (Fig. 8.4). The same thing happens to the total characteristic, 
except that in this case it stops at Some point j?, the ordinate AB 
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representing the voltage due to residual magnetism. Actually A B will, 
in such a^c^e^Jb© very small, because the magnetism ^1 be almost 
Complet ely ne utyaljzed by armature reaction; it m ay even tie reversed. 
It is for t his re ason that shunt generatofsloften fail to excite afte^h^ 
^ haveHbeen shut down througli a severe short-circuit. If a tangent line 
" OP to the total characteristic is drawn, the resistance represented by 
the gradient of this line gives the minimum external resistance for which 
the generator will excite if it is made to excite on load. If the external 
resistance is less than that represented by the line OP it will fail to 
excite, and therefore deliver no current. There are thus two critical 
resistances for a shunt generator^ one for the field and the other for the 
external circuit. 

If the terminal voltage on load is plotted against the load current the 
external characteristic is, of course, obtained. In order to be able to 

determine the total character¬ 
istic experimentally it is neces¬ 
sary to draw the curve of drop 
of volts in the armature, Rala* 
and the curve of shunt current. 
If R^ii, is the shunt resistance, 
then shunt current 

= HtIPah 

and the required curve is ob¬ 
tained by plotting horizon¬ 
tally against ; it is, of course, 
a straight line through the 
origin, but because of the high 
resistance of the shunt field it 
has a very steep gradient, as 
shown in Fig. 8.5. Now the 
armature supplies both load and shunt currents, so that for the 
armature current we have 

Ia = (I + 

where I is the load current. 

If we take any point P on the external characteristic and draw the 
perpendicular PM, then for the given terminal voltage, OM = /. 
Draw PA horizontally, then AB = and if we mark off MN = AB 
then 

ON = OM + MN = (I + = 4 

Hence, the vertical RN is equal to the drop in the armature, and there¬ 
fore if we produce MP to Q, making PQ = RN, the total length QM 
is the sum of the terminal voltage and total armature drop, that is the 
total e.m.f. generated. In this way a point Q on the total characteristic 
is obtained, and if other points are obtained in the same way, the total 
characteristic can be drawn. 

The external characteristic can be pre-determined by the following 



Fig. 8 .6 . Charactebistics of Shunt 
Generator 
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graphical method. The open-circuit magnetization curve OM is 
drawn and the shunt resistance line OE^, then drawn^(Fig. 8 . 6 ). The 
no-load e.m.f. is E^Ai and the shunt ampere-turns per pole OA^, For 
a given load current, the terminal PD is less than EiA-,^ because of (a) 
the armature volt drop and (h) the armature demagnetizing ampere- 
turns. Both of these are proportional to the armature current and can 
be calculated from the machine data. Set ofiF the demagnetizing 



Fig. 8.6. Charactekistics or Shunt Generator 


ampere-turns for full-load current as OD (Fig. 8 . 6 ) and the armature 
volt drop as jDF. Draw P*^rallel to Then ^ 2^2 fl-r© 

two possible values of the induced e.m.f. Parallels to FO from and 
locate the points and Then, for the particular shunt circuit 
resistance which gives a no-load e.m.f. of E^A^, full-load current gives 
two possible induced e.m.f.s of J^ 2-^2 ^ 3^3 two possible ter¬ 

minal p.d.s of E 2 A 2 and E^A^\ For any fraction of full load, say J, 
i, etc., the point F will have the positions indicated, and therefore by 
similar construction induced e.m.f.s and terminal p.d.s for corresponding 
loads can be determined. Curves similar to Fig. 8.4 can then be drawn. 

Example 1 . A shunt generator has a total of 50 Q resistance in the 
shunt circuit, this including the field winding as well as the regulator. 
Its terminal voltage is 25 V when run at 500 r.p.m., 113 V at 1000 r.p.m. 
and 200 V at 1500 r.p.m. Draw the magnetization characteristic for 
1000 r.p.m. and hence determine the terminal voltage at 1000 r.p.m. 
if the resistance of the shunt circuit is reduced to 40 fl. 

The 50 line is drawn first of all. With 200 V induced, the shunt 
current will be 200/50 = 4 A, so that this line passes through the origin 
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and the point (4, 200) as in Fig. 8.7. The three points of 25, 113, and 
200 V lie on this line as indicated. Since the induced voltage on no 



0 12 3 4- 


Field Amps 
Fig. 8.7 

load is proportional to the speed so long as the flux remains constant, 
the 25 V and 200 V points corrected to 1000 r.p.m. are 

25 X (1000/500) = 50 V 
200 X (1000/1500) = 133-3 V 


and 
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We thus have three points corresponding to 1000 r.p.m., viz. A, B, 
and C, and the origin makes a fourth point, so that we can draw the 
characteristic as a smooth curve through points 0, A, B, and C, 
Finally, if the shunt resistance is reduced to 40 £2, the shunt current 
at 100 V will be 100/40 = 2*5 A, the 40 £2 line thus passing through 



Field Amps 
Fig. 8.8 


the point (2-5, 100). Its intersection with the characteristic is at the 
point Z>, showing that at 1000 r.p.m. a shunt resistance of 40 £2 will 
give a terminal voltage of 126. 

Example 2. When running at normal speed a shunt dynamo has 
the magnetization characteristic given by the following values— 

Volts . . . 45 85 140 175 195 210 220 225 

Field amperes .0-25 0-5 1*0 1*5 2 0 2*5 3 0 3*5 

On open circuit the shunt regulator is adjusted to give 210 V. 
Calculate the total resistance in the shunt circuit. If the armature 
resistance is 0*095 £2, calculate the terminal p.d. on load when delivering 
a current of 250 A. 

The magnetization curve is given in Fig. 8.8. For a voltage is 210 V 
on no load the shunt current is 2*5 A, so the resistance of the shunt 
circuit is 

210/2*5 = 84 £2 

Since the load is in parallel with the shunt circuit, the resistance line 
is also a line of terminal voltage, since its ordinates give the p.d. applied 
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to the shunt field. On load, to give the induced volts, this line has to 
be moved parallel to itself by an amount equal to the armature drop, 
namely 

Hail + I,n) = 0-095(250 + 2-5) = 24 V 

This is done by drawing a parallel line raised by 24 V, as shown in the 
figure. This intersects the magnetization curve at point Q corresponding 
to an induced voltage of 198 V. The terminal p.d. on load is then given 
by the length of RM, which is 198 — 24 = 174 V. The corresponding 
excitation is OM = 2*12 A. This is less than the no load value of 2-5 A, 
because the effect of the reduction in terminal p.d. when load comes 
on is to reduce the exciting current. 

Conditions for Self-excitation. From the previous discussions of the 
characteristics of the various t 3 q)es of dynamo, it will have been 
realized that there are certain definite conditions which have to be 
fulfilled before a series or shunt-excited dynamo will build up its mag¬ 
netism, and thereby generate a voltage. These conditions are as 
follow®— 

There must be some residual magnetism in the field magnet. If 
there is, a voltmeter connected to the armature with the field discon¬ 
nected will give a small reading. 

'^.^.(^ This magnetiza^n must be in the right direction with regard to 
^Im connections of the field winding to the armature. If the machine 
,has been shut down through a short-circuit, the magnetization may 
have become reversed through excessive armature reaction. In such a 
case, alhoving-coil voltmeter connected to the armature will give a 
small back reading. As a result, when the small e.m.f. induced in the 
armature produces a current through the field winding, the field m.m.f. 
will strengthen the reversed flux and so build up the magnetization, and 
therefore the voltage, in the wrong direction. _The remedy is to connect 
the field winding to a separate external source which will set up a new 
resi^al magnetization in the right direction. 

' In the case of a series dynamo, the resistance of the circuit must 
be less than the critical resistance. 

(4) In the case of the shunt dynamo, the field is in series with the 
armature with respect to the path taken by the exciting current, and 
consequently there is also a critical resistance for the field circuit of a 
shunt dynamo. There is almost invariably a shunt regulator in circuit, 
and failure to excite is often due to too much of this regulator being 
in circuit. 

w(6) In the case of the shunt dynamo there is also a lower limit for the 
resistance of the external load, below which the machine will fail to 
excite if started up with the load switched on to the armature. 

The Compound-wound Generator. The shunt generator gives a 
terminal voltage which falls off somewhat with increase of load. It is 
usual to include an adjustable resistance called the shunt regulator in 
the field circuit, and to cut out some of this resistance when the load 
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increases. This can be done by hand, and the terminal voltage kept 
constant if the fluctuations in voltage are fairly slow, 4s, for example, 
with a lighting load. When the fluctuations in load are very rapid, as 
with a traction load, then hand regulation is impossible and it is neces¬ 
sary to keep the voltage to the required value automatically. Again, 
it is usual to connect a generator to a pair of feeding points by a cable 
called a feeder. From these feeding points radiate other cables called 
distributors, across which the consumers are connected. The voltage 
across these feeding points is kept constant. Now if each conductor of 
a feeder has a resistance i2, then, when delivering current /, there will 
be a drop in the feeder of 21R, Hence, 
if the constant voltage at the feeding 
points is E we have for the generator 
terminal voltage 

F, = Jg? + 21R 

an equation which shows that the 
terminal voltage must rise with increase 
of load. This rise is obtained by pro¬ 
viding a shunt generator with additional 
series excitation, the design being such 
that, over the working range, the series 
characteristic does not droop. The 
characteristics for the shunt and series 
turns separately are shown in Fig. 8.9, 
and that of the compound generator is 
obtained by adding ordinates of the two curves. The two component 
curves are somewhat concave downwards, and the resulting curve 
is therefore the same. 

If the series excitation is such that the terminal voltage on full load 
is the same as on no load, the generator is “leveF* compounded. If the 
terminal voltage rises with load it is “over” compounded. The length 
PQ gives this rise, and if such a generator is to maintain constant 
voltage at a pair of feeding points we have, obviously, 

PQ = 21R 

The length PQ expressed as a percentage of the voltage E at the 
feeding points is called the “percentage compounding.” Example— 

E = 500 Y, R = 0*025 fi, full-load current 
/== 1000 A 

Drop in feeder 

21R = 50 V 

Full-load terminal voltage at the generator 
Ft = 600 + 50 = 650 V 

Percentage compounding 

100( Ft — E)/E = 10 per cent 



Fig. 8 . 0 . Chahactebistics of 
COMPO tTND GeNEBATOB 
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There are two ways of connecting the shunt field in a compound 
generator, called short and long shunt. These are illustrated by the 
alternative connections shown dotted in Fig. 8.1. The short shunt is 
the more usual arrangement as it gives a somewhat higher voltage due 
to the fact that the shunt field has the full armature voltage across it. 
In the long shunt arrangement the voltage across the shunt is the arma¬ 
ture voltage less the ohmic drop in the series field. 

EfSiciency of D.C. Machines. When calculating the efficiency of elec¬ 
trical machinery it is convenient to express power in electrical units, 
namely, watts. The efficiency of a generator is then 

output _ output 
^ ”” intake output -f losses 

The losses can be subdivided as follows— 

Copper Losses, (a) Armature copper loss = laRa* About 
30 per cent to 40 i)er cent of the total full-load losses. 

(6) Field copper loss = IshRah ^ shunt winding; Is^R^e iii a series 

winding. About 20 per cent to 30 per cent of total losses at full load. 

(c) The loss due to brush contact resistance. This can conveniently 
be taken into account by including the brush contact resistance in the 
armature resistance. 

SHl Magnetic or Iron Losses, (a) Hysteresis loss. Proportional 
to {(Flux)^'® X Speed}. 

(6) Eddy-current loss. Proportional to {(Flux)^ X Speed*}. 

These relationships apply only when the flux density varies sinu¬ 
soidally with time and alternates on a single axis. These conditions 
do not apply in rotating electrical machines and, for flux densities 
below saturation the total loss, at constant frequency, is almost 
exactly proportional to These two losses are therefore approxi¬ 

mately constant in a machine whose flux is approximately constant, e.g. 
shunt or compound machines, but variable in the case of a series 
machine. The two together represent 20 per cent to 30 per cent of the 
total losses at full load. 

* L. H. A. Carr. “The teaching of the principles of electrical machine design.” 
J. Inat. Elect. Engra. 94, Pt. 2. 1947, 443. 

The following is an extract from Carr’s paper— 

Analysis of tests of machines of different makes over the past thirty years leads 
to the following laws for total iron loss of machines built with ordinary dynamo 
sheet steel. 

Iron loss at 60 c/s = -f hB^Vi watts, where B^ are the maximum 

values of apparent flux density in gauss x 10“*, in core and teeth respectively, 
'and Vc, F< are the corresponding values of actual iron in cubic centimetres. In 
the “tooth loss” is included the loss in the pole faces of salient-pole machines 
due to the passage of the teeth. The figures apply only if tooth-pulsation loss is 
not excessive. 

Good average values for the constants are— 

Induction motors a = 0*036 6 = 0*060 

Synchronous machines (either syn¬ 
chronous induction or solient-pole) a = 0*036 h = 0*042 

Direct-current machines a » 0*060 6 ~ 0*180 
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Meohakical Losses, (a) Friction at bea«rings and commutator. 
(6) Windage of rotating armature. ' 

Together 10 per cent to 20 per cent of total losses, independent of the 
load, and proportional to the speed for small variations in speed. 

The magnetic and mechanical losses are often grouped together and 
called collectively the stray losses. 

The efficiencies of generators depend, of course, upon the output, 
average values for the full-load efficiencies var 3 dng from 70 per cent 
for 1 kW machine to 95 per cent for a 1000 kW machine. 

In the case of a shunt or compound machine the shunt copper loss 
and stray losses are constant. We can then write 

Total losses = armature copper loss + constant losses (P^) 

= + ^sh)^ + 

where I is the load current. 

Output = VI 

VI _ yj 

VI + /?„(/ + +■ p. VI + itj^ +>; 

since 7^;^ is small compared with 7. 

/. 7} = 1/[1 + (RJIV + WJVI)] 

Now the product of the terms in the brackets is a constant since F< s 
approximately constant, 7 being the variable. Hence, their sum is a 
minimum, and the efficiency a maximum 

when RJIV = PJVI 

when 7 = ^y{PJR^) 

Hence, if the efficiency is plotted against 
the load current, a curve of the form 
shown in Fig. 8.10 will be obtained, the 
position of the maximum being defined by 
the above value of the load current. 

Example. A 400 V shunt generator has 
a full-load current of 200 A; its armature 
resistance is 0 06 Q, and field resistance, 

100 Q; the stray losses are 2000 W. Find 
the h.p. of its prime mover when it is delivering full load, and find the 
load for which efficiency of the generator is a maximum. 

7 = 200 A on full load. = 4 A 

7, = 7 + 7.;,= 204A 

Armature copper loss I^^Ra = 204* X 0-06 = 2500 W 
Field copper loss IghRsh or = 4 X 400 = 1600 W 
Constant losses P^ = field copper loss + stray losses = 3600 W 



Fig . 8.10. Efficiency 
Chabactebistic 
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/. Total fuU-load losses = 2500 + 3600 = 6100 W 
Output F/ = 400 X 200 = 80,000 W 
Intake = 80,000 + 6100 = 86,100 W 
/. h.p. of engine = 86,100/746 == 115 

7} = 80,000/86,100 = 0*93, or 93 per cent 
The load at which 77 is a maximum is 

I = V(3600/006) = 245 A 

This is greater than the normal load because the armature resistance 
is on the low side for a 400 V generator of 80 kW output. 

Example. A series generator of total resistance 0*5 Q is running at 
1000 r.p.m. and delivering 5 kW at a terminal p.d. of 100 V. If the 
speed is raised to 1500 r.p.m., and the load adjusted to 8 kW, find the 
new current and terminal p.d. 

Assume that the machine is working on the straight portion of the 
characteristic; then the fiux is proportional to the current, and the 
e.m.f. generated proportional to the product of fiux and speed. 

(а) Speed 1000 r.p.m. 

Output 5 kW = 5000 W 

F = 100 V I = 5000/100 = 50 A 
/. Volt drop in machine IR = 50 X 0*5 = 25 V, and the total 
e.m.f. generated Ei = 100 + 25 = 125 V 
125 oc (speed x fiux) 

oc (speed X current), oc 1000 X 50 . . • (1) 

( б ) Speed 1500 r.p.m. 

Let I = new current 

F = Output// = 8000// 

Volt drop in machine RI = 0*5/ 

e.m.f. generated //g = F + drop = 8000// + 0*5/ 

Again, E2 oc (new speed X new current) 

/. (8000//) + 0*5/ oc 1500 X / . . (2) 

Dividing equation (2) by (1), 

(8000//) + 0*5/ 1500/ 

125 50,000 

/ = 49*6 A 

F == 8000/49*6 = 161 V 
Examples on Chapteb 8 

1. A shunt dynamo gave an external characteristic as follows— 

Current 0 4 8 12 16 20 

Terminal volts 89*5 88*5 87 84*4 82*2 79 

Its armature and shunt resistances were 0*22 and 45 fl respectively. Plot its 
total characteristic. 
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2. The above dynamo, when connected short-shunt compound, gave the 
following terminal voltages for the same load currents 89*5, 89*9^ 90, 89*5, 88*2 V. 
The resistance of its series winding was 0*10 O. Deduce its total characteristic. 

3. If a dynamo is level compounded at 1500 r.p.m., what will be the nature of 
its voltage characteristic at 1000 r.p.m., if the shunt regulator is not altered 1 

4. Given the magnetization curve of a self-excited, shunt-wound generator 
show how to determine the open-circuit voltage with a given total resistance in 
the shunt circuit. Show how to estimate the rise in voltage when the speed is 
increased by 10 per cent, and explain how the external characteristic of the 
machine may be estimated. (L.U.) 

5. Find how many series turns per pole are needed on a 500 kW compounded 
dynamo required to give 500 V on no load and 550 V on full load, the requisite 
ampere-turns/pole being 7900 and 11,200 respectively. The shunt winduig is 
designed to give 500 V at no load when its temperature is 20°C. The final 
temperature is 60"C. (C. and G.) 

Ans, 4 scries tums/pole. 

6. The open-circuit characteristic of a d.c. generator run at 300 r.p.m. is as 
follows— 

Field current (amperes) 0 2 3 4 5 6 7 

Volts 7-5 93 135 165 186 202 215 

Find the open-circuit characteristic for a speed of 375 r.p.m. and determine the 
voltage to which the machine will excite if the field circuit resistance is 40 fl. 

Ans. 264 V. 

7. What additional resistance must be placed in series with the field circuit to 
rodxioo the open-circuit voltage of the machine in question to 230 V ? 

Ans. 7 [}. 

8. The open-circuit characteristic for a d.c. generator is as follows when the 
armature is driven at normal speed— 

Field current (amperes) 0-5 I’O 1*6 2-0 2*5 3-0 3*5 

Volts 60 120 138 145 149 151 152 

The machine is connected as a shunt generator and driven at normal speed. The 
resistance of the shunt circuit being adjusted to 53 Q, calculate (o) the open-circuit 
voltage, (b) the load current when the terminal voltage is 100, and (c) the teiminal 
voltage when the load has a resistance of 0*4. Assume that the effect of armature 
reaction can be neglected. 

Ans. 160-2 V, 460 A, 118 V. 

9. A 6-pole generator armature has 1,000 conductors and is wave wound. If 
the flux per pole is 2 x 10“* webers and the speed is 600 r.p.m., calculate the e.m.f. 
generated. If the above machine is self-excited and the armature and field 
resistances are 0*6 fl and 250 fl respectively, calculate the output current when 
the armature current is 40 A. (E.M.E.U.) 

Ans. 600 V, 38-08 A. 

10. The magnetization curve for a separately excited generator running at 
800 r.p.m. and excited from 230 V mains is given by the following— 

D.C. voltage 4 66 128 179 213 240 267 271 279 286 291 

Field current 

(amperes) 0 0-2 0-4 0-6 0-8 1-0 1-2 1-4 1-6 1-8 2-0 

Determine the field-circuit resistance required to give a no-load voltage of 276. 
What no-load voltage would be obtained if the same value of the field-circuit 
resistance were used when the generator was connected for shunt excitation? 
(E.M.E.U.) 

Ans, 156 Q, 286 V. 


8—(T.8i8) 
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11. When running at its normal speed, the relationship between the voltage 
at the terminals of a generator on no-load, and the field current is as follows— 

Field current (amperes) 1 2 3 4 5 6 

Volts 188 336 427 484 516 530 

The field resistance is 100 Q. What series resistance must be used, and over what 
range must it be variable if the machine is to be self-excited as a shunt-machine 
to give a voltage of 400 to 500 V ? (N.U.) 

Ana. 10 to 50 fl, 5 A rating. 

12. A shimt generator has a full-load current of 100 A at 110 V. The stray losses 
are 500 W and the shunt resistance is 55 Q. If the efficiency at full load is 88 per 
cent, find the armature resistance. Then find the efficiencies at one-half of full 
load and at 50 per cent overload, assuming that the voltage is kept constant at 
110 y. At what load current will the efficiency be a maximum ? 

Ana* (a) 0*075 Q; (6) 86 per cent; (c) 87 per cent; (d) 96 A. 

13. A 300 kW shunt-excited generator has a full-load output current of 600 A 
at 500 V. The hot resistance of the armature winding is 0*0185 Q, and of the 
interpole winding 4 x 10~* fl. The shimt current at no-load to maintain the 
rated voltage is 2*32 A, and at full-load 6*24 A. The iron loss is 1650 W at no-load 
and 2100 W at full load. Commutator friction loss 640 W and windage and friction 
loss 1500 W. The machine has 8 brush spindles, the brush contact drop per 
spindle being 1*1 V. Allowance for additional load loss can be made by deducting 
1*25 per cent from the calculated efficiency at full-load. Assuming a linear law 
between fractional load and iron loss, shimt copper loss, and additional load loss 
respectively, calculate the efficiency at J, J, J, } and { of full load. 

Ana. 92*3, 93*8, 94*0, 93*45, 92*7 per cent. 

14. The relation between the excitation current and the e.m.f, generated by a 
d.c. shunt-wound generator running on open circuit at 850 r.p.m., is as follows— 

Excitation (amperes) 2 3 4 5 6 

E.M.F. (volts) 68 87 100*5 109 112*5 

The shunt field resistance is 22*2 Q. Find the voltage at the terminals of the 
machine when it runs at 850 r.p.m. self-excited. (L.U.) 


Ana. 108*2 V. 
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CROSS-FIELD DYNAMOS 

The Rosenberg Constant-current Dynamo. This is a two-pole machine 
with two brush sets having their axes at right-angles, one along the 
field axis, the other in the normal directions at right-angles to it. 
The main brushes which supply the load are on the former axis, the 
auxiliarly brushes which are short-circuited, along the latter. 

The poles are of abnormally small cross section, while the pole-shoes 
embrace an arc greater than is usual in normal machines, and are of 
considerable radial depth. This peculiarity is dictated by the necessity 
for a low reluctance path to the cross flux. These constructional 




Fig. 9.1. Geneiull Areanqement of Constant-cuebent Dynamo 

features are indicated in the diagram of Fig. 9.1, from which it will be 
seen that the excitation is by shunt-connected exciting coils. 

Let {AT)f = ampere-turns due to the shunt field: this acts along 
the main brush axis B^B^ 

Let (AT)a = ampere-tums due to the load current owing to the 
orientation of the brush axes B^B^y this acts in direct 
opposition to (A T)f, 

Hence resultant (AT)^. acting in the direction of the main field is 
{AT)r = (AT), - {AT)a 
Let Oj = the flux produced by {AT)r» 

Let 1 2 == the current flowing along the short-circuit B^B^ 

Let <[>2 = produced by the corresponding cross ampere-tums. 

This flux is required to be as large as possible, and this 
accounts for the shape of the pole shoes. 

211 
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The short-circuit current /g is produced by the main flux Oj, while the 
main current is produced by the cross-flux Og. As a result, the direc¬ 
tion of the main current is independent of the direction of rotation. 
For suppose the direction to be reversed, then /g is reversed and this 
causes Og to reverse. Thus the e.m.f. producing the main current is 
induced by a reversed rotation in a reversed fleld, its direction therefore 
remaining unchanged. 

Let Ri = resistance of circuit to the main current 
and i ?2 = resistance of the purely local circuit taken by the current 

h 

Then, as the machine has two poles and therefore PfA — unity 

and = (<D/ - 

Assuming that {AT)f and (AT)^ produce separate fluxes of Oy and 
Otf, and assuming magnetic paths of constant permeability, we have 

and Oj = where and k^ are constants for a given machine. 
Hence 

h = k^^ZNjR^ 
h = (<I>/ - hIi)ZNIR, 

Solving for and have 

+ k^k^Z^N^) . . . ( 2 ) 

= R^<^,ZNI(R^R^ + k^k^Z^W) . . . (3) 

The voltage across the machine terminals is 
Fi = R^I, 

= Riik^^ZNIRj) 

= k^ZN X (O, - kJi)ZNIR^ 

= {<t>, - kj,)k,zm^lR^ . . . (4) 

(<!>/ - <I>d) = RiR^Jk^Zm^ 

Again <D, = + k^k^Z^m)lk^Z^N^]I^ from (2) 

(4>/ - = RxRJ^RiR^ + k^k^Zm^) . . (5) 

The following properties of the machine can be deduced from the 
above equations— 

(1) If the quantity k-Jc^Z^N^ is made large compared with R^R^t 
then equation (2) reduces to 

h ^ 

the maximum value attained by being If the local resistance 

R^ is kept constant then the voltage-speed characteristic is of the same 
shape as the current-speed characteristic, Fig. 9.2. 
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(2) If is varied over a moderate range we see from equation (2) 
that is not affected, provided JV is kept constant. Thus under 
constant-speed, variable load-resistance conditions we have, within 
the limits of equation (2) 

Vi oc oc Ri 

(3) From equation (3) we see that, for a given R^y /g passes through 
a maximum value as N increases from zero, and then decreases with 
further increase in N, Fig. 9.3. Thus if there is any possibility of N 



N N 


Fig. 9.2. Current-speed Fig. 9.3. Current in the 

AND Voltage-speed Short Circuit 

Characteristic 

becoming too high, and /g therefore excessive, it is usual to insert a fuse 
in the short-circuit between 

(4) From the second of the equations (1) we see that the relationship 
between /g /j is linear, 

when = 0, /g = 

when /g = 0, 

We see from the characteristic, Fig. 9.4, that /g becomes large if 
becomes small, e.g. if N becomes small. 

(6) From equation (4) we see that if iV' is constant 
Fi oc (<5, - <Da) 

We can therefore determine the voltage-current characteristic, for 
a given value of JV, as follows— 

Draw the magnetization characteristic curve 1, Fig. 9.5 over the 
normal range of (AT)fy and then set back (AT)^^ for any value of /j, as 
shown, the difference thus being {AT)^ Then 

PN oz 7i 
O'N oc (AT)a oc 

To obtain the required characteristic draw 

O'W = OW, and iV'P' = NP 

The point P' is the reflection of P in the line O' F, showing that the 
voltage-current characteristic is the reflection of the magnetization 
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characteristic. The final drooping portion beyond N' explains the 
constant-current property of the machine (provided the load resistance 
does not become too high). 

(6) From equation (5) we see that since the numerator on the 
right-hand side must be small compared with the denominator 

O, — Oj must be small compared with <t>f 


and therefore must be only slightly less than 0/ Thus the machine 
has high demagnetizing ampere turns and also a high cross magnetizing 



Fig. 9.4. Linear Fig. 9.6. Voltage-current Character- 

Characteristic iSTic OF Constant-speed Dynamo 


fiux, so that it is essentially designed to make use of armature reaction, 
and not to suppress it, as in normal machines. 

The Amplidyne. The amplidyne is a direct-current, high-gain, two- 
stage rotating amplifier with a quick speed of response; it is used for 
the control of large machinery and processes. 

The stator of the amplid^me has four main-polar projections and two 
smaller interpoles, while the armature is of the normal two-pole 
construction. The control winding, which carries the input signal, is 
wound as shown in Fig. 9.6 to produce a flux vertically across the arma¬ 
ture from the upper two N poles to the lower S poles. This flux induces an 
e.m.f. across the brushes A and B, which are shown, for clarity, bearing 
directly on the armature conductors; these brushes are short-circuited, 
causing a large current to flow in the armature, hence a large armature 
reaction m.m.f. will act horizontally across the machine. As the polar 
projections lie partly in the horizontal direction, the reluctance in this 
direction will be small and the armature m.m.f. will produce a large 
flux acting horizontally across the machine from the effective N poles 
on the right hand side to the opposite S poles. An e.m.f. wiU therefore 
be produced across the brushes C and D, shown in Fig. 9.7, which are 
placed ui the vertical axis. These brushes are connected to the load 
whose power input is being controlled. 

With this simple arrangement, however, the armature reaction 
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of the load current would annul the m.m.f. of t|ie control field; 
it is therefore necessary to wind, in the pole faces, a compensating 
winding which carries the load current and overcomes the armature 
reaction of the load current. The arrangement of the polar projections 



Fig. 9.6. Showing Amplidyne Fig. 9.7. Main Flux 

CoNTBOL Winding and Flux Distribution 


enables commutation to take place in the interpolar spaces where fiux 
is small; the commutation of the load current is also assisted by the 
interpoles, which are placed in the upper and lower spaces. The physical 



Fig. 9.8. Showing Compensating Fig. 9.9. Electrical Connections 
AND Interpole Windings of Amplidyne 


arrangement of these windings is shown in Fig. 9.8, the electrical 
connections being indicated in Fig. 9.9. 

Application of the Amplidyne. The amplidyne is widely used 
where a form of “closed loop” control is required.* In this type of 
control system the controlled quantity is compared with a fixed 
reference quantity; the difference between the two quantities actuates 
the control system, causing an output that reduces the difference to a 
very small quantity. 

Thus in the voltage control system shown in Fig. 9.10 the amplidyne 

♦ See p. 246. 



216 


ELECTRICAL TECHNOLOGY 


[Ch. 9 

is wound with both a control and a reference field acting in opposition, 
the small difference between them being the required input signal. 
This input signal produces the large output required to supply the field 
of the generator; if the voltage of the generator tends to fall the input 
signal into the amplidyne is increased, producing a large increase in the 


Lodd 


Fio. 9.10. Amplidyne Voltage-conthol System 

generator field, which brings the voltage back to a value very close to 
its original setting.* 

The Magnicon. This machine is also a two-stage rotating amplifier 
which utilizes the effect of armature reaction to obtain its main flux. 
From a study of the amplidyne it is seen that the flux paths of the con¬ 
trol and main fluxes are not independent, and also the four-pole pro¬ 
jections are, in effect, split poles which enable commutation of the 
current flowing in the other circuit to take place in the interpolar zone. 
In the magnicon, however, the main and control fluxes occupy com¬ 
pletely independent paths, and the armature winding is so arranged 
that the coils undergoing commutation are in the interpolar zones 
between these paths. 

The essential feature of the magnicon is that it utilizes a “half-span” 
armature winding, or that a four-pole lap-wound armature is used 
with a two-pole field system. This construction is seen from Fig. 9.11, 
where the control poles are shown; an e.m.f. is induced across the two 
brushes A and B, which are short-circuited, the armature current 
distribution then being as indicated. The armature conductors in 
the sectors be and da carry currents in opposite directions and thus 
produce no resultant m.in.f.; in the sectors ab and cd, however, there 
will be a resulting m.m.f. which produces the main magnetic flux, in 
the low-reluctance path, horizontally across the armature. Fig. 9.12. 

* The name “metadyne” is also given to the machine which is here called the 
“amplidyne,” these being trade names adopted by different manufactoers. 
The development of the metad 3 me is discussed in a very illuminating manner in a 
paper by A. A. L. Bentall, “The metadyne generator in the service of industry.” 
MetrO‘Vic, Qaz. (April-May, 1949). See also B. Adkins, “Amplidyne regulating 
systems.” J. Inst, Elect, Engra, (1947) 94, Pt. 2 a. 




Fig. 9.12. Main Magnetic Flux Produced by Armature 
Reaction 
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This main flux induces the output e.m.f. across the brushes C and D, 
shown in Fig. 9.11, which lie on the axis at right angles to the main 
flux. Commutation for both sets of brushes takes place along the axes 
ac and where the magnetic flux is a minimum; sparkless commutation 
is thus obtained for the relatively smaU inputs required from metadynes. 

For large machines, interpoles could be 
provided, and these would have wind¬ 
ings carrying both shunt-circuit and 
output currents. 

The load current flowing in the 
armature would cause an m.ni.f. in 
opposition to the control flux and 
completely overcome it; this is pre¬ 
vented by using a compensating winding 
which is wound in the pole faces of the 
horizontal poles only, causing a m.m.f. 
in opposition to that produced by the 
n 1 o /M load current. The distribution of the 

Windings in Pole Face to compensating windmg is shown in Fig. 

Oppose M.M.F. or Load 9.13, from which it can be seen that the 
Current metadyne has the advantage that the 

compensating winding has only to be 
distributed over one-half of the armature surface. 

Application of the Magnicon. The great advantage of the 
magnicon is that the control flux and main flux are completely 


Sctiuraied Unsaiuraied 



Fig. 9.14 Fig. 9.15 


separate; this enables a special type of pole arrangement to be used for 
the control-field system, without affecting the main flux path. 

One ingenious arrangement used in a system adapted for the voltage 
control of alternators is shown in Fig. 9.14. The control pole is split 
into three parts, the centre projection is highly saturated and has a 
winding carrying a current proportional to the alternator voltage. 
The outer projections also have windings carrying currents proportional 
to the alternator voltage; the iron in these projections is not saturated 
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and the flux acts in opposition to the flux in the centre projection. 
The net control flux will be the difference of these two fluxes. 

The operation of this control arrangement may be seen from Kg. 
9.15. The alternator voltage is plotted as abscissae since the control 
current is proportional to it; the resultant control flux, which is the 
difference of the flux in the central, (or reference) projection and the 
outer projections, is therefore measured by the ordinate between the 
two curves. When the alternator is on no load the terminal voltage is 
F, and the control flux is sufficient to cause this voltage to be generated. 
If the alternator voltage tends to fall, the large difference in gradient 
between the two curves will cause the control flux to fall by an appre¬ 
ciable amount; this will result in the fleld excitation of the alternator 
increasing, thus bringing the terminal voltage of the alternator back 
nearly to its set value. The small drop in terminal volts v will cause 
sufficient increase in control flux to enable the magnicon to increase 
the alternator excitation to such an extent that the very large inherent 
regulation of the alternator will be compensated. 

Basically, there is no difference in the fundamental principles of 
operation of the three special dynamos described above. In the 
amplidyne and metadyne, and in the magnicon, there is flnite com¬ 
pensation, the amount of which can be varied to suit requirements. 
The performance is substantially affected by the amount. Thus with 
an amplid 3 aie, 100 per cent compensation gives almost constant load 
voltage. Over compensation, by as little as 6 per cent, gives a steeply 
rising characteristic, and under compensation by the same amount a 
steeply falling one. With zero compensation—^the case of the Rosen¬ 
berg dynamo—^the characteristic is almost a vertical straight line. 

iVom the point of view of choice of t 3 q)e it can be said, in general, 
that amplidyne machines can be used for both current forcing and 
voltage forcing: up to the present the magnicon has been applied 
mainly to voltage control of both a.c. and d.c. machines. 

Static amplifiers can do what rotary amplifiers do, but, except for 
small outputs, their size, when associated apparatus is taken into 
account, is prohibitive. 


Further Reading 
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CHAPTER 10 


THE D.C. MOTOR 

Any direct-current generator will run as a motor, that is, convert 
electrical power to mechanical power, if its field and armature are con¬ 
nected to a suitable electric supply. The essential construction of a 
motor is identical with that of a generator, and when there is any 
external difference in appearance this is due to the fact that whereas 
the frames of generators can as a rule be open, those of motors are 
either partly or totally enclosed because of the rougher (mechanical) 
usage to which the latter are subjected. 

Consider first of all one conductor of a smooth-cored armature, i.e. 
an armature in which the conductors are not housed in slots, and in 
which they are, in consequence, acted on directly by the gap fiux. 

Fig. 10.1 (A) shows one conductor on the armature of a generator 
rotating clockwise under a N pole. Fleming’s right-hand rule indicates 
that the induced e.m.f. is inwards, and therefore the current in that 

conductor is also inwards. This current 
sets up a magnetic field, the lines of 
force of which are concentric circles 
round the wire and in a clockwise 
direction (from the corkscrew rule). 
This field is seen to act in the same 
direction as the main field on the 
right-hand side, and in opposition on 
the left-hand side, the result being 
that the actual distribution of the lines of force in the resultant field is 
as indicated in Fig. 10.1 (B), some of the lines being bent round the 
conductor. Now magnetic lines of force are always in a state of tension, 
the bent lines of force setting up a mechanical force on the conductor 
much in the same way that the bent elastic of a catapult produces a 
mechanical force on the stone. In the case of the generator it will be 
noticed that this force is in opposition to the direction of motion. It 
is therefore called the magnetic drag, and it is this drag acting on all the 
conductors that the prime mover has to do work against. For a 
current of I amperes flowing in a conductor of I metres placed in a field 
of B webers/metre^ the drag is given by 

/ = BIl newtons 

The above explanation, although convenient for the calculation of 
the torque of the armature, is not a correct description of the mechanism 
of torque production. Hence let the conductors lie in slots as in Fig. 
10.2. In figure A the main flux is shown concentrated into tufts which 
pass into the tops of the teeth, while the armature flux is shown by 
the dotted fluxes embracing the slots. The directions of these fluxes 
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correspond with those ol Fig. 10.1. We see that the eflfect of the armature 
flux is twofold. Firstly, it increases the flux in the left-hand halves of 
the teeth and reduces it in the right-hand halves, so that the distribu¬ 
tion of flux density across the tooth section is no longer uniform. 
Secondly, it inclines the directions of the magnetic lines in the air gap 
so that the tufts of lines of force are not radial but are disposed some¬ 
what after the manner of figure J5. Since the lines of force are in a 
state of tension the tangential component of this tension will set up a 
torque on the armature, and from the figure we see that the direction 



(A) (£) 


Fig. 10.2. Mechanism of Torque Production in a D.C. Machine 

of this torque is counter-clockwise. Hence in an actual machine with 
slotted armature the torque is not due to mechanical forces on the 
conductors themselves, but to the tangential component of the mag¬ 
netic pulls on the teeth. 

Back E.M.F. Now suppose that the machine is uncoupled from the 
prime mover and that current is sent through the armature and field 
from an external source. If the excitation of the field and the direc¬ 
tions of the armature currents are the same as before, the magnetic 
drag will be set up in the same direction as before, and under its influence 
the armature will rotate. The machine will now be running as a motor. 
We thus see that for the same direction of armature currents and the 
same excitation, the direction of rotation of a motor is opposed to that 
of a generator—Fig. 10.1 (C). 

Now when the motor armature rotates, the armature conductors cut 
the lines of force of the field, and as a result, they have e.m.f.s induced 
in them. The direction of one such induced e.m.f. in an individual 
conductor is, of course, given by Fleming’s right-hand rule, and apply¬ 
ing this rule to the conductor in Fig. 10.1 {P) we see that the e.m.f. 
is outwards, that is, opposed to the current. This induced e.m.f. in 
the case of a motor is therefore called the “back e.m.f.” The supply 
e.m.f. has to do work against this back e.m.f. in forcing the current 
through the armature . If the induced e.m.f. in an armature is opposite 
in direction to the current, then the macJiine is moioring: it it is in Hie 
same direction as the current, the machine is generating. Tbe magnitude 
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of the back e.m.f. is, of course, given by the expression for the generated 
e.m.f. Calling the back ejaa.f. E^^ we have 

E^ = <bZN{PIA) volts 

Speed of a D.C. Motor. The speed of a motor automatically adjusts 
itself to the load so that the electrical power required to drive the 
current through the armature is equal to the mechanical power 
required to drive the load. The load here includes all those losses in the 
motor which are produced by rotation, namely the magnetic and 
mechanical losses. 

Hence Ej^I oc Speed x (total retarding torque). 

Now E^ = (^ZN(PIA) 

Resultant e.m.f. acting in the armature circuit 
F - = F - ^ZN(PIA) 

where F is the p.d. applied to the armature terminals. 

/. 4 = [F - (!>ZN(P/A)]IRa 
Speed ^ = [(F — RaIa)l^^](AIP) revolutions/second 

Now in modem machines the drop of volts in the armature, Ra^a» 
small compared with F, so that we have, approximately, 

N = iimVIZ)[AlP) 
oc I/O so long as F is constant 

Thus the speed of a d.c. motor is inversely proportional to the flux/pole. 

Conditions for Maximum Power. We have 

V = Ej, + 

via = E^a + 

This is an equation of power, the various terms having the following 
meanings— 

F/fl = total power supplied to the armature 
Eifla = power converted into mechanical power 
Rala^ = power dissipated as heat due to the armature resistance 

Hence, mechanical power of the motor 

P^ = Via - Eala^ 

dPJdIa=V-2Rala 
= 0 

and corresponds to a maximum when 

Rala= V/2 or E,==V/2 

Thus a motor develops the maximum mechanical power when the 
armature current is such that the back e.m.f. is equal to one>half of 
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the applied e.m.f. This is not attained in practice, since it necessitates 
a current well beyond the normal working range. Also an amount of 
power equal to the mechanical power developed would be wasted in 
heating the armature, so that, taking other losses into accoimt, the 
efficiency would be well below 50 per cent. 


Torque. If P = number of poles and A = number of parallel paths 
through the armature, the current in each individual conductor is 

I = IJA 

Consider that the flux per pole O is divided into separate fluxes Oi, 
® 3 > which embrace the individual conductors, as shown in 
Fig. 10.3. 

Then force on conductor 1, using the first conception of torque 
production, 



Fio. 10.3. CAiiOuiiATioN or 
Torque or a Motor 


= BIl newtons 
= {OJxl){IJA)l 
= Oi/JxA 
force on conductor 2 
= 

force on conductor 3 
= 

/. Total tangential force on all the conductors under one pole 

== +. 

= <!>IJxA 

Torque due to this force 

= (^laT/xA newton-metres, where r = radius 
Now the distance x 


= 27rr/Z 

/. Torque due to all the conductors under one pole 
= (<D/JA)(Z/ 27 rr)r = ( 0 /aZ/ 27 r)(l/^) 

Hence torque due to all the conductors under all the P polos 
T = (0/„Z/27r)(PM) 

== 0*1696/aZ(P/A) newton/metres 

Example. A four-pole armature 60 cm in diameter has 1000 con¬ 
ductors, each of active length 26 cm. The pole span is two-thirds of 
the pole pitch, and the average flux density under the pole shoe is 
6000 lines/cm^. Calculate the torque in lb-in. when eaeh conductor 
carries 10 A. 

O = where 

= 0*6 weber/m^ 

Y = pole pitch = tt X 0*5/4 m 
I = core length = 0*25 m 
O = § X 0*6 X 0 * 677/4 X 0*26 = 0-012677 webers 
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The current given is the current per path, so that the equation for 
torque becomes 

T = (0/Z/27r)P = (0 0125 X 10 X 1000/27r) X 4 
= 250 newton-metres 

Now 1 newton-metre = 0*7373 Ib-fb = 8*848 lb-in. 

/. T = 250 X 8*848 =^2212 lb-in. 

The equation for the torque can also'^^e derived directly from the 
back e.m.f. equation, as follows. The power required to overcome the 
back e.m.f. is that which provides the mechanical torque. If the 
torque is T, the work done per revolution is T x 27r, since the work 
done by a torque is equal to the product of the torque and the angle 
turned through (in radians). The work done by the torque per second 
is thus 

T X 27rN watts 
which must be Therefore 
T = EjJa 27rN 
= (S>ZN X {PIA) X la-^ 27 tN 
= (<!>IaZI27r)(P/A) newton-metres, as before 

Armature Reaction and Commutation. Suppose that the brushes are 
placed first of all in the g.n.p. (Fig. 10.4), then if the armature is 
rotating clockwise the directions of the armature currents will be 



Fig. 10.4. Armature Keaction op a Motor 


outwards under the N poles, and inwards under the S poles. The arma¬ 
ture therefore acts like a solenoid whose axis coincides with the brush 
axis, as in the case of a generator, but in this case the armature m.m.f. 
OA is directed from left to right. OB is the main m.m.f., and OC the 
resultant m.m.f. We see that the magnetic neutral plane m.n.p.. 
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which is perpendicular to 00, is now shifted backwards, instead of 
forwards as in the case of the generator. Also on^ comparing the 
directions of the lines of force of the armature cross field with the main 
field, we see that the main field is strengthened under the leading pole 
tips and weakened under the trailing pole tips. 

It is necessary to give the brushes a backward lead in order to bring 
the brush axis into the m.n.p. We can then divide the armature 
conductors into two groups, those lying above WX and below YZ, and 
those lying between these two planes. The first group produces a cross 
field OB whose m.m.f. acts from left to right, and the second group 
produces a m.m.f. 00 which is in opposition to the main m.m.f. OD, and 
therefore sets up a demagnetizing effect. Thus when the brushes in a 
generator and a motor are set so as to be in the m.n.p., a demagnetizing 
action is set up by the armature in each case, but the cross-magnetizing 
fields are opposite in direction. 

In some cases motors are required to run in both directions without 
sparking. In such a case it is obvious that the brushes must be placed 
in the g.n.p. In order to cut down the distortion of the field produced 
by the cross field to a minimum, the field magnets are designed to be 
nearly saturated. At the same time the air gap is made rather longer 
than in the case of a motor running in one direction only. Since each 
line of force of the cross flux has to cross the same air gap twice, this 
causes a considerable reduction in the total cross flux, thereby mini¬ 
mizing distortion. It is, of course, necessary to provide the excitation 
with additional ampere-turns to drive the flux across the longer air gaps, 
and such machines are said to have “stiff*’ magnetic fields, the field 
system being magnetically strong compared with the armature. 
Denoting the field ampere-turns per polo and the armature ampere- 
turns per pole by ATf and ATf^ respectively the ratio ATfjAT^ varies 
from about 1*1 to 1*3 in the case of dynamos, 
and from 0*9 to 1*1 in the case of motors. The 
lower value for the motor is due to the fact that 
the terminal p.d. is maintained at the supply. 

D.C. motors, like generators, are commonly 
fitted with interpoles in order to ensure good 
commutation. In either case their function is the 
same, namely, to force the current in a coil 
short-circuited by the brush to attain its full 
value in the reversed direction by the end of 
short-circuit. Since the currents in the armature conductors flow in the 
reverse direction to those of the generator when the directions of rota¬ 
tion are the same, it follows the polarity of the interpoles must be 
reversed. Their polarity with respect to the polarity of the main poles 
and to the direction of rotation is, for a motor, as indicated in Fig. 10.6. 

Characteristics of D.C. Motors: The Series Motor. There are three 
ways of exciting the field of a d.c. motor; these are series, shunt and 
compound, and the characteristics of the motor are determined by the 
method of excitation. Consider first of all the series motor. The flux 
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varies with the motor current, the relationship between the two being 
given by the magnetic characteristic (Fig. 10.6). If the flux due to 
armature reaction is deducted, the dotted curve in the flgure will be 
obtained. Now we have seen that the speed is inversely proportional 
to the flux, and therefore, if we plot reciprocals of the flux against 
current, the speed-current curve will be obtained. From its shape we 
see that the series motor is essentially a variable speed motor, the speed 
being low on heavy load and dangerously high on light load. For this 



Current Current 


Fio. 10.6. Chakactebistics or Series Motor 

reason the series motor is never run without some mechanical load on 
it, otherwise it might fly to pieces. If the saturation point is not reached, 
the flux 0 is approximately proportional to the current /. 

Now torque T oc O X / 

But <t> oc 7 
T azH 

On light loads the torque-current curve is therefore a parabola, but 
when I is so great that O becomes nearly constant, T becomes pro¬ 
portional to 7 to the first power, and the curve becomes asymptotic to 
the dotted straight line tlnough the origin, as shown in Fig. 10.6. 

Below the saturation point we have O proportional to 7 

/. N oc l/d) 
oc 1/7 

From the above we see that, so long as the iron is not saturated, the 
series motor exerts a torque proportional to the square of the current. 
Its starting torque is therefore very high, for which reason it is used 
in cases where heavy masses have to be accelerated quickly, e.g. for 
electric traction and for hoist work. The falling off in speed as the load 
increases is also a considerable advantage for such duties, since it 
automatically relieves the motor from having to carry excess loads. 
Thus, if a tram travelling up hill falls to half speed, the load on the 
motor is only half of what it would be if the tram raced up at full speed. 

If the speed-current and torque-current curves are drawn on the 
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same diagram, then by measuring ordinates on the two curves corres¬ 
ponding to a series of values of current, the speed-torque curve can be 
drawn. This curve is sometimes called the ‘‘mechanical characteristic,*’ 
and for a series motor it is similar in shape to the speed-current curve. 

Example. A series motor takes 20 A at 400 V to drive a fan at 260 
r.p.m. Its resistance is 1 fl. If the torque required to drive the fan 
varies as the square of the speed, find the necessary applied voltage and 
current to drive the fan at 360 r.p.m. 

Assuming a straight-line magnetic characteristic, 

T oc O X / oc /*. But T cc 
I cc N, Hence, new current = (360/260) X 20 = 28 A 
Motor back e.m.f. at 250 r.p.m. = 400 — (20 X 1) = 380 V 
Motor back e.m.f. at 350 r.p.m. = F — (28 X 1) 

Now back e.m.f. oc O x A', i.e. ac I x N 

(F - 28)/380 = 28 X 350/(20 X 260) 

/. F = 773V 

The Shunt-wound Motor. For a constant applied p.d. the exciting 
current is constant. The fiux will therefore have its maximum value 
at no load, and because of armature reaction will decrease slightly as 
the load increases. For most purposes this decrease can be neglected 
and the flux per pole, O, can be regarded as constant. We then have 
from the equation on p. 222, speed 

A = (F - EMKmiA/P) 

= A(F — RJa) where A is a constant 

Let A^ and 7^ be the no load speed and armature current, and A and 7, 
the speed and current at any other load. Then 

A = K{E - RJ) 

A, = K(E ~ RJ,) 

N = N,{E - BJ)/{E - RM 

{N, - N)IN, = (BJ - BME - BJ,) 


This equation shows that since 7^ is small the drop of speed of a 
shunt motor from no load to any other load is proportional to the drop 
of volts in the armature at that load. This, of course, assumes zero 
armature reaction; actually, since the armature exerts a demagnetizing 
action, 0 will decrease as 7 increases, and therefore the fall in speed 
will not be quite so great as indicated by the above expression. Since 
the full-load drop in the armature is small compared with the applied 
voltage, we see that the speed-current curve of a shunt motor is a 
slightly drooping curve, as shown in Fig. 10.7. It is instructive to 
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deduce the drop of speed in another manner. Whatever the load on 
the motor may be, the back e.m.f. adjusts itself to such a value that 
sufficient armature current can pass to produce a torque equal to the 
total opposing torque. 

Let the line AB represent the applied voltage and let the 

A I CtCiC I H 


back e.m.f. be AC at a given load. Then BC is the resultant e.m.f. and 
represents to another scale the armature current. Since O is approxi¬ 
mately constant, BC represents to still another scale the opposing 
torque. If the torque is doubled, C has a new 
position, Cl, where BCi = 2BC. The back e.m.f. 
is now ACi, and, since the speed is proportional 
to the back e.m.f., the speed falls from AC to 
ACi, If the torque is trebled, C moves to Cg 
w^here BC 2 — ^BC, and the new current and 
speed are represented by BC 2 and AC 2 respec¬ 
tively. Thus, if the lengths of AC are plotted 
against the lengths BC, the speed-current 
characteristic is obtained. 

Example. A six-pole lap wound shunt motor 
has poles 20 cm square and a flux density in the 
gap of 5000 gauss. The armature is wound 
with 500 conductors having a total length of 
wire of 24,000 cm and 0 07 cm^ area. Find the speed of the motor with 
100 V on the terminals and 120 A in the line. (London Univ.) 

O = 5000 X 10-4 X 202 X 10-4 = 2 X 10-2 webers 



Fig. 10.7. Character¬ 
istics OP Shunt Motor 


Resistance of all the armature wires in series 

= pl/a = (2/10») X (24,000/0-07) 
= 0-7f2 


Hence resistance of armature with 6 parallel paths 
R^ = 0-7/62 = 0-0194 a 

Deducting, say, 5 A for the shunt current, the armature current will 
be 115 A, and the drop in the armature, 0-0194 X 115 = 2 V, roughly. 

Back e.m.f. 

Jg/j = 100 - 2 = 98 V 
But Ef, = OZN(PIA) 

and P/A = 1 

N = 98/(2 X 10-2 X 500) = 9-8 r.p.s. 

= 588 r.p.m. 

From the general equation for the torque of a d.c. motor, we see 
that, since O is approximately constant, the torque is proportional to 
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the armature current. Hence, the torque-current characteristic is a 
straight line through the origin. The mechanical characteristic can be 
determined from the two electrical characteristics as before. It is a 
slightly drooping curve similar in shape to the speed-current curve. 

Sometimes, when starting a shunt motor, it is foimd that it takes a 
very large current and runs at a high speed in the wrong direction. 
This phenomenon is due to a break in the shunt winding. The demag¬ 
netizing effect of the sudden rush of curren t at st arting reverses the 
residufld magnetisi^in th e fjeld, andj^e only flux present is that due 
to armati^e jea ction. jThis flux is comparatively weak and in the reverse 
direction to the proper main field, thus causing the motor to ran at 
high speed in the reversed direction. 

Since the armature drop of volts on full load is proportional to the 
fall in speed from no load to full load, and since the full-load drop is 
only about 4 per cent of the applied voltage on the average, the shunt 
motor can be regarded as a constant-speed motor. If the drop in speed 
has to be made up, this can be effected by inserting resistance in the 
shunt field, thereby reducing the flux. Shunt motors are therefore 
suitable^ for driving light machine tools and for all purposes where an 
approximately constant speed is required. 

Compound-wound Motor. The series field may be connected in the 
circuit so as to either help the shunt field or oppose it. In the first case 
the motor is ‘‘cumulatively’’ compounded, 
and in the second case, “differentially” 
compounded. If the series field of the 
differentially-compounded motor is so 
adjusted that the full-load decrease in flux 
produced by it is just sufiicient to make the 
full-load speed equal to the speed on no load, 
then, for any other load within this range, 
its speed will be approximately constant. 

Its mechanical characteristic is shown in 
curve A (Fig. 10.8). This appears to be an 
advantage at first sight, but there are two 
disadvantages. In the first place, when the 
motor is being started, the shunt field will 
take some time to build up, and therefore the series field will be 
established first, owing to the initial rush of current through the arma¬ 
ture and series field. The motor will therefore tend to start up the wrong 
way. When the shunt field is fully established the total field will be so 
small that there may not be sufficient torque to run the motor, and the 
armature will take an excessive current from the supply. This difficulty 
can be overcome by short-circuiting the series field during starting, 
and only putting it in circuit when the motor is under way. The second 
disadvantage is that if the motor becomes overloaded, the resulting 
decrease in flux will tend to force up the speed so that the motor will 
be very seriously overloaded. In fact, when the current attains a 
certain value, the motor becomes unstable, and it begins to race like a 



Fig. 10.8. Chahactbristics 
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series motor on no load. The motor is thus dangerous to use unless 
there is no possibility of the load exceeding the normal full load. 

The cumulatively-comp<mnd€d motor experiences an increase in flux as 
the load increases, with the result that the speed decreases, but not so 
rapidly as in the case of the plain series motor, because of the constant 
flux produced by the shunt fleld. The mechanical characteristic is 
therefore between those of the series and shunt motors, its nearness to 
one or the other depending upon the number of series turns (Curve 
Fig. 10.8). The fallmg off in speed affords relief to the motor if a sudden 
load comes on, and the motor is therefore used largely for driving 
heavy machine tools where sudden deep cuts may be taken. This 
motor is also suitable for driving continuous running rolling mills, for 
which duty it is coupled to a heavy flywheel. When a billet is inserted 
in the rolls the sudden increase in load causes the speed to decrease, 

with the result that the fly-wheel 
gives up some of its stored energy, 
thereby taking the strain of the 
sudden peak load off both motor and 
supply mains. When the load is light, 
the speed rises and the flywheel 
acquires the kinetic energy it gave up 
previously. In this way, provided that 
the successive peak loads do not come 
on before the speed has had time to 
reach the full value again, the fly¬ 
wheel, in conjunction with such a 
motor, acts as a load equalizer. Its 
function is to look after all the sudden 
fluctuations in the load and to leave 
the motor and supply to cope with the 
steady average load. 

Motor Starters. For all but fractional h.p. motors, a resistance 
should be placed in the armature circuit at the moment of starting, 
and then gradually cut out as the motor speeds up. The simplest 
arrangement of a starter for a shunt motor is shown in Fig. 10.9. The 
arm A makes contact with the studs connected to the starting resistance 
Ry and also to a brass arc, jB, by which the connection to the shunt 
fleld is made. This arrangement is perfectly satisfactory for starting, 
but it suffers from the disadvantage that when the main switch S is 
opened to shut down the motor, the arm A remains in the “on” 
position, and if the switch is again closed the armature is put right 
across the supply. It is thus obvious that when the switch is opened 
the arm should return to the “off” position. Also, for motors up to 
about 20 or 30 h.p. it is desirable to incorporate an ‘‘overload release” 
which will disconnect the motor from the supply in the event of an 
overload. For larger sizes it is better practice to leave this duty to a 
separate automatic circuit-breaker. A typical starter for a shunt or 
compound motor is shown in Fig. 10.10. The arm A is provided with 



Fig. 10 . 9 . Non-automatic 
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a hinged armature, which is attracted by the coil of a ''no-volt” release 
when in the "on” position. This release is connected ip series with the 
shunt field. When the switch is opened the pull of this coil is removed 
and the arm is returned to the off position by a spring. The overload 
release consists of another coil, which carries the full line current. It 


On 



Fig. 10.10. Starter with No- volt 
AND Overload Releases 


attracts an armature which, 
when lifted, bridges two brass 
studs connected to the ends of 
the coil of the no-volt release, 
thereby short-circuiting this. 
The spring then pulls the arm 
back and stops the motor. The 



Fig. 10.11. Variations in Current 
AND Speed During Starting 


position of the armature of the overload release can be adjusted by a 
set screw, and the release thus set to operate at any desired overload. 

The grading of the steps of the starting resistance, and the time taken 
to move the arm across the row of contacts, should be such that, 
during the operation of starting, the motor current is kept within 
upper and lower limits. This is illustrated in Fig. 10.11. The stepped 
curve shows the variation of current. As soon as contact is made with 
any stud the diminution in resistances causes the current to increase 
initially; the motor then increases in speed with consequent increase 
in back e.m.f., so that the current de¬ 
creases while the arm is held on that stud. 

When the current reaches the minimum 
value the arm is moved to the next 
stud, and the current again suddenly 
increases to the maximum value; and so 
on. The variations in speed are illustrated 
by the dotted curve. In order to calculate 
the various steps of the starting resistance, 
it is necessary to assume values for the upper and lower limits of the 
current; let these be and Zg respectively. Let r^, rg, ^ 3 , etc., be the 
various steps, and let R^, JKg, jRg, etc. be the total resistances between 
the various studs and the far terminal of the armature, as illustrated 
in the scheme in Fig. 10 . 12 . On making contact with any stud the 



Fig. 10.12. Calculation of 
Shunt Motor Starter 
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current suddenly jumps to the value h. and when leaving any stud the 
current is /2. Hence 

when leaving stud 5, say, 1 2 = Resultant e,m,f./R^ 

^{V-E,)IR, 

where Ej^ is the back e.m.f. 

I, = {V-AN)IR, . . . . (1) 


where ^ is a constant. 

On first making contact with stud 4 the current jumps to ii, but the 
speed has not time to change from N, 

I, = (V-AN)IB, .... ( 2 ) 

On the point of leaving stud 4 the speed has increased to say, 

l2^{V^AN,)IR, .... (3) 

On first making contact with stud 3, 

I,^{V-AN,)lR, . . . . (4) 


Dividing equation (2) by (1), and (4) by (3), we have 

Hence, if we put /1//2 = y, we have, if there are n live studs, i.e. (n — 1) 
sections in the resistance, 

^nl^n-l ~ ^n-ll^n-2 = • • • R 2 I ~ 7 
Multiplying all the terms together, we have 

= RJR, 

/. y = 

Now is the armature resistance, which is known. On making 
contact with the first live stud the speed is zero and the current is 
Hence 

Hn = Ell I 

Therefore, since y is known from the required ratio of the maximum 
and minimum currents during starting, n can be calculated. The various 
resistances, R^, Rn-v ^n- 2 y next be calculated, and the 

differences of successive pairs give the required resistances, rj, rg, 
etc. 

Example. As an example of the calculation of the resistance steps 
of a shunt motor-starter, take the case of a 30 h.p., 220 V motor which 
takes 113 A when running normally on full load. The motor has to 
start up against full load and the starting current has not to exceed 
IJ times the normal full-load value. Resistance of armature circuit 
0*02 f2. 

Since the motor has to start against full-load torque, the minimum 
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current during starting will be the full-load current of 113 A, Hence 
/a =113 A. 

/i== 4 X 113 = 169-5 A 
and A /^2 = y = 1-5 

R^ = J^//i = 220/169-5 == 1-3 £2 
and Ri = 0 - 02 , as stated. 

Now RJRi = y = 1-5 

R^ = 1-5 X Ri = 1-5 X 0 02 = 0-03 £2 

Similarly, R^ = 1*5 X i ?2 = 1*5 x 0 03 = 0 045 £2 

i?4 = 1-5 X = 1-5 X 0-045 = 0*068 £2 

= 1-5 X ^4 = 1-5 X 0-068 = 0-102 £2 
= 1*5 X i^6 = 1-5 X 0-102 = 0-153 £2 
R^ = 1-5 X = 1-5 X 0-153 = 0-23 £2 

R^ = 1-5 X R^ = 1*5 X 0*23 = 0-35 £2 

R^ = 1-5 X Rs = 1*5 X 0-35 = 0-53 Q 

i?io = 1-5 X = 1-5 X 0-53 = 0-8 a 

iJii = 1-5 X R^o = 1-5 X 0*8 = 1-2 £2 

The total was to be 1-3, so R^ = 1*2 £2 will be near enough for most 
purposes, but if it is desired to keep to the value 1*3, the adjustment 
can be made when the individual steps have been calculated. We have 


II 

-Ri 

= 0*03 

-002 =001 Q 

— -^3 

- Rg 

= 0*045 

-003 =0016 0 

r4 = Rt 

i?3 

= 0*068 

- 0 045 = 0 023 O 

r, = li. 

-Re 

= 0*102 

- 0 068 = 0 034 Q 

U = Re 


= 0*153 

- 0 102 = 0 051 Q 

r, = Rj 


= 0*23 

- 0163 = 0 077 Q 

re = Rg 

-Rg 

= 0*35 

-0-23 =012 0 

Tg — Rg 

-Rb 

= 0*53 

-0-35 =0-18 0 

^10 = -^10 

-Re 

= 0*8 

-0-53 =0-27 Q 

rii = Ri 

-Rio 

= 1-2 

a 

6 

II 

00 

6 

1 


Thus there are 10 steps with 11 contacts, and, if desired, the deficit 
of 0*1 £2 can be divided equally among a few of the steps, say, to 
making these 0*097, 0-14, 0-20, 0*29, and 0*42 £2 respectively. 

Finally, for a motor of this size it may be desirable to attain the first 
rush of current in two steps, the first step allowing 169*5/2, say, 85 A 
to pass. The total resistance in the starter must thus be 220/85 = 2*6 £2, 
the extra step therefore being 2*6 — 1-3 = 1*3 £2. 


Starters for Series Motors. These are usually controllers, that is, they 
can be left in circuit for any length of time, since they also act as speed 
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regulators. These controllers are in the form of a rotating cylinder 
carrying segments which made contact with fixed insulated “fingers.” 
A blow-out coil is also provided, its function being to extinguish any 
arc formed when a segment breaks contact with a finger. This blow¬ 
out coil is simply an electro¬ 
magnet, the lines of force of which 
cross the space between the fingers 
and the segments, so that, when 
an arc is formed, it is acted on by 
a mechanical force perpendicular 
to the plane of the current and 
the flux, that is, in a vertical 
direction. The arc is thus blown 
out. The developed view of such a 
controller is shown in Fig. 10.13. 
It is arranged for both forward 
and reversed directions of rota¬ 
tion.* 

Time of Acceleration. The time required for the motor to attain full 
speed can be calculated as follows. It will be seen by the speed curves 
of Fig. 10.11 that the speed, and therefore the angular velocity co, is 
approximately proportional to the time if the starting handle is moved 
uniformly. Hence, the angular acceleration dcojdt is constant. Let I 
be the mean value of the current available for acceleration. Then 
accelerating torque 

T = (<l)Z/27r)(P/^) X / newton-metres 

If K is the moment of inertia of the moving masses in kilogramme- 
square metres, then 

T = K{d(oldt) or dcoldt = T/K = (<DZ/27r)(P/^)(7/^) 

Hence, the time required to attain the full speed to, 
t = m/angular acceleration 
= {27tI<^Z){AIP)(KcoII) 

Example. A 50h.p., 400 V, 500r.p.m. shunt motor takes on full 
load 110 A. Its armature has a moment of inertia of 200 X 10® g-cm^. 
Find the time taken to attain full speed if the maximum and minimum 
currents during starting are 150 and 120 A. 

Full-speed angular velocity co = 62*5 radians/sec 

Torque on full load 

= 33,000 X h.p./(27r X N) = 525 Ib-ft 

= 710 newton-metres 

* The calculation of a starter for a series motor is beyond the scope of this 
book. For a complete solution, see Dover, A. T., Electric Traction, Pitman 
(London, 1954), Smith, S. P., **Steps in the Starter of a Series Motor,*’ J, Inst, 
Elect, Engrs,, 58, p. 645, cuid Dover, A. T., Jnl, I,E E,, 60, (1922) 867. 


tt Forward /Reverse 
1^23456789 9 876 54 3 2^1 
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Fig. 10.13 
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The mean starting current is 135 A, and therefore, since 110 of these 
are required to produce the load torque, the other 26 A are avilable for 
acceleration. A current of 100 A produces a torque of 710 newton- 
metres, hence the current of 25 A produces an accelerating torque of 

T = (25/110) X 710 = 160 newton-metres 
dcojdt = TJK = 160/(200 x lO-* X 10« x 10*^) = 8 
/. t = (joKdoijdt) = 52*6/8 = 6*6 sec 

Contactor Starters. When motors have to be started and stopped 
frequently, particularly if there is a definite duty cycle, and in the case 
of \evy large motors for which the starting gear is too heavy for 
manual operation, automatic starters are used. In these, the various 


Line Line 



switching operations are performed by automatic switches called 
contactors. These switches can be operated (a) mechanically as, for 
example, by a cam, ( 6 ) pneumatically in localities where there is a supply 
of compressed air, and (c) electromagnetically, i.e. by means of a 
solenoid. This third method is almost invariably adopted for automatic 
starting gear. 

When a motor is switched on to the line the following takes place— 

(а) the speed increases and as a result, the back e.m.f., or counter 
e.m.f. increases; 

( б ) the current rises to a value decided by the circuit conditions 
at the moment, and then gradually decreases; 

(c) the time progresses. 

All three of these phenomena can be adopted as a me'kns of con¬ 
trolling the acceleration of the motor, that is, by cutting out, or short- 
circuiting the various resistance steps. 

(a) the counter e.m.f., or speed-limit method; 

(b) the current limit method; 

(c) the time limit method. 

We will consider the operation of starters of type (a). Fig. 10.14 
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shows the connections scheme for a counter e.m.f. starter having two 
resistance sections and R^- Three contactors are required, namely, 
a line contactor which connects the motor to the line with all the 
resistance in circuit, and two accelerating contactors whose function it 
is to short-circuit the resistance sections in sequence, first R^ and then 
J? 2 . The control is effected by “start** and “stop” push-buttons which 
can be placed at any desired point, in fact there may be several of 
these so that the motor can be controlled from a number of points. 
When the “start” button is closed the operating coil O^ of the line 
contactor C^ is energized thereby closing this contactor and connecting 
the motor and resistances to the line. At the same time an auxiliary 
or maintaining contact M-^ is closed by the motion of the line contactor, 
thereby by-passing the “start” button. The motor now starts up and, 
as the speed increases the back e.m.f. also increases. As the operating 
coils O 2 and O 3 of the accelerating contactors and are connected 
direct to the armature the operating currents are proportional to the 
back e.m.f. With two resistance sections A-^ will be designed to close 
at about 60 per cent of normal voltage, and A^o^t about 85 per cent. 
With a three-step starter there would be three accelerating contactors 
the voltages for operation being of the order respectively of 50, 80, and 
90 per cent. To stop the motor, the “stop** button is pressed. This 
opens the circuit of the operating coil of the line contactor and so 
disconnects the equipment from the line. The accelerating contactors 
also fall out. The counter e.m.f. starter is the simplest of the contactor 
starters and it is only suitable for motors of a few horse-power. The 
difficulty experienced when this type of acceleration is used with large 
motors is that the current through the operating coil, being the result 
of the back e.m.f. of the motor, is a gradually increasing current. 
Hence a heavy contactor operated in this manner closes only with light 
pressure instead of with a snap. The result is that such a contactor 
may chatter with consequent arcing, and the contacts may weld 
together. 

The other types of contactor, such as the series and time-delay 
operated, are designed to overcome this difficulty, and are therefore 
more suited to large motors.* 

Speed Control of D.C. Motors. I. Rheostatic Control. Let an 
adjustable resistance R be placed in series with the armature, making 
the total resistance in the armature circuit (R + i?^), then the back 
e.m.f. for any armature current 7^ is given by 

E^==V-(R + R,)I, 

At no-load, and with no series resistance R in circuit the back e.m.f. 
is approximately equal to the applied p.d., E, Since, for constant 
excitation, the speed is proportional to the back e.m.f., we have, 
denoting the no-load speed by — 

* Garbaud, C. C., Electric Switch and Controlling Gear, Benn (1927). 

Harwood, P. B., Control of Electric Motors, McGraw-Hill (1936). 

Norburn, W. H. J., Industrial Motor Control Gear, Pitman (1933). 



Ch. 10] 


THE D.C. MOTOR 


237 


NJN, = [F - (2i + iJJ/J/F 

N = NAl - {{R + Ra)IV}i,] 

Now put E + Ra = Bt 

N = N,[l - (RJV)U 

For a given resistance R^ the speed is thus a linear function of the 
armature current 1^, the graph of N against being a drooping 
straight line, as indicated in Fig. 10.15. The amount of the droop 
obviously depends upon the value of 
Rif and therefore upon Ry and 
obviously a whole family of speed- 
current curves can be drawn, each 
curve in the family corresponding to a 
definite value of R, 

We also see that for each value of 
R there will be a certain value, /^, of 
the armature current which just stalls 
the motor. This value is given by 
0 = N,(l - RilJV) 

= v/R, 

Example. A shunt-wound motor 
runs at 550 r.p.m. on a 200 V circuit. 

Its armature resistance is 0*5 Q, and 
the current taken is 30 A, in addition to the field current. What 
resistance must be placed in series with the armature in order that 
the speed may be reduced to 300 r.p.m., the current in the armature 
remaining the same ? If the load is changed so that with the inserted 
resistance the armature current is reduced to 15 A, what then will 
be the speed? (London Univ.) 

From N = N,[l - (i?,/F)/J 

we have 300 = 500[1 - (i?^/200)30] 

Ri = 2-667 n 

/. R = Ri--R^ = 2*667 - 0*5 = 2*167 Q 

If the current falls to 15 A, the resistance R^ remaining at 2*667 fi 
we have 








Fig. 10.16 


N == 500[1 - (2*667/200)15] 

= 400 r.p.m. 

We can also calculate the current which will just stall the motor. 
Thus with Ri = 2*667 li, v© have for this current 

= VlRt = 200/2-667 = 75 A 
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The above example illustrates one of the disadvantages of this 
method of control, namely, that for a given value of the resistance the 
speed is not a constant, but is a function of the load current. Thus, 
with an external resistance of 2-167 the speed is 300 r.p.m. when the 
current is 30 A, but it rises to 400 r.p.m. when the current falls to 15 A. 
This means that if the speed is to be kept sensibly constant on a rapidly- 
changing load, the value of the controller resistance must be varied to 
suit those changes. For precise speed control it can be said that the 
speed must be a function of the controller resistance only, and not a 
function of the load current, and because of this, more elaborate 
systems of control, such as the Ward-Leonard control described later, 
have been evolved for drives where precision of control is a necessity. 

Another disadvantage of the method is that there will be considerable 
loss of energy in the controller, particularly at low speeds, since the 
resistance carries the full armature current. The intake of the armature 
circuit is Elf^ W, while the power converted into mechanical power is 
W. 

/. Efficiency of armature circuit = 

= (F - RJJV) 

= [1 - (Bmu 

= NIN, 

/, Power wasted in controller/Armature intake 

= {N„-N)IN, 

In other words, the power wasted is proportional to the reduction of 
speed. Thus, if the speed is reduced 50 per cent, the power wasted will 
be 50 per cent, and the efficiency will be 50 per cent. If the speed is 



Fig. 10.16 


brought down to zero, then the whole of the armature intake will be 
wasted in the controller. The graph of power wasted in the controller 
against speed is a straight line, as illustrated in Fig. 10.16 (A). The 
disadvantage of this inefficiency is that it not only entails a considerable 
loss of energy, but it also necessitates a large and expensive controller 
with elaborate arrangement for the dissipation of the heat produced 
in it. 
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In the above discussion we have assumed that the armature current 
has remained constant during the change in speed; in other words, that 
the load has been one of constant torque. In the case of appliances 
working on the centrifugal principle, such as fans, the torque is pro¬ 
portional to the square of the speed, and this makes a considetable 
difference to the efficiency of the rheostatic method. 

Let T = torque 

and T^ = maximum torque 

At any speed T cc 

But la ^ ^ 

l^ocN^^ AN\ say, 

where ^ is a constant. At full speed the torque is T^^ so that 

In. = 

A = 

For the speed N at any torque T, we therefore have 

= TjT^ = /.//„ 

/. 4 = UNIN.f 

Now the back e.m.f. is proportional to N, and we have 

= V(NIN,) 

Hence, drop of volts in the controller 

= V -E^=V- V(NIN,) 

= V(l - N/N,) 

Hence, power wasted in the controller 

P = (drop along controller) x current 
= F(1 - N/N,) X IJNIN^r 
= VIJ1 - NIN„)(NIN„)^ 

Now write N/N^ = r 

/. P = VIJl - ry 
= VI - r») 

when N = r = 1, and P = 0 

when N = 0, r = 0, and P = 0 

We thus see that in this case the power wasted in the controller is 
zero at both extreme limits of speed, and by giving r a series of values 
between 0 and 1-0 it is easy to see that the graph of power wasted is of 
the form shown in Fig. 10.16 (B). 

Differentiating the expression for P with respect to r, we have 

dP/dr = 2r - 3r* 

= 0 when r = f 
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Hence, the maximum loss of power will take place when the speed 
is two-thirds of full speed. Again, EI^ is the full-load intake of the 
motor, say. 

/. Maximum loss = Pm[(2/3)^ — (2/3)®] 

= 0148P,, 

as against when the load is one of constant torque. This shows 
that when the load is one whose torque is a function of the speed, the 
rheostatic method is no longer excessively inefficient. 

II. Field Control. We have seen that the speed of a d.c. motor 
is inversely proportional to the flux per pole, and hence, if this flux is 

varied, the speed will vary. This is 
accomplished by means of a shunt 
regulator in the case of a shunt 
motor, and a diverter in the case of 
a series motor, as shown in Fig. 10.17. 
This method is both convenient and 
economical, but obviously it will only 
give speeds greater than normal. By 
a combination of methods I and II, 
speeds below or above normal can be 
obtained. If a large range of speed 
by the field control is required, the 
motor must be fitted with interpoles, 
because, owing to the high speed, the 
reactance voltage will be high, and 
owing to the fact that the field is weakened, the commutating field, if it 
is the fringe of the main field, will also be weak. Because of the 
high reactance voltage at high speeds, the commutating field must 
be strong if the motor is to run sparklessly. 

The necessary variations in shunt resistance to obtain a given 
change in speed can only be determined when the magnetization 
characteristic of the machine is known. Since the back e.m.f. is 
proportional to the product of the flux and speed, we have 
Pji oc ^iNi 

The conditions of loading of the motor will enable the back e.m.f.s 
to be calculated, and the new flux Oa can then be determined from the 
above equation. A reference to the magnetization characteristic will 
then give the new excitation. 

Example. A 230 V d.c. shunt motor whose magnetization curve is 
given by the figures below, runs at no-load at 1200 r.p.m. The resistance 
of the field magnet coils is 38-3 Q. Find what resistance must be placed 
in series with the field magnet coils to increase the speed to 1400 r.p.m. 
at no-load. (London Univ.) 


Amperes in magnet coils 

1 

2 

3 

4 

5 

6 

Flux per pole in megalines . 

0*44 

0*8 

102 

M6 

1*21 

1*24 


.E Volts- 


- 1 

-—RI - 




Rheostatic Control 




I VnXaAti 


K> [<>«" 

' Shunt ' 


Series 


Field Control 

Fig. 10.17. Methods of Speed 
Control 
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Since the armature resistance and current are not specified, we can 
take the back e.m.f. as being equal to the applied p.d., so that the 
expression simplifies to ^ 

<I>2 = 

The exciting current for full excitation is 
= 230/38*3 = 6 A 
Oi = 0*0124 webers 

/. Oa = 0*0124(1200/1400) = 0*01062 webers 



Fig. 10.18 


The magnetization curve is drawn in Fig. 10.18, from which we see 
that the new value of the exciting current is 


7,,.a = 3*28A 

Hence, new total resistance in shunt circuit 
= 230/3*28 = 70*2 £2 


£ 



CCi'i 


Resistance in shunt regulator to increase 
the speed from 1200 to 1400 r.p.m. = 70*2 — 38*3 
== 31*9 £2. 

III. Sekies Parallel Control. This method, 
in conjunction with auxiliary rheostatic control, 
is used for electric traction. It requires two 
motors mechanically coupled, this coupling, in 
the case of a tram or locomotive, being supplied 
by the adhesion of the wheels to the rails. 

Consider two series motors in parallel, as shown in Fig, 10.19 (6), and 
let them be taking a total current 7. 

Then, speed oc (back e.m.f.)/(fiux) 

oc (applied e.m.f.)/(current per motor) 

approximately. 

oc F ~ 7/2 or 2F/7 


--f-- 

(b) 

Fig. 10.19. Sbbies- 
Parallez. Control 


9—(T.8i8) 
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Again, torque oc (current X flux) 
oc (current)® 
oc7®/4 

Now consider the motors connected in series (Fig. 10.19 (a)), and 
let the pair take the same total current as before. Then the p.d. 
across each motor is ^/2, so that 

Speed oc (applied e.m.f.)/(current per motor) 
oc F/2/ 

that is, one-quarter of the speed attained by the motors in parallel. 
Also, torque oc current® 
oc/® 

that is, four times the torque produced by the motors in parallel. 



Parallef Positions ' Series Positions 


Fig. 10.20. Connections or Sebies-Pabaixel Contiiolleb fob 
Diffebent Speed«? 

The various changes in connection as the controller handle is moved 
up to the full-speed position are shown in Fig. 10.20. At the four 
running positions, A, By C and D, the controller can be left in that 
position for any length of time, but the other positions have to be 
passed through fairly quickly, because the resistances are not rated to 
carry current for long periods. 

IV. Ward-Leonard Control. This method is commonly used 
where a very delicate speed control over the whole range from zero to 
full speed is required, as, for example, with colliery winders. The 
method consists simply in working the motor with a constant excitation 
and applying to its armature sufficient voltage to give the speed 
required. A variable voltage supply is therefore required, and it is 
obtained from a motor-generator, or convertor, set. The scheme is 
shown in Fig. 10.21. M is the variable-speed motor. A is the motor, 
and B the generator of the convertor set. The variable voltage of the 
generator is obtained by varying its excitation by means of the shunt 
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regulator R, Speeds in the reversed direction are obtained by reversing 
the generator excitation as indicated diagrammatically by the reversing 
switch {R,8,). The convertor set runs always in the ^ame direction* 
When applied to the control of very large motors, e.g. colliery 


D.C.Supp/y 



Motor Generator 
Fia. 10.21 


winders or reversing rolling mills, the supply is nearly always an 
alternating one, and it is often desirable to incorporate a load 
equalizing arrangement in order to keep from the supply the violent 
peak loads which occur in such cases. The necessary modifications are 
shown in Fig. 10.22. The supply being alternating the motor A of the 



convertor set is, of course, a three-phase motor, and since d.c. is required 
for the excitation of the variable speed motor M and variable voltage 
generator B, the convertor set has an exciter E direct coupled to it.* 
The fiywheel for load equalizing is also coupled to the convertor set. 
Now if the fl 3 rwheel is to keep the fiuctuations in load from the mains, 
it must have its speed reduced when the peak load comes on, and have 
it raised again in times of light load. The necessary variations in speed 

* It is not essential that the machine A shall be an electric motor, partioulaily 
as load equalization is not required. It can be a prime mover such as a steam 
turbine, a gas engine or an oil engine. 
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of the convertor set are obtained automatically by means of a ‘‘slip 
regulator/' which puts resistance in the rotor circuit of the motor A 
when the load increases and cuts it out again when the load decreases. 
This resistance is generally a liquid resistance R, the electrodes of 
which balance the torque of a small “torque motor" (T,M.) at normal 
load. This motor is supplied through a current transformer (C,T.), and 
therefore carries current proportional to that delivered to the motor 
A, If the load suddenly increases there is a momentary tendency of 
the current taken by A to increase, and therefore the current in T.M, 
tends to increase. This increases the torque exerted by T»M,, and it 
therefore raises the electrodes, thereby increasing the resistance in 
series with the rotor of A and decreasing the speed of the convertor- 
flywhocl set. The reverse action takes place when the load decreases. 
The Ward-Leonard Control with fl 3 rwheel load equalizer is known as 
the Ward‘Lexmard-Ilgner Control* 


Calculation of Mass of Flywheel. A mass of m kilogrammes moving 
with a linear velocity of v metres/second has a kinetic energy of 

W = \mv^lg joules 


Let the mass be in the form of a rotating flywheel of radius r, peri¬ 
pheral velocity and radius of gyration r^, then linear velocity at 
radius Tg and at normal speed 

V = rjr . 

W = imrg\^lr^g 


Let the speed be reduced by x per cent, then, if we denote the initial 
peripheral velocity by and the reduced velocity by 


= ^ 3)1 • (100 — a;)/100 
Change in kinetic energy 

ATT = irnrg^{Vj,j^ — Vj,^)lr^g 



, /100-a:\n 

1") TL' 

^ ~[ 100 ) 


m = 2g^WI 




100 - a; 
100 



Example. The flywheel of a convertor set used for a colliery winder 
has to give up 3,000 h.p.-seconds when its speed is reduced by 15 per 
cent. Its peripheral velocity at full speed is 20,000 ft/min, and the shape 
is such that the radius of gyration is 0*78 of the outside radius. Calcu¬ 
late the mass of the flywheel. 


ATF = 3,000 h.p.-sec 

= 3,000 X 746 joules 
= 2-238 X 10« joules 


* For more complete description of Ward-Leonard equipments see Cotton, H. 
Electricity Applied to Mining, Chap. X (Pitman). Also Electrical Equipment in 
Mines, Chap IX, Ed. H. Cotton (Newnes). 
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g = 9-81 m/sec* 

Tglr = 0*78 

= 20,000 ft/min 

= 20,000 X 2-54 X 12/(100 x 60) 

= 101*6 m/sec 

/. m 

= 2 X 9*81 X 2*238 x 10«/[(0*78)2 x (101*6)2 X (1 - 0*86)2] kg 
= 2*61 X 10* kg 
= 24*4 tons 

Modified Waxd-Leonard Control. The Ward-Leonard control can be 
modified in the following manner. Instead of obtaining the whole of 
its energy from the generator By the motor M can have its armature 



r. . -i:- 

1 i — 



d 

IpOQOOOflOO 

5 c 

sinma 



B ; 

M 


Fig. 10.23 


connected in series with that of B, and with the supply, as shown in 
Fig. 10.23, with the result that the voltage applied to M is the resultant 
of the supply voltage and the voltage in B, Suppose that the excitation 
of B is adjusted so that its voltage is equal and opposite to that of the 
supply, then the resultant voltage will be zero and the motor will not 
rotate. As the excitation of B is reduced, the resultant voltage will 
increase, and the speed of M will therefore increase. With zero excita¬ 
tion of the generator the motor speed will be one-half of full speed. If, 
now, the exitation of B is reversed the generator will “boost’' instead 
of “buck” the supply voltage, and the motor speed will increase still 
further. On full excitation when the generator voltage is equal to the 
supply voltage, the motor will be running at full speed. 

This method differs in two important particulars from the Ward- 
Leonard control. In the first place, the two machines B and M in the 
Ward-Leonard control are wound for the same maximum voltage, and 
this voltage is independent of the supply voltage. In the second method 
the maximum voltage of B is equal to the supply voltage, while that 
of M is equal to twice the supply voltage. In the second place, the 
starting conditions for the Ward-Leonard control correspond to zero 
excitation of the generator B, Now the starting conditions are usually 
very heavy, which means that the generator has to be designed to 
fulfil the very difficult conditions of delivering a heavy current on a 
small excitation. This difiBculty is overcome in the modified method, 
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since the starting conditions correspond to full “buck’* by B, and 
therefore to full excitation. 

The Closed Loop Ssrstem. There are many industrial drives in which 
very high precision of control is required over some particular aspect of 
the drive, e.g, of the speed or the position of some moving part. One 
way of achieving this is to take into account every factor which might 
have a bearing on the magnitude of the controlled quantity, and then 
to design with the utmost precision the electrical plant and associated 
equipment. For example, in the case of the driving motor of a colliery 


Generator Motor 



winder, it is desirable that the speed of the motor shall depend on the 
position of the controller handle, and on nothing else. Suppose that the 
motor is controlled by the Ward-Leonard system then, even if the 
generator can be constructed to give an output voltage dependent on 
the field current only, and therefore on the controller position only, 
there is the volt-drop in the motor armature to allow for. Elaborate 
systems of compounding or of automatic voltage regulation can be 
designed to give the required characteristics under definitely specified 
conditions, but if the conditions during operation are not maintained 
exactly the same (temperature for example), a quite impossible require¬ 
ment under normal industrial conditions, then the performance will 
deteriorate from the requirements. The above method belongs to the 
“open loop” systems of control. In the “closed loop” systems the 
quantity to be controlled, e.g. the speed, is compared with an appro¬ 
priate analogue: thus the induced voltage of a tacho-generator may 
be set against an accurately maintained reference voltage. A difference 
between the two represents a departure from the desired operation, this 
difference therefore being called the error. This error is then amplified 
and applied to an appropriate controller which then receives just the 
right amount of energy to correct the error. 

Reference has already been made on p. 218 to the control of the 
terminal voltage of an alternator by means of a rotary amplifier. Fig. 
10.24 shows how a metadyne can be used as the amplifier in a closed- 
loop Ward-Leonard system, in which the controlled quantity is the 
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speed. The reference voltage is obtained from a d.c. potentiometer, and 
the control voltage from a tacho-generator driven by the main motor. 
If there is any departure of the speed from the desired value there will 
be a difference voltage, the error voltage, which will produce a current 
in the control winding of the metadyne. The great advantage of the 
metad 3 me in this particular application is that, since a very small error 
voltage of even a fraction of a volt can produce the full output, the 



Fio. 10.26. Mbtadtkb Control of Constant-cxtrkbnt System 

machine functions in the dual capacity of both regulating device and 
power amplifier. 

The accuracy with which the controlled quantity is maintained 
depends on the accuracy of the regulating and amplifying systems. A 
possible weakness of the simple system given in Fig. 10.24 is the lack 
of constancy of the p.d. applied to the potentiometer from which the 
reference signal is derived, and, in some cases, it may be necessary to 
stabilize the supply to this potentiometer. 

If rapid changes in load conditions give rise to rapid changes in the 
control signal then the control system must be quick-acting. To ensure 
accuracy under such conditions the tendency to hunt must be elimi¬ 
nated, and there must be sufficient damping to prevent overshooting 
of the mark. 

Constant-current Ssrstem.’*' When the control voltage is derived from 
a tacho-generator its value is proportional to the speed of the motor to 

♦ See Bruce, G. A. ^^Diesel-electric Propulsion for Ships.” Met, Vic. Oaz., 
July, 1966. 
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be controlled, and consequently it is speed which is held at a pre¬ 
determined value. Suppose that the control voltage is the volt-drop 
across a shunt in the armature circuit of the motor, then it is propor¬ 
tional to the motor current. As a result this current will be held at a 
constant value, the system thus becoming a constant-current system. 

Fig. 10.25 shows the elements of the system. It will be seen that a 
metad 3 nie is again used but that it now has three control windings. 
Unlike the control voltage for a speed-controlled system, which acts in 
a direct sense, the p.d. due to the shunt drop acts in an indirect sense, 
as follows—^the metadyne control winding is excited from a constant- 
voltage supply, the magnitude of the excitation being controlled by the 
controlling rheostat R^. This results in the excitation of the main 
generator, and current then flows round the main circuit and through 
the load. Also the control voltage equal to the shunt volt-drop is set up 
and this, in turn, excites the metadyne control winding Fg. The excita¬ 
tions and F^ act in opposition to one another, as indicated by the 
arrows, and two features result. (1) With no excitation of any of the 
metadyne control windings except any tendency to current output 
from the generator will be suppressed. (2) With F^ excited the 
generator circulates through the load a current which automatically 
adjusts itself to such a value that the excitation balance between F^ 
and Fg is maintained at a desired value. Consequently, the load current 
is maintained constant at a value determined by the setting of the 
controlling rheostat Ri. 

With a constant-current system there is the danger that, in the 
event of the load being lost, the generator voltage may rise to a 
dangerously high value. This is prevented by an over-voltage control 
applied through the third control winding Fg. This comes into opera¬ 
tion at a voltage dependent on the setting of the potentiometer taps on 
the centre tapped resistance Fg. By the combined use of this centre 
tapping and the double rectifier shown in the diagram, the voltage is 
limited in both positive and negative directions. 

Examples on Chapter 10 

1. Prove the expression for the force on a conductor carrying a steady current 
in a magnetic field. Hence, find the torque on an armature carrying a total of 
60,000 ampere-conductors, the diameter of the core being 36 in., the length, 12 in. 
the pole arc being 70 per cent, and the flux density in the gap, 4600. (L.U.) 

Ans. 2197 newton-metres. 

2. The flux in each pole of a four-pole motor is 2 x 10* lines. What total 
number of ampere-conductors must be carried by the armature to produce a 
torque of 400 Ib-ft? Prove any formulae you use for the calculation. (C. and G.) 

Ans, 42,600. 

3. Prove that when a current is taken through a magnetic field, work is done. 
Hence, find the pole flux of a 60 h.p. four-pole motor having 30,000 ampere-tums 
on the armature running at 800 r.p.m., the efficiency being 0*85. (L.U.) 

Ans, 1*28 X 10~*webers. 
(assuming iron and friction losses to be one-third of total losses) 

4. A shimt motor which is supplied with current at 440 V, runs when unloaded 
and at atmospheric temperature at a speed of 1000 r.p.m. After some hours its 
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temperature rises 30^0. Calculate the speed of the motor, assuming the voltage 
of the circuit falls to 436 V, that the armature current is 86 A, aad that the arma* 
ture resistance is 0*04 fl. The temperature coefficient of the conductors may be 
taken as 0*44 per cent per ®C. (L.U.) 

Ana, 1130r,pjn. 

6. A 220 V shimt motor running light takes 4 A. The field resistance is 
220 O, and the resistance of the armature (hot) is 0*6 O. What will be the arma¬ 
ture current when the motor is giving 6h.p.T Explain what assumptions are 
made in calculating this result, and what errors these assumptions are likely to 
involve, (L.U.) 

Ana, About 24*6 A. 

6. Show that a shunt motor when allowed to speed up with constant field 
without altering the resistance of the armature, will increase in speed according 
to an exponential law. (L.U.) 

7. A 220 V shunt motor takes 3*4 A when running light. The field current is 
1 *0 A. When the armature is at rest it requires 6*2 V to pass 20 A through it. 
Find the approximate output and efficiency of the motor when the armature 
current is (a) 20 A, (6) 40 A. (L.U.) 

Ana, (a) 5 h.p., 81 per cent; (6) 10*4 h.p., 86*2 per cent, 

8. State clearly what information you would need to enable you to calculate 
a metallic starter with a given number of steps for a series motor. Calculate the 
resistance steps for a starter of a 500-V shunt motor, given number of steps 12, 
maximum current during starting 20 A, resistance between armature terminals 
I a, (C. andG.) 

Ana. 5*9, 4*6, 3*45, 2*6, 2*0, 1*64, 1*18, 0*9, 0*69, 0*52, 0*41, 0*31 Cl, 

9. Calculate the steps for the starter of a 10 h.p., 110 V, shunt motor, given 
that the current can rise to a maximum of 136 A. The motor is started against 
full load, the corresponding armature current being 90 A. The resistance of the 
armature circuit is 0*055 Cl. 

Ana. 0*272, 0*186, 0*125, 0 086, 0*057, 0*041 and 0*010 Cl. 

10. A compound-wound continuous current generator is used as a motor 
without any change of connections. Discuss its speed characteristic on a moderate 
fluctuating load and its behaviour on very large loads. For what purpose would 
such a machine be suited? Would there be any advantage in fitting it with a 
flywheel? (L.U.) 

11. Find an expression for the force on a conductor carrying a steady current 
in a magnetic field. Hence find the torque on an armature carrying a total of 
25,000 ampere conductors, the diameter of the core being 36 in., the length 12 in., 
the polar arc 70 per cent, and the flux-density in the gap 6000. (L.U.) 

Ana. 1460 newton-metres. 

12. What is meant by the **mechanical characteristic*’ of an electric motor? 
Sketch the form it takes in the case of a shunt-woxmd direct-current machine 
connected to mains which are kept at a constant voltage. A 20 h.p. direct-current 
shunt motor has a full load efficiency of 88 per cent when supplied with power 
at 200 V., its armature resistance being 0*06 Q, and its shunt resistance 80 D. 
Find approximately, indicating the assumptions made, the percentage change in 
speed h'om no load to full load, the voltage of the supply mains being kept 
constant at 200 V. (L.U.) 

Ana. 2*5 per cent. 

13. A four-pole series motor has a magnetization characteristic given by the 
following figures— 

Amperes through field magnet— 


10 20 30 

40 

50 

60 
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Flux per pole (megalines)— 
0*29 0*55 0*74 

0*85 

0*92 

0*97 

1*01 

1*06 

1*08 
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If the annature has 820 oonduotors and is wave wound, and the resistance of the 
armature and field magnet windings is 0*15 (2, estimate the speed at which the 
motor will run when supplied from a constant p.d. of 230 V, when taking a current 
of (a) 45 A, (&) 85 A. Calculate also the torque in Ib-ft which the motor will exert 
when carrying these currents. (L.U.) 

Ana, (a) 920r.p.m., 180 newton-metres; (6) 744 r.p.m., 237*5 newton-metres. 

14. A d.c. series motor has a magnetization chareMsteristic similar to that in 
example 13. The armature resistance is 0*1 O and the field resistance 0*05 Q. 
When connected to a 230 V supply and loaded to take 60 A, the speed of the 
motor is 750 r.p.m. What must 1^ the resistance of a diverter connected in parallel 
with the field winding in order to increase the speed to 900r.p.m., the total 
current remaining at 60 A ? 

Ana, 0*75 12. 


15. The armature of a 200 V, 4-pole series motor is lap-wound. There are 280 
slots and each slot has 4 conductors. The current is 45 A and the flux per pole 
1*8 megalines. The field resistance is 0*3 £2, the armature resistance 0*5 12, and 
the iron and friction losses total 800 W. The pulley diameter is 16 in. Find the 
pull at the rim of the pulley. (L.U.) 

Ana, 645 newtons. 



CHAPTER 11 


OPERATION OF D.C. GENERATORS IN SERIES AND 
IN PARALLEL 


It is usual to have several generators in a power station, so that the 
number of generators in operation at any time can be varied to suit 
the magnitude of the load on the station. There are two ways in which 
the generators can be connected to the load, namely, in parallel or 
in series with it. In the former, which is the method almost univer¬ 
sally adopted, all the machines work at the same voltage, and the 
load on any individual machine is proportional to the current 
delivered by it. In the series arrangement, all the generators deliver 
the same current, and the load on any machine is proportional to its 
voltage. 

Series Generators in Series. No difficulties are experienced in working 
any number of these machines in series (Fig. 11.1). The method is 
only rarely employed, the most important example being the constant 
current transmission system which supplies Lyons (France). In this 
system there are three generating stations in series, 
namely Bozel, 54,000 V; Moutiers, 30,000 V; and 
Fond de France, 36,000 V; the total voltage being 
therefore 120,000 V. The current is kept constant 
at 150 A, and if the load varies, the generated 
voltage is varied by rocking the brushes round the 
commutator. In times of light load the generators 
not required for service are taken out of action by 
short-circuiting them. The above constant-current 
series system is known as the Thury System. The 
supply of electricity by this system is now obsolete 
but the utilization by motors working at constant 
current, as described in the previous chapter has 
several advantages, particularly when the number of motors is greater 
than one. If any particular motor is not required it is unexcited and its 
armature short-circuited as in the case of generators in series. 



Fio. 11.1. Series 
Generators 
IN Series 


Series Generators in ParaUel. Let and be the e.m.f.s induced in 
the two machines (Fig. 11.2), and let R be the resistance of either. 
Then they will share the load equally so long as Ey^ and E^ are equal. 
Suppose that Ey becomes slightly greater than E^, which, of course, 
is quite probable. Then a current given by 


i = (Ey - E^)I2R 
261 
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will circulate in a clockwise direction round the local path shown by 
the dotted line. The total current delivered by machine I will now be 
greater than that delivered by II, and therefore, because of the rising 
characteristics of series machines, the voltage will increase, while 

E^ will decrease. The difference 
(E^ — E^ will thus increase, and so 
also will the circulating current. The 
effect is thus cumulative, so that 
eventually, if there were no fuses or 
automatic switches in the circuit, the 
total current through II would be 
reversed. This would reverse E 2 , and 
the resultant e.m.f. acting round the 
local path would be {E^ + H 2 ), and 
the circulating current (Ei + E^I2R, 
The machines would then burn out. 
To prevent the possibility of reversal 
of either machine, it is obvious that 
the circulating current produced by 
inequalities in voltage must not be 
allowed to flow through the fleld 
windings; this is done by connecting 
a heavy copper bar of negligible 
resistance across the two machines, 
as shown in the second flgure. The 
circulating current is now conflned to the armatures and equalizing bar. 
This arrangement is used in the “braking” position of a locomotive 
controller. The two motors are disconnected from the line and are 
connected in parallel to the resistance. 

They continue to run because of the 
kinetic energy of the train, and they 
transform this kinetic energy into elec¬ 
trical energy which, in turn, is dissipated 
as heat in the resistances. The motors 
thus function as generators in the 
braking positions, and since they are 
series machines, it is necessary to inter¬ 
connect them by an equalizing bar. 

Shunt Generators in Series. When a 
high voltage is required it is fairly 
common practice to use two shunt generators, both mechanically 
coupled and electrically connected in series (Fig. 11.3). They then carry 
the same current, and they will share the load equally only so long as 
each gives the same voltage. If each shunt field is connected to its own 
armature, as shown in the first figure, any slight differences in voltage 
will cause differences in excitation, which, in turn, will increase the 
difference in voltage. There will thus be a tendency to throw more than 
a fair share of the load on to one machine. This is overcome very easily 



Fig. 11.3. Shunt Generators 
IN Series 


21 To Load 



Fig. 11.2. Series Generators 
Operating in Parallel 
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by connecting the two fields in series and applying the full voltage to 
them, as shown in the second figure. The excitations are now equal, 
and, since the speeds are equal, the machines being mechanicafiy 
coupled, the voltages are equal and therefore the loads on the two 
machines are equal. 

Shunt Generators in Parallel. When a number of generators work in 
parallel, all their + terminals and all their — terminals are connected 
to two heavy copper bars called bus-bars. In the case of d.c. plant these 
bars are placed behind the switch-board, and they may be regarded as 
the + and — terminals for the whole station. The generators are con¬ 
nected to these bars through main switches, 8i and /Sg, as shown in 
Fig. 11.4. Suppose that machine I is supplying the load and it is 


Bar 



Fig. 11.4. Parallel Operation op Shunt Generators 

necessary to bring up II to share the load with it. The procedure is as 
follows. The incoming machine II is brought up to speed and its 
voltage then adjusted hy means of its shunt regulator i ?2 so as to be 
equal to, or 1 or 2 V greater than, the bus-bar voltage. The polarity 
must also be the same as the polarity of the bus-bars. This adjustment 
is made by means of a moving coil paralleling voltmeter F, which can 
be connected either to the incoming machine or to the bus-bars by 
means of the plug arrangement shown. When the adjustment is made, 
the switch S 2 is closed. The machine II will now either motor or 
generate, according as its induced e.m.f. is less than, or greater than 
the bus-lDar voltage. Since the speed is kept constant by the engine 
governor, the induced e.m.f. depends on the excitation only. In order 
to make the machine generate, its excitation must therefore be such 
that the induced e.m.f. is greater than the bus-bar voltage. After 
closing S 2 the excitation of machine II is therefore gradually increased 
and during this operation the load will be gradually transferred from 
I to II, the ammeter reading A^ decreasing while A 2 increases. Thus, 
by adjusting the excitations, either machine can be made to take any 
desired share of the total load. If it is desired to shut down one machine, 
say. No. I, it is not good practice to open its main switch, partly 
because of the violent sparking which will take place at the switch 
contacts, and also because the whole of the load will be suddenly 
thrown on to No. II. The excitation in No. I is gradually reduced 
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until the whole of the current is taken by No. II; then the main switch, 
which is now carrying no current, is opened, and steam is finally shut 
off.* The machine then slows down gradually, and its exciting current 
gradually dies away. It is thus unnecessary to open the field circuit 
while it is carrying current. If this is done, excessively, high voltages 
will be set up because of the very high self-induction of the field 
winding of a large machine. 

The slightly drooping character of the voltage characteristic of shunt 
generators renders the proper division of load between them when 
working in parallel, automatic. The voltage characteristics of two 
machines are shown in Fig. 11.5, the point A being the origin for curve 

I, and B the origin for curve II. 
The base AB represents the total 
current delivered by the two 
machines. Since the machines are 
in parallel, they must have the same 
terminal voltage, and this is ob- 
viousl}?^ given by the length PM, 
where P is the point of intersection 
of the two curves. Hence, machine I 
delivers current AM and II delivers 
current BM, Suppose, that for some 
reason, the induced e.m.f. of machine 
I increases slightly, then its current 
will increase, say, to AM^, and that 
taken by machine II will fall to BM-^, 
Now for this new condition to be 
stable, machine I should experience an increase in voltage, while II 
experiences a decrease; but just the reverse takes place, the voltage 
of I falling to QM^ and that of II rising to RM^, Such a state of 
affairs is thus impossible and the machines automatically return to the 
condition defined by their point of intersection P. 

Example. A shunt generator which gives a terminal voltage of 
400 V at no load, and 360 V when delivering 100 A, is working in 
parallel with one which gives 400 V on no load and 350 V when 
delivering 100 A. If the voltage characteristics of each machine are 
approximately straight lines, find the common terminal voltage and 
the current in each when they are sharing a total load of 100 A. 

If the two characteristics are drawn as in Fig. 11.5, and their 
equations are deduced, both referred to A as origin, we have 

For machine I, F = 400 — where is a constant 
/. 360 = 400 -k^x 100; k^ = 0*4 

For machine II, V = 350 + ^ 2 ^ 

400 = 350 + k^x 100; k^ = 0-5 

* In practice the excitations of both machines are adjusted in small steps; 
first a reduction in the excitation of No. I, then an increase in No. II. In this 
way large changes in bus-bar voltsiges are avoided. 
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OF Shunt Generators 



Ch. 11] OPERATION OF D.C. GENERATORS 265 

Now let V be the common voltage and I the current in machine I. Then, 
F = 400 - 0-4/ 

F = 360 + 0-6/ 

Subtracting 0 = 60 — 0-9/ /. I = 65-6 A 

/. F = 377-8 V 
and current in machine II 

= 100 - 65-6 = 44-4 A 

Compound Oeneraiors in Parallel. In all cases where generators 
having any series excitation have to be connected in parallel, an 
equalizing bar has to be used, 
since otherwise there is the 
danger that a circulating 
current through the bus-bars 
and machines may cause a 
reversal of one machine. Fig. 


Fig. 11 . 6 . Essential Connec¬ 
tions FOB Compound Fig. 11 . 7 . Practical Circuit for 

Generators in Par al l e l Compound Generators in Parallel 

11.6 is diagrammatic; it shows the essential connections without 
any switchgear or instruments, while in Fig. 11.7 the actual arrange¬ 
ment is shown. The main switch is a three-pole switch, and all three 
poles can be linked together so as to be closed or opened simultan¬ 
eously, or the equalizer switch can be separate. In the latter case 
the equalizer switch is closed first and opened last. In stations 
supplying a combined traction and lighting load it is usual to have 
separate bus-bars for the two loads. Also, for the lighting load, the 
compounding is not required, the series fields therefore being left 
out of circuit. The bus-bars and connections for the lighting load are 
shown dotted, and it will be noticed that it is not the equalizer switch 
A^ but the middle pole 5, which is idle when the machine is thrown on 
to the lighting bars. 

If the generators are provided with interpoles it is absolutely essential 
that the windings of these poles shall carry the same current as the 
armature. Hence, if compound interpole machines are worked in 
parallel, the equalizing bar is connected to the junction of the series 
and interpole fields, as in Fig. 11.8, so that, in the event of the armatures 
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carrying any circulating current, this current will flow through the 
interpole windings and not be diverted from them by the equalizer bar. 

Genebatob and Batteby. When a battery is used to supply a load, 
either altogether, or as a standby, arrangements have to be made for 

charging, either when the voltage has 
fallen to 1*8 V per cell, or, more economi¬ 
cally, while the load is actually on. Also, 
owing to the gradual fall in voltage during 
discharge, it is necessary to arrange that 
the number of cells in circuit can be 
gradually increased, so as to make up 
from time to time for this fall in voltage. 
The connections for an installation of this 
type are given in Fig. 11.9, the plant 
consisting of charging switch /Sj, and 
discharge switch /Sg, automatic switch AS for the prevention of a 
reversed current flowing into the generator, voltmeter switch 8^ for 




Fig. 11 . 9 . Scheme of Connections fob Batteby with Hand 
Regulation dubing Charge and Dischabge 


paralleling the battery on to the generator, and the battery-regulating 
switch BE. This is a double selector switch, the bottom arm of which 
controls the numbers of cells in circuit during charge, and the top 
arm the number of cells during discharge. 
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The functions of the automatic switch are (1) to prevent the battery 
from discharging back into the generator, as explained above, and (2) 
to ensure that the battery and generator cannot be put in parallel until 
the generator voltage is in excess of the battery voltage by a small 
amount, usually 2 or 3 per cent. There are several switches of this 
t 3 rpe, and Fig. 11,10 shows the Neville type. The switch portion of this 



consists of a copper fork which dips into two mercury cups. This forms 
one extremity of a pivoted beam, the other end of which is a mag¬ 
netized armature, one pole of which can move in the air gap of a magnet 
wound with two coils. One coil is a series winding and the other a 
shunt winding, this latter being excited by the difference between the 
battery and generator voltages. The scheme is shown in Fig. 11.9. 



Fig. 11.11 

If the battery voltage is in excess of the generator voltage, the current 
through the fine wire flows in such a direction as to hold the switch 
open. As soon as the generator voltage has exceeded the battery 
voltage by the required amount the reversed current in the shunt coil 
is of sufficient magnitude to close the switch, and the flow of current 
in the series coil then holds the switch closed. At the same time the 
shunt coil becomes short-circuited, thus preventing a wastage of energy 
in it. It will be seen that any failure of the current in the series winding 
releases the arm, and the counterweight lifts the copper fork out of 
the cups. 
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In connection with the charging of a battery of accumulators, it is 
necessary to note that the generator must be shunt wound, since this 
t 3 ^e only is immune from the risk of a reversal of polarity in the event 
of the direction of the current in the battery and armature circuit 
becoming reversed. This point is made clear by Pig. 11.11, which shows 
that no matter what the direction of the main current, the shunt 
current, and therefore the machine polarity, does not reverse. 

Examples on Chafteb 11 

1. Explain how two shunt dynamos work in parallel, and how they share the 
load. A dynamo gives 200 V on open circuit and 190 V when delivering 50 A. 
It is in parallel with a battery of cells which, when discharging gives an e.m.f. of 
196 V. The resistance of the battery is 0-1 (1. If the voltage characteristic of 
the dynamo is approximately a straight line, find how a current of 100 A will be 
shared between dynamo and battery, and what the common terminal p.d. will be. 

Ana, Dynamo current 46*7 A, battery current 53*3 A, terminal p.d. 190*7 V. 

2. Investigate the effect of the resistiuice of the connections from compound 
generators to the equalizing bar on the correct division of load between the 
machines. 

3. Describe briefly the essential parts of a self-exciting d3niamo. A given 
machine, when running, refuses to develop the required voltage at its terminals. 
Enumerate possible causes of failure. (I.E.E.) 

4. A shunt dynamo and a battery of accumulators are in parallel. The 
dynamo has an induced e.m,f. of 100 V and the battery has an open-circuit e.m.f. 
of 110 V. The dynamo resistance is 0*4 D and the battery resistance 0*5 fl. 

What is the common terminal p.d. and what is the current delivered by each 
if the output current is 40 A. 

Ana, 96*6 V, dynamo 11*1 A, battery 28*9 A. 



CHAPTER 12 


TESTING OF D.O. MACHINES 

Types of Tests. The methods of testing electrical machines can be 
divided into three classes, direct, indirect and regenerative. 

In the direct method the motor or generator is put on full load and 
the whole of the power developed by it is wasted. For a generator the 
load usually consists of a water resistance, the output of the machine 
being used in heating the resistance. For a small motor a brake can be 
applied to a water-cooled pulley and the load adjusted until full load 
current is flowing. Then if and TFg ^-^e the tensions in pounds on 
the tight and slack sides of the brake band, r the radius of the pulley 
in feet, and N the speed in r.p.m.. 

Motor output = 27tN(Wi — W2)rl33,000 brake h.p. 

= 27rN{W^ - W2)r X 746/33,000 W 

If / is the total current taken from the line, and E the voltage applied 
to the motor terminals. 

Intake = VIW 

Hence, EflSciency, rj = output/intake 

= 27rN(Wi - W^y/VI X 746/33,000 
= 14:-2N{Wi — W^rjVI per cent 

If a test of this kind is applied to a series motor the brake must be 
tight before the motor is switched on to the supply, otherwise the 
armature may fly to pieces. 

A simple brake test like the above is suitable for small machines, but 
for a large motor it is preferable to direct couple it to a generator, and 
to load the generator by means of a resistance. The generator is care¬ 
fully calibrated by determining the various losses in it beforehand, and 
its efficiency at different loads is thus known. Hence, if the generator 
output is measured by means of an ammeter and voltmeter, its intake 
can be calculated. This intake is obviously the motor output. 

The testing of large machines by the direct method entails a con¬ 
siderable loss of power; in fact, in the case of a very large machine, 
there may be no facilities for a direct test. In some cases the generating 
machine is loaded back onto the mains by increasing its excitation to 
such an extent that its induced e.m.f. is greater than the mains voltage. 

Indirect Methods. These consist in determining the losses and pre¬ 
determining the efficiency from these. The amount of power required 
is that to supply the losses only, so that there is no difficulty in applying 
the method even to very large machines. The disadvantage is that the 
machine is running light during the test so that, although the efficiency 
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can be calculated with fair accuracy from the results obtained, no 
indication is given as to the temperature rise on load, or to the commu¬ 
tating qualities of the machine. 

The simplest of the indirect tests is the Swinburne test, and it can 
only be applied to shunt or compound machines. The machine is run 
light as a motor, and the armature current measured. The armature 
resistance and field resistance are also measured, and the temperature 
of these windings observed. Since the machine will be hot when running 
under normal conditions, the probable hot resistances are calculated, 
a temperature rise of 40°C being assumed. Then if R is the measured 
armature resistance, the resistance after a temperature rise of 40°C 
will be 

R^ = R{1 + 40a) 

where the value of a, the coefficient of increase of resistance with 
temperature, will be fixed by the initial temperature. 

Now let ai be the temperature coefficient corresponding to the 
initial temperature Then we have 

ai == ao/(l + ao^i) {see p. 67) 

Thus, if we take the value = 0*00427 for pure copper, we have for, 
say, = 40°C 

a4o = 0 00427/(1 + 40 X 0*00427) = 0*00364 

and similarly for any other initial temperature. 

If a copper coil of resistance 100 Q, at 40°C is heated to 100°C, its 
hot resistance will thus be 

i?100 — -^4o(l “f" ^40 ^ 

= 100(1 + 0*00364 X 60) 

= 121*8 a 

Similarly with the field winding. From the cold resistance of the 
armature the copper loss I^^R is calculated, and from the cold resistance 
of the shunt field the field copper loss V^IRg^ is calculated. The sum 
of these two losses deducted from the intake gives the friction and 
iron losses, that is, the stray losses. If now the calculated field copper 
loss V^jRgh, using the hot resistance, is added to the stray losses, the 
result will be the constant losses. Let these be P^* Then, for any 
armature current the armature copper loss will be la^Ray where R^ 
is now the hot resistance. Hence, total losses of all kinds 

Pt = I^^R^ + P, 

The field current will be 

lah — 

and the line current will be 

/^ = /o + Ish if fhe machine is motoring 
/g = if the machine is generating 
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Also, F/i is the intake when motoring, and VI^ is the output when 
generating. 

Hence, efficiency when acting as a motor 

7} = (intake — losses)/(intake) = (F/j — P^)/F/i 
and efficiency when acting as a generator 

1 / = (output)/(output + losses) = F/gAF/g + P^) 

Thus, if different armature currents I^ are assumed, the efficiency at 
different loads can be calculated. 

If the machine under test is to function as a motor under normal 
conditions, its probable drop of speed on any load can be determined 
from the measured no-load speed N^, from the expression 

N = N,{V - RJ,)I(V - RJ,) 

The drop in speed under normal working conditions will probably be 
somewhat less than this, because armature reaction on load will cause 
a decrease in total flux, and this will have a tendency to keep the speed 
up. The speed will also be altered if the brush position is different from 
that during the test. 

Example. A 500 V shunt motor takes a current of 5 A on no load. 
The resistance of the armature and field circuits are 0*22 Q and 250 
respectively. Estimate the efficiency when the motor current is 100 A. 
What is the percentage change of speed between no load and full load ? 
(C. and G., 1941.) 

Accepting the data given and making no assumptions of any kind 
we have 

Ish == 500/250 = 2 A 

/oo = 5 — 2 = 3 A, the no load armature current 
Field copper loss = 500 X 2 = 1000 W 
Back e.m.f. on no load 

= 500 - 3 X 0-22 = 499-3 V 
Stray losses = 499-3 X 3 = 1498 W 
Armature current on load, 

= 100 — 2 = 98 A 
Armature copper loss as load 

= (98)2 X 0-22 = 2113 W 
Hence, total losses on load of 100 A intake 

= 1000 + 1498 + 2113 = 4611 W 
Intake at this load = 500 X 100 = 50,000 W 
Output at this load = 50,000 — 4611 = 45,389 W 

rj = 100 X 45,389/50,000 = 90-78 per cent 
Back e.m.f. on load =?= 600 — 98 X 0*22 = 478-4 V 
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Calling the no-load speed 100, we have 

Speed on load = 100 x 478-4/499-3 = 95-8 

Hence, percentage drop in speed 

= 100 — 95*8 = 4*2 per cent 

We will now amplify the above example to make it conform more to 
actual practice. First allow 1 V drop at both positive and negative 
brushes, then 

Brush contact loss = 2 x 98 = 196 W 
Modified total loss = 4611 + 196 == 4807 W 
Modified efficiency == 100 X 50,000 — 4807/50,000 
= 90*39 per cent 

Second, we deduct from this value an allowance which takes into 
account the additional load losses, that is, those losses which are not 
taken into account either by a no-load test or by resistance measure¬ 
ments: the most important in a small d.c. machine is the increase in 
iron loss due to the distortion of the armature fiux distribution. For 
a machine of the type in the question we deduct 1*25 per cent* 
giving for the final value 89*14 per cent. 

Separation of Losses. The above method does not give any indication 
as to how the stray losses are divided between friction, hysteresis, and 
eddy-current losses. These can be separated by the following test. 
The machine is run light as a motor, and a resistance R is placed in its 
armature circuit, so that any speed can be obtained. {See Fig. 12.1.) 
The field is separately excited to the normal value and different 
voltages applied to the armature, the speed N and the armature intake 
being observed for each value of the voltage. It is preferable, although 
not absolutely necessary, to measure the intake by means of a watt¬ 
meter, as shown. The armature current is also observed, and the 
armature copper loss I^^Ra deducted from the observed intake. This 
gives the total stray losses, say W, Now the various components of the 
stray losses are all functions of the speed, and can be written 

Friction loss == AN + BN^ 

Hysteresis loss = CN so long as the excitation is constant 

Eddy-current loss = DN^ so long as the excitation is constant 

A, C, and D are all constants. We therefore have 
P = AN + Bm + CN + Dm 
or PIN = (^ + (7) + (B + D)N 

Hence, if PjN is plotted against the speed N, a straight line will be 
obtained (Fig. 12.2). By taking two points on this line, not necessarily 
observed results, and substituting the corresponding values of PjN 
* British Standard Specification No. 269. 
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and N, simultaneous equations will be formed from which (^4 + C) and 
{B + D) can be calculated. The losses for any speed cap then be calcu¬ 
lated. So far the losses have been separated into those proportional to 
N, and those proportional to N^, and such a separation is sufficient for 
most practical purposes. If it is required to determine each of the 
constants A, B, (7, and Z), then it is necessary to repeat the experiment 
with a reduced excitation. This will not affect the friction loss, but the 
constants C and D will be different, say, C7' and D' respectively. Then 
the equation to the new curve of P/N against N is 

P/N == {A + C') + (B + D')N 

The terms (^4 + C') and {B + Z>') can then be determined as before, 
and by subtracting (^4 + O') from {A + C) and (J5 + D*) from 
{B + Z>), the quantities {C — C) and (D — I)') are found. Now C, 



Fig. 12.1 Fio. 12.2 


the coefficient for the hysteresis loss, is proportional to the flux ® 
raised to the 1-6 power,* and D is proportional to O*. Hence, calling 
O and <t>' the fluxes corresponding to the normal and reduced excitation, 
we have 

G'lC = (a) 70 )i «; D'lD = (<D7<D)2 

Again, the ratio 07® is given by the ratio of the back e.m.f.s in the 
two experiments for any given speed. Knowing the applied voltage 
and the armature current, the back e.m.f. can be calculated by 
deducting the armature drop from the applied voltage. The above 
ratios can thus be calculated and the constants A, B, G, and D then 
determined separately. 

For works testing it is generally sufficient to separate the stray 
losses into iron (variable) and friction (constant) losses, without 
analysing the iron loss into its component hysteresis and eddy-current 
losses. In such a case the connection scheme of Fig. 12.1 is used, but 
the procedure is modified as follows: The motor is run at normal 

• See footnote on p. 206. 
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speed with normal applied volts and excitation, and when the watt¬ 
meter reading has settled down to a steady value readings of armature 
watts, volts, amperes, and speed are taken. Next the excitation is 
reduced so that the speed increases, and the armature rheostat R is 
then adjusted to bring the speed back to the same value as before. 
Readings are again taken and the same procedure repeated over as 
wide a range of armature voltage as possible. The armature watts 
(corrected for armature copper loss) are then plotted against armature 
volts. Since the speed is kept constant the friction and windage loss 
will be constant, but since the excitation is gradually reduced, the 
flux per pole, and therefore the iron loss, will be gradually reduced. 
If the process could be continued until the armature volts were zero, 
then the flux would be zero and the iron loss zero. Hence if the graph 
is produced backwards to meet the watts axis the intercept on this 
axis will give the friction and windage loss. It is because the graph has 
to be extended in this way that it is desirable that the experimental 
results should cover as wide a range of armature volts as possible. If 
the watts are plotted against volts squared a straight line will be 
obtained with a shunt motor, and the intercept can then be determined 
very easily. 

If the field current is observed along with the other data then the 
experiment will also give the magnetization characteristic. The 
observed volts V corrected for armature drop gives the induced e.m.f. 

E=V - RJa 

and this e.m.f. plotted against the exciting current gives the magnetiza¬ 
tion characteristic. This test is very easy to carry out, except that at 
very low excitations the response of the motor to changes in the value 
of R may be very slow, and much time, therefore, taken in bringing 
the speed to just the right value. The adjustments are greatly facilitated 
if the speed is observed by a stroboscopic method instead of by means 
of an ordinary tachometer. 

The ^‘Retardation’’ or “Running Down” Test. This is another 
convenient method of separating the various losses. In this method 
the machine is run up to a little way beyond normal speed, and the 
supply is then switched off* from the armature. As a result the armature 
slows down, its kinetic energy being drawn upon to supply the various 
losses produced by rotation. If / is the moment of inertia of the arma¬ 
ture and ft) its angular velocity at any instant, then losses due to 
rotation 

P = (d/d<)(kinetic energy) 

= {didi)(\w) 

= Icoidcojdt) 

To calculate P it is therefore necessary to determine the curve of co 
against t. There are several ways of doing this, the method involving 
the least amount of special equipment being to connect a very high 
resistance moving coil voltmeter across the armature terminals and to 
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use it as a speed indicator. It is calibrated for speed as follows. When 
motoring at constant speed, the speed, the applied' voltage, and 
armature current are observed. The back e.m.f. is calculated, and the 
ratio of observed speed to back e.m.f. gives the required constant of 
the voltmeter when used as a speed indicator. If the machine is a very 
large one, and takes a long time to slow down, the following procedure 
can be adopted. A circle of paper is pasted on the dial of a stop clock, 
and each time an observer watching the voltmeter gives a signal, 
a second observer marks the position of the seconds hand with a pencil. 
The first observer gives his signals each time the voltmeter needle 
passes one of the main divisions as the armature is slowing down. Such 
a method naturally necessitates a certain amount of skill, but when 
experience has been gained very consistent results can be obtained. 
In the case of small machines the fall in speed is too rapid to enable 
such a method to be adopted. 

It is therefore preferable to observe, by means of a stop-watch, the 
time taken to slow down from a fixed vo tage somewhat higher than 
the normal voltage, to the various mainl 
divisions below this on the voltmeter, the * ‘ 
motor being brought up to full speed for 
each observation. Thus, suppose that 
200 V is taken as the reference mark on 
the voltmeter. The motor is brought up to 
such a speed that the voltmeter reads 
somewhat higher than this, and the arma¬ 
ture supply is cut off. The voltmeter 
needle immediately begins to fall, and the 
time to fall from 200 V to 190 V is ob¬ 
served. The speed is then brought up to 
full value, supply cut off, and the time 
to fall from 200 V to 180 V is observed; 
and so on. The observed voltages are con¬ 
verted to speeds and the speed-time curve plotted as in Fig. 12.3. To 
find the gradient dNfdt at any point P, it is usual to draw a tangent to 
the curve and to measure the intercepts OM and ON. The change of 
curvature is so small that it is necessary to make several trials, the 
positions M and N being marked in pencil, but the tangent line not 
being drawn. If the means of the various lengths OM and ON are 
taken, we have 

dNIdi — (measured in units of N) 

' ON (measured in units of t) 

Now, if the moment of inertia I is expressed in kilogramme-metres* 
and £0 in radians/second, then 

P = I(o{dQ)ldt) watts 

Again, co = 2^7 X revolution/second 

= (27r/60)V 
dojidt = (27Tim){dNldt) 



and 
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Hence, finaUy P = (27r/60)*/i^(dJV/<ft) 

= OOimiNidNjdl) 

so that, if / is known, the stray losses P can be calculated for any 
speed N» 

There are several ways of finding /, the two most convenient being 
as follows. When the slowing-down curve hae been obtained, a fiywheel 
of known moment of inertia /' is keyed to the shaft and the curve 
obtained again. Naturally, the time of slowing down will be longer. 
For any given speed the rates of change (dN/dt) and {dNfdl)* are 
determined as before. For the same speed the losses will be the same, 
since a smooth flywheel will not affect these appreciably, and we 
therefore have 

0-0109 IN(dNldt) = 00109(/ + r)N(dNldtY 
I + r (dN/dt) 

I “ (dN/cuy 

. I r .r 

• • ^ (dN/dt) - (dN/dty 

The second method consists in observing the time taken to slow 
down, say, 6 per cent in speed, then applying a known retarding torque 



and observing again the time taken to slow down the same amount. 
The retarding torque can be applied by means of a brake, but it is more 
accurate to apply it electrically, the method of doing so being indicated 
in Fig. 12.4. The armature is controlled by a double-throw switch 8 
which is opened when the slowing down under normal conditions is to 
be observed. When applying an additional retarding torque, S is 





TESTING OF D.C. MACHINES 


267 


Ch. 12] 

thrown right over so as to connect the armature to a non-inductive 
resistance as shown. The current 1^ through this resistance produces 
an additional loss of Ic^(B + ^a)* The current will, of'Course, fall 
as the speed falls, but with a change in speed of not more than 5 per 
cent the change in 1^^ will be so small that it will be sufficiently accurate 
if a second observer takes its initial and final values, the mean value 
being used in the expression. Call this additional load P' watts and 
let the losses corresponding to the mean speed be P. Then, if 6N is 
the change in speed and t and t' the times of slowing down without and 
with the extra load respectively, 

P = 00109/JV(6i^/0 
P + P' = 0(i\0^IN(dNlt') 

(P + P')/P = tji' 

P == P'[t'l{t <')] 

Example. On breaking the armature circuit of a separately excited 
motor, the e.m.f. induced in the armature falls from 200 V to 190 V in 
30 sec. If a current of 10 A is taken from the armature by connecting 
it to a resistance immediately after disconnecting it from the supply, 
the same fall in e.m.f. takes 20 sec. Find the stray losses. 

We have N = hE, where ^ is a constant 

P^Q 0miN(dNlt) 

= 00109P/P(5P/0 

The mean value of P is 195 V, and without the additional load dEJt is 
10/30 = J. 

P == 0 0109ifc2 X i X 195 X / 

The mean value of the additional load is 195 x 10 = 1950 W, and the 
corresponding rate of fall dEji is 

P + 1950 = 0-0109*2 X i X 195 X / 

Subtracting, 

1950 = 0-0109P X i X 195 X / 
or P/ = (6 X 1950)/(0 0109 X 195) 

/. P == 0-0109 X i X 195 X (6 X 1950)/(0-0109 X 195) 

= 3900 W 

Regenerative Methods. These methods require two machines, pre¬ 
ferably identical. These are mechanically coupled, and are so adjusted 
electrically that one of them acts as a motor and the other as a generator. 
The motor supplies the mechanical power to drive the generator, while 
the electrical power developed in the generator is utilized in the 
motor. Thus, two machines of any size can be tested under full load 
conditions, and the power taken from the supply will be that required 
to overcome the losses only. The method is therefore invaluable where 
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tests of long duration under full-load conditions have to be made on 
very large machines. Such tests are called “heat runs/’ because the 
object of the test is to determine the final temperature rise of the 
machine. Regenerative tests were first introduced by Hopkinson, for 
which reason they are often called Hophinson Tests, 

The method of procedure in the case of shunt machines is indicated 
in Fig. 12.6. Machine I is run up to full speed by means of the starting 
resistor, not shown, the main switch of machine II being open. This 



machine will therefore generate, and when its voltage has been adjusted 
equal to, and of the same polarity as, the bus-bar voltage, this adjust¬ 
ment being made by means of a paralleling voltmeter F, it can be 
switched on to the supply. Any required load can now be thrown on 
to the machines by adjusting the respective shunt regulators. The 
machine with the smaller excitation acts as a motor because, its back 
e.m.f. being less than that of the other, it admits a greater armature 
current, and therefore produces a greater torque. Assuming, first of 
all, that the shunt losses are the same in both machines, and that the 
armature copper losses and also the stray losses can be equally divided 
between them, we have 

Motor intake = F/j 
Generator output = F/g 
Current from supply /g, say, = — /g 

Motor intake = F (/2 + ^ 3 ) 

Motor output = ^iF (/2 + /g) where = motor efficiency 
Again, generator output — VI 2 

Generator intake = VIzIrjz where = generator efficiency 
But the generator intake is equal to the motor output, so that 
ViVz = -^ 2/(^2 + h) 
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By making the assumption of equal division of losses we also assume 
equal efficiencies. Hence, if we express either efficiency by tj, we have 

ri = VLIJih + h)] 

The error introduced by these assumptions will not be very important 
in the case of large machines, because the armature currents will not be 
very different, and the difference in the excitations required to give the 
necessary circulating current through the armatures will not greatly 
affect the iron losses. In the case of small machines the armature currents 
and the excitations are very different in the two machines, and the 
efficiency, as calculated above, is far from accurate. The greatest error 
is made in assuming that the armature copper losses are equal, because 
these losses are proportional to the square of the current. By calculating 
these losses separately, but assuming an equal division of stray losses, 
the error is reduced to a very small amount. The exciting currents 
are first adjusted till each of the ammeters Ai and A 2 reads one-half of 
the ammeter A^- The machines are now both motoring light, and if I^ 
is the current taken from the line, i.e. the reading of ^ 3 , the total 
excitation and stray losses in the two machines are given by F/^. We 
thus have for one machine 

Px = VIJ2 

these losses being assumed constant. If the excitations are different 
the ammeters A^ and A 2 will carry different currents. Calling these 
currents Ai and A 2 , and the shunt currents, % and ag, then 

Current in motor armature I^= (A^ — %) 

Motor armature copper loss RJu = 

Total motor losses 
Again, motor intake = VA^ 

In the case of the generator the armature current is 

~ M2 "t“ ^2) 

/. Generator armature copper loss 

“ ■^ a (-^2 H ” ^ 2 )^ 

/. Total generator losses Pq = P^ + + ag)^ 

Again, generator output = VA 2 

^G = + Pq) 

In testing compound machines, the series coils are very often left 
out of circuit; they can be kept in circuit if that on the motoring 
machine is reversed. 

Example. Two shunt motors loaded for the Hopkinson test take 
15 A at 200 V from the supply. The motor current is 100 A and the 
shunt currents are 3 A and 2*5 A. If the resistance of each armature 
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is 0*05 Q, calculate the efficiency of each machine for its particular 
conditions of loading. 

The motoring machine has the smaller shunt current, so that the 
distribution of current is as given in Fig. 12.6. 



Motor Generator 

Fig. 12.6 


Total intake of set = 15 X 200 

Copper loss in motor armature = (97*5)^ X 0*05 
„ „ generator armature = (88)^ X 0*05 

,, „ motor field = 2*5 X 200 

„ „ generator field = 3 X 200 

Total copper losses = 1962 W 

3000 - 1962 
1040, say 
520 W 

200 X 85 = 17,000 W 
600 W 
387 W 
520 W 
1507 W 

17,000 + 1507 = 18,507 W 
(17,000/18,507) X 100 = 92 per cent 

200 X 100 = 20,000 W 
500 W 
475 W 
520 W 
1495 W 

20,000 - 1495 = 18,505 W 
(18,505/20,000) X 100 = 92*55 per cent 


/. Total stray losses = 

/. Stray losses per machine = 

Generator efficiency— 

Output = 

Field copper loss = 

Armature copper loss = 
Stray losses = 

Total losses = 

Intake = 

= 

Motor efficiency— 

Intake = 

Field copper loss = 

Armature copper loss = 
Stray losses = 

Total losses = 

Output = 

Vu = 


= 3000 W 

= 475 W 

= 387 W 

= 500 W 

= 600 W 
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Series Motor Tests.* Because of the large variation in excitation of a 
series motor during normal working conditions, tests made with a fixed 
excitation are of little value. Again, no-load tests are impossible 
because of the dangerous speed attained. For these reasons the testing 
of series motors is much more difficult than that of shimt motors. K 
the motor is not too large, a brake test can be made on it, but in the 
case of large machines it is preferable to make a combined test with 
two machines. There is, as a rule, little difficulty in obtaining a pair of 
identical motors, since most series motors are used for traction work, 
and each tramcar has at least two. When a pair of machines is tested 
it is preferable to ensure that the iron losses are equal, if this is possible. 
This necessitates equal excitations. This condition is fulfilled in 
“Field’s Test” by connecting the two fields in series Thia arrangement 



of the test is shown in Fig. 12.7. Machine I runs as a motor and drives 
machine II as a generator, the output of the latter being wasted in the 
adjustable load R. The connection of the generator and motor fields 
in series ensures that the stray losses in each machine will be the same. 
In making the test it is preferable to include no switch-gear in the 
connection between generator armature and load, since with this 
precaution there is no danger of the load being thrown off by mistake. 

Let Fi = supply voltage 

== motor current 

Fg = voltage at terminals of load R 
1 2 = load current 
Intake of whole set = Fj/j 
Output = F 2/2 

/, Losses of all kinds ^ 2^2 

Total copper losses P^ = {(Po + 

Total stray losses 2Pg = P^ — P^ 

Stray losses in one machine 

Pg = (Pt — -^o)/^ watts 

The motor efficiency can now be determined as follows: the generator 
is working under such abnormal conditions that there is no object in 
calculating its efficiency. 

* More complete information on the testing of series motors is given in Electric 
Traction, by A. T. Dover (Pitman) and The PracHcal Testing of Dyriamos and 
Motors, by C. F. Smith (Scientific Publishing Co.). 
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Motor intake = F3/1 where F3 is the reading of Fg 
Total motor losses == (R^ + Rte)Ii + -^3 
= Pm» say 

= (7— ^m)/^ 3 ^i per cent 

It is to be noted that the above test is not a regenerative test, since 
the output of the generator is wasted. A regenerative test on series 
motors is rather difficult to carry out, a good method being as follows. 
(See Fig. 12 . 8 .) The generator during the test is loaded back on the 
supply, the amount of this loading being regulated by a load booster, 
this booster being a small low-voltage generator whose voltage can be 
varied between zero and a maximum. At the moment of starting it is 
necessary to have a resistance load, R, across the armature as in 
Field’s test, but when the set is running this can be cut out and the 


R 



line Booster Load Booster 
Fig. 12.8. Rbgbneiiative Test 


load looked after by the booster. The generator and motor fields are in 
series, so that the stray losses in the two machines are the same. In 
order to keep the voltage across the motor terminals AB constant, an 
adjustable resistance can be connected in series with the motor, but if, 
as is usually the case, the supply is at normal motor voltage, it will be 
necessary to boost up the voltage in order to compensate for the drop 
in the generator field Pq. This is automatically carried out by a second 
booster, called the line booster, and this second booster is series 
excited. 

Let Fj = supply voltage and = motor current. 

Let F 2 = generator voltage and = current loaded back on the 
supply. 

/. Total losses in the two machines = Fj/i — 

Total copper losses = ( 

The calculation of the motor efficiency is thus the same as in Field’s 
test and need not be proceeded with any further. 

It will be realized that, by the use of boosters, the motoring machine 
in Field’s test can be worked under normal conditions. In the Hop- 
kinson test the motoring machine has its field weakened, and therefore 
neither machine is working under quite normal conditions. This can 
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be avoided by keeping the normal voltage across the field of the 
motoring machine, and increasing the field of the generating machine 
by means of a field booster. 

Where only a single series motor is available for test, the losses can 
be determined by methods similar to the Swinburne method as appUed 
to a shunt motor. If there is a convenient source available, such as a 
battery or a low-voltage booster, the field can be separately excited 
and the losses then determined by running the armature on no load. 
In the case of the series motor it is necessary to make tests at a series 
of values of field current covering the range of the machine during 
normal operation, and the p.d. to be applied to the armattire will, in 
each case, be the rated voltage less the drop of volts in the series 
winding. 

By modifying the test as indicated in the connection diagram of 
Fig. 12.9 it is possible to dispense with the separate supply for the field 
winding. The motor is controlled by 
means of a rheostat i? 2 i and some of 
the intake current is diverted from 
the armature by means of the 
rheostat It is advisable to take a 
series of values for the field current 
and to calculate for each value the 
p.d. to be applied to the armature, 
this p.d. being given by the expres¬ 
sion ( F— RsJie)^ This p.d. is then 
plotted against the current. When 
starting up it is advisable to make R^ 
small so that the whole of R^ can 
be cut out without reaching a 
dangerous speed. The field current is now observed and R^ is adjusted 
to give a reading of V corresponding to that on the curve. This may 
require one or two slight adjustments, after which the two currents, 
the voltage and the speed, are observed. 

Next, the resistance increased, and the shunting resistance R^ 
is adjusted until V again corresponds to the new value of the field 
current. Proceeding in this manner the whole range of operation of 
the motor is covered. The results are finally plotted so as to give 
curves of field current and armature watts, both against speed, as 
abscissae. Since the field resistance is known the field copper loss 
lae^Rse Can be determined, and also the armature copper loss Ig^Ray 
since during normal operation the series field and armature carry the 
same current. Thus the curve of total copper loss can be added, 
thereby providing all the data for the predetermination of the efl&ciency 
at any operating speed. 



Examples on Chapter 12 

1. Describe m detail all the adjustments and tests you would make in deter¬ 
mining the efficiency of a continuous-current shimt motor by the * loss’* method 
at a given output. Deduce the formula for the current corresponding with a load 
lo—(T.8i8) 
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of W watts, supplied at V volts, assuming the loss tests have furnished the 
requisite data. (L.U.) 

2. A shunt motor running light at 480 V, takes a current of 2*5 A* The 
resistance of its field winding is 800 O and of its armature 0*6 fl. Determine the 
efficiency of the motor when loaded so that the current is 40 A, the terminal 
voltage being maintained at 480 V. (L.U.) 

Ana, 88*9 per cent. 

3. If you hckd to determine the efficiency of a very large motor, say, 200 h.p., 
and the only supply available was one from which about 20 h.p. could be taken, 
what procedure would you adopt ? 

4. You are required to determine the no-load magnetization curve of a 
shunt-excited 500 V, eight-pole, continuous-current motor intended to be run at 
1000r.p.m. The source of excitation available is only 260 V. The voltmeter 
available only reads to 260 V. Indicate how you would carry out the test, and 
give a diagram of connections. (L.U.) 

6. Two direct current machines are separately excited and mechanically 
coupled for the Hopkinson test. The driving power is supplied electrically by a 
smiffi dynamo, all three armatures being connected in series. If the voltages 
across the armatures of the machines under test are 200 V and 160 V, calculate 
the efficiency of each machine, assuming that they are the same. 

Ana, 89*5 per cent. 

6. In performing the Hopkinson test on two shunt machines, the following 
results were obtained. Line voltage 200 V, line current 50 A, motor current 
500 A, shunt currents 6*0 A and 5*0 A. Armature resistance of ecu3h machine 
0*012 Cl, Calculate the efficiencies of the motoring and generating machines as 
accurately as the data wfil allow. 

Ana, Each 94*9 per cent approx. 

7. A separately excited motor reui at 1000 r.p.m. with 100 V applied to the 
armature. On switching off the armature supply the volts fell from 100 V to 90 V 
in 3 sec. A band brake giving 3 fb-lb was next applied and the same fall took place 
in 1*3 sec. Calculate the stray losses. 

Ana, 326 W. 

8. What are the difficulties in applying the regenerative test to two identical 
series motors? Describe the test in det^ and state how these difficulties are 
overcome. 

9. Two similar shunt machines are tested by the Hopkinson method, the intake 
being 40 A at 220 V. The motor ajmature current is 200 A, motor shimt current 
6 A and dynamo shunt current 7 A. Each armature resistance is 0*05 D. Calculate 
the efficiency of each machine. 

Ana, Motor 90 per cent, dynamo 89*4 per cent. 

10. A test on two coupled similar tramway motors, with their fields connected 
in series, gave the following results where one machine acted as a motor and the 
other as a generator. Motor: armature current 56 A, voltage 550 V, volt drop 
across field winding 40 V. Generator; armature current 44 A, armature voltage 
400 V, field volt drop 41 V. Kesistance of each armature 0*3 fl. Calculate the 
efficiency of the motor and gearing at this load and criticize the method of testing. 
(I.E.E.) 

Ana, 14:’3 per cent. 

11. A 2000 kW turbo-alternator operates at 1200 r.p.m. on a 40 period, 6760 V 
line. The calculated kinetic energy of the complete machine is 7900 fb-tons, and 
when (a) unexcited, the speed falls 2 revs, per sec in 49 secs., and (6) when excited 
the speed falls 2 revs, per sec in 29 secs. Estimate the core loss. (I.E.E.) 

Ana. 64*1 kW. 



CHAPTER 13 


DISTRIBUTION 


A Low-TENSioN distribution consists of a network of cables which can 
be divided into three categories, viz. (a) the “feeders,’’ which are the 
cables supplying power in bulk to a selected number of points called 
feeding points; (6) the “distributors,” from which current is ta^jped 
for the various consumers, these cables generally having the main 
street for their route; (c) the “service mains,” which are the small 
cables teed off from the distributors and taken into the premises of the 
various consumers. A very elementary scheme employing one feeder. 
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S, Generating Station 
A. Feeder 
5. Distributor 
C.Serme Mains 
FF. Feeding Points 


Fio. 13.1. EiiEmentaby Distribution Scheme 


one distributor, and a number of service mains is given in Fig. 13.1. In 
this simple scheme the distributor is fed at one point only, but in actual 
schemes a long distributor may be fed at two points by means of two 
separate feeders, or alternatively the distributor may be arranged to 
form a closed circuit, and fed at any desired number of feeding points 
by means of a number of feeders radiating from the generating station. 
It will be shown on p. 290 that these arrangements give a much smaller 
drop of volts than a distributor fed at one end only. 

Effect of Supply Voltage on the Size of Distributors and Feeders. By 

the size of a cable we always mean the cross section of the core carrying 
the current, and not the overall cross section. Consider first of all the 
case of a feeder. Since there are no consumers tapped off from a feeder, 
it is immaterial what the drop of volts along the feeder will be, provided 
that it is not outside the range of compounding of the generators in the 
power station. A feeder can thus be designed from the point of view 
of cmrent-carrying capacity, with drop of volts as a secondary 
consideration. The allowable current density for a given type of cable 
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laid in a given manner is not a constant, but decreases somewhat as 
the cable size increases; this is because the cooling facilities improve 
as the size is reduced. As a rough approximation we can, however, 
assume that the current density is a constant. Now, suppose, that the 
voltage of the system is increased n fold, then for a given power 
delivered the current is reduced to 1/nth, and therefore the size of the 
cable is reduced to 1/nth. There is thus a very appreciable saving in the 
price of the copper in the feeders when the supply voltage is increased. 

Now take the case of a distributor. There is a Board of Trade 
regulation which states that the variation of voltage at a consumer’s 
terminals must not exceed ± 4 per cent of the declared pressure. 


Fio. 13.2 

Allowing, say, 1 per cent volt drop along the service mains, this means 
that the variation in voltage at any point in a distributor must not 
exceed i 3 per cent of the declared pressure. We see from this that 
whereas a feeder can be designed from the point of view of current- 
carrying capacity, a distributor must be designed from the point of 
view of drop of volts. Consider, then, a length AB oi distributor. Fig. 
13.2, let the current be /, and let the drop along it be F. Then its 
resistance is 72 = F//. Now, suppose that the voltage is increased n 
fold, so that for the same amount of power delivered, the current is 
reduced to //n. In a distributor designed for a definite percentage 
drop, this percentage will be the same if the drop along the length AB 
is increased to nV, The resistance of the same length of distributor 
will now be 

R} = nVKlIn) = 

Now, for a given length the cross section of a cable is inversely 
proportional to its resistance, showing that an increase in the working 
voltage of n times reduces the cross section, and therefore the weight 
of copper required to n“-. 

Effect of Pressure on the Efficiency of Transmission. 

Let Fi = voltage at station bus-bars 

Fg = voltage at feeding points 
I = current in feeders 
R = resistance of each side of a feeder 

i.e. of both positive and negative sides. 

Then, power put into feeder = Fj/ 

Power taken from feeder = Fg/ 

Efficiency of transmission -= FgZ/Fi/ = Fg/Fj 
Losses in feeder = 2PR 
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Suppose that 1000 kW have to be transmitted 1 mile, the feeder being 
worked at a current density of 1000 A/in.* Suppose that the consumer’s 
voltage V 2 is 100 V. Then, 

I =z power delivered/Fg = 1,000,000/100 = 10,000 A 

Hence, cross section of copper in either positive or negative side of the 
cables 

a = 10,000/1000 = 10 in.* 

Distance Z = 1 mile = 5280 X 12 in. 

/. Resistance of one side 

R = p{l/a) = [2/(3 X 10«)](5280 X 12/10) 

= 0 0042 Cl 

Drop in volts in feeders 

= 2/jR = 2 X 0 0042 X 10,000 = 84 V 
/. Station voltage 

Fi = 100 + 84 = 184 V 

/. Efficiency of transmission 

= 100/184 = 54-4 per cent 

Now suppose that the voltage at the consumer’s terminals is 1000 V 
instead of 100 V. Then Fg = 1000 V and / = 1000 A. 

Cross section of copper in cables a = 1 in.* 

R = 0*042, and drop in feeders 21R = 84 V, as before. 

.*. Fi = 1000 + 84 = 1084 V and efficiency = 1000/1084 = 92 per 
cent. 

There is thus a considerable increase in efficiency when the voltage 
is raised. Also, the cross section of copper in the cables is diminished 
in proportion to the increase in voltage, and this diminishes the cost 
of the copper in the cables in proportion. For these reasons it is desirable 
to transmit at a high voltage. Now in a d.c. system it is not possible 
to change the voltage between the feeders and distributors without 
using rotating machinery, and as this is undesirable, the feeders and 
distributors are worked at the same voltage. This means that the 
consumer’s voltage is the same as the voltage at the feeding points. 
Suppose, for example, that the load consists of lamps. Then since 
250 V is the highest suitable voltage for this purpose, the feeders must 
work at this voltage; 250 V is very low if a large amount of power has 
to be dealt with, especially if the feeders are long ones, and consequently 
with a simple two-wire system the efficiency of transmission will be low. 

Three-wire Ssrstem. The above difficulty is largely overcome by using 
the three-wire system, which consists of two “outers” and an earthed 
middle wire (Fig. 13.3). The consumer’s apparatus or lamps are 
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connected between one outer and the neutral, the result being that the 
transmitting voltage, i.e. the voltage between the outers, is twice that 
at the consumer’s terminals. This results in a considerable increase 
in efficiency, and economy in copper. The middle wire or neutral has 

half the cross section of either outer. 
If the loads on the two sides are un¬ 
equal, then the difference current, called 
the ‘‘out of balance” current, flows in 
the neutral. Thus, if the positive and 
negative outers carry and respec¬ 
tively, the neutral carries (/i ^ I^* If 
a three-wire and a two-wire feeder both 
transmit the same amount of power 
the same distance with the same voltage at the consumer’s 
terminals, and with the same efficiency, then the three-wire feeder, if 
balanced, requires only flve-sixteenths as much copper as the two-wire 
feeder. This is proved as follows. 

Let P = power delivered to consumer in watts 

= voltage at station 

and F 2 = voltage at feeding points 

Then, in the two-wire system, current / = P/Fg 
/. Drop in both positive and negative sides, 

2 /Pi == 2PP1/F2 

and Fi == Fg + drop = Fg + 2PPi/Fg 

where is the resistance of one conductor. 

Efficiency = Fg/(Fg + 2PPi/Fg) 

In the three-wire system, the total voltage is doubled, and therefore, 
each outer will carry a current of P/2 Fg so long as the currents on the 
two sides are equal. Hence, if Pg is the resistance of each outer, 

Efficiency = 2V^{2V^ + 2PRJ2V^) 

Since the efficiencies are equal we have 

F 2F Fg 

F, + 2PMJV^ ^ 2F, + PRJV, + PBJ2V, 

Hence Pg = 4Pi 

Now the cross section, and therefore volume, of a conductor of given 
length is inversely proportional to its resistance. If we represent the 
volume of the copper in the two-wire system by 100 we have 50 in each 
wire. 

/. Volume of each outer in the three-wire feeder = 60/4 = 12*6 
and volume of middle wire = 1 2-6/2 = 6*25 


+0uten Pf 

Neutral . 

Irh 

^Outen 

Fio. 13.3 
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/, Total volume of copper in three-wire feed 

= 12-5 + 6-26 + 12-6 = 31-26 ' 

• Copper in 3-wire feeder _ 31-26 6 

’ * Copper in 2-wire feeder ~~ 100 ^ 16 

If the system is not balanced it is most convenient to compare the 
amounts of copper in the two cases by taking a numerical example. 

Example, A three-wire feeder whose outers have a cross section of 
0*2 in.2, is 1 mile long. It carries 220 A in the positive and 200 A in the 
negative outer, and the voltages across the two sides at the feeding 
points are 200 V. What size of two-wire feeder will transmit 420 A at 
200 V with the same total loss ? Compare the amounts of copper in 
the two feeders. 

Taking the specific resistance of copper as f microhm inch we have 
for the resistances of the cores of the three-wire feeder 

Positive side, R = = [2/(3 X 10®)](6280 X 12/0*2) = 0*21; 

Negative side, R = 0*21; neutral R = 0*42 Q 

Hence, loss in feeder 

= 2202 X 0*21 + 2002 X 0*21 + 202 x 0*42 
= 18,770 W 

Let Ri = resistance of each side of the two-wire feeder 
2 X 4202 X JSi = 18,770, R^ = 0*053 Q 

Now the amount of copper in a feeder of given length is inversely 
proportional to its resistance; hence, if we call the total amount of 
copper in the two-wire feeder 100, i.e. 60 per cent in each side, we have 
for the three-wire feeder 

Copper in positive outer = (0*063/0*21) x 60 = 12*6 per cent 
Copper in negative outer = 12-6 per cent 

Copper in neutral = (0*053/0*42) x 60 = 6*3 per cent 

Total = 31-5 per cent 


Balancers. The generators supplying a three-wire feeder are all 
connected in parallel across the outers, and it is therefore necessary to 
fix the potential of the middle wire mid-way between that of the 
outers. If this is not done the voltages across the two sides will not be 
equal, unless the currents taken from the outers are equal. 

The commonest form of balancer consists of two identical shunt 
machines mechanically coupled, and having their armatures and fields 
connected in series across the outers. The middle wire is connected to 
the junction of the armatures. Consider the arrangement shown in 
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Fig. 13.4. Let R^ be the resistance of each balancer armature. If the 
current is greater than /g, then the positive side will be the more 
heavily loaded and the pressure on that side will tend to decrease. 
The armature of the balancer on the positive side will therefore act as a 



Fig. 13 . 4 . Balance for Three-wire System 

generator, while the armature on the less heavily loaded side, the 
negative, will motor. Thus the effect of the balancer is to convey power 
from the lightly loaded to the heavily loaded side. 

Since the balancer armature on the positive side is generating, its 
terminal voltage is 

- I,)I2 

Since the balancer armature on the negative side is motoring, its 
terminal voltage is 

V, = E + Ra(h - h)l2 

where 2E is the total voltage across the outers, and therefore twice the 
voltage induced in each armature. 

Difference of voltage between the two sides of the system, 

^2 - F, = R,(I^ - h) 

Hence, this difference is proportional to: first, the “out of balance’' 
current (/i — /g); second, the armature resistance of the balancer. 




For this reason balancers are designed with a very small armature 
resistance, and steps are always taken to arrange the loads on the two 
sides, so that the out of balance current will be as small as possible. 

The difference (E^ — E-^ can be reduced by cross connecting the 
balancer fields, as shown in Fig. 13.6. This causes the generating 
machine to draw its excitation from the lightly loaded side, which is at 
the higher voltage, and the motoring machine to draw its excitation 
from the heavily loaded side. 
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Hence, the induced e.m.f. in the generating armature is greater than 
Et while that in the motoring armature is less than E, This increases 
VI and decreases F 2 , the difference (F 2 — F^) being therefore decreased. 
Additional hand regulation of the voltage can be obtained by connecting 
an adjustable regulator in series with the balancer fields, as shown in 
Fig. 13.6. 

Boosters. A booster is a generator whose voltage is added to, or 
injected into, a circuit, usually to compensate for a variation in voltage, 
as, for example, the drop of volts in a feeder due to its resistance. A 
booster which is used to compensate for the drop in a feeder is called a 
“feeder booster.” Obviously it is a low 
voltage, heavy current machine. The 
booster in this case is a series generator 
connected in series with the feeder and 
driven at constant speed by a shunt motor. 

Since the drop in volts in a feeder is pro¬ 
portional to the current, the voltage 
injected by the booster must also be pro¬ 
portional to the current. Hence, the 
booster must work on the straight line portion of its voltage charac¬ 
teristic. The method of connecting the booster in the circuit is shown 
in Fig. 13.7. The advantage of using a booster instead of, or in addition 
to, over-compounding the generators is that each feeder can be regulated 
independently, a great advantage if the feeders are of different lengths. 
The arrangement of a three-wire station supplying one set of short 



Booster 



and one set of long feeders is shown in Fig. 13.8. Notice that since 
there is a middle wire whose potential must be kept midway between 
the outers, it is necessary to have a booster on both the positive and 
negative sides for the regulation of the long feeders. The shaded 
rectangles in Fig. 13.8 represent the various bus-bars. For some cases, 
e.g. a tramway system, it is desirable to raise the voltage of the line 
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at some distant point instead of merely at the generator end. This can 
be done by running a special feeder to the desired point and injecting 
a voltage into this feeder by means of a booster connected in series 
with it, as shown in Fig. 13.9. 

Negative Booster. The negative booster subtracts instead of adds its 
voltage to the system. It is used in traction systems to prevent the 
potential of the return rail from becoming too high relative to the earth. 

Booster 
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across a resistance R in series with one of the feeders. The drop of 
volts in such a resistance will be proportional to the feeder current, and 
therefore, the excitation and the induced voltage of the booster will 
also be proportional to the feeder current. It is this second arrange¬ 
ment of exciting the booster field which is shown in Fig. 13.10. 


Battery Boosters. In the case of d.c. systems subjected to violent 
variations in load, as, for example, a traction system, it is common 
practice to “fioat** a battery of accumu¬ 
lators across the bus-bars, as shown in 
Fig. 13.11. Let Fi and Fg be the gener¬ 
ator and battery terminal voltages, and 
R the resistance of the circuit through 
generator and battery. Then generator 
current 

I = (V,- r,)/Ji 



and if Fg were constant, / would be constant, irrespective of any 
changes in the load. The battery would then constitute a perfect load 
equalizer, and the generators, working at constant load, would be 
working under ideal conditions. In times of heavy load the battery 
would discharge into the line by an amount equal to the difference 
between the line cuifent and the current I, above. On light load the 
generator would charge the battery, the charging current being the 
difference between I and the line current. Unfortunately, the above 
simple arrangement is not practicable, because the battery terminal 
voltage Fg is far from constant. Thus, when charging a battery it is 
necessary to apply about 2-5 V per cell, whereas when a battery is 
discharged it may not give more than 1-8 V per cell, so that there may 
be a 40 per cent variation in the terminal voltage of the battery. 
Suppose that the e.m.f. of a battery on no load is B; then when it is 
being charged, its e.m.f. will rise to, say, B + Cj. Hence, if I is the 
charging current, and R the battery resistance, the charging voltage 
to be applied to the battery will be 

(Fg)charge = -£'+61+ BI 


On discharge the e.m.f. will fall to, say, B — eg, and the terminal 
voltage for the same current I will be 

(Fg)(ilscliarge = — eg — RI 

Hence, (Fg)charge — (F 2 )dl 8 cliarge = (®l + 22^7 


Now, assume that e^ = K^I and eg = then the difference between 
the terminal voltages on charge and discharge becomes 

+ ^2 + 272)7 


that is, proportional to 7. Hence, if a voltage is injected into the 
battery circuit and this voltage reverses with the battery current and is 
proportional to it, the terminal voltage will be kept constant. The 
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booster which injects this voltage is called a ‘Reversible battery 
booster.” If the excess voltages and were rigorously proportional 
to /, and the characteristic of the booster were a perfect straight line 
through the origin, then the simple arrangement shown in Fig. 13.12 
_ would give the necessary constant bat¬ 
tery voltage J^ 2 - Unfortunately, neither 
assumption is strictly true, and therefore 
Motor the boosters used in practice have to be 
much more complicated. 

_ There are several boosters which fulfil 

the necessary requirements, one form, the 
Entz booster, being taken as an example. 
The arrangement of the Entz booster is 
shown in Fig. 13.13. The most important part of this booster is the 
regulator, which consists of two piles of carbon plates pressed down by a 
lever L. This lever is pulled down on one side by a spring, W, and 
on the other side by a solenoid, 8, in series with the line. The 
booster is separately excited, its field being connected direct to the 
exciter armature, while the exciter 
field is connected to the middle point 
of the regulator and the middle point 
of the battery. When the line current 
is equal to the normal full-load 
generator current, no help is needed 
from the battery, and the spring is 
adjusted so that, with this current, 
the resistances of the two carbon 
piles are equal, thus producing zero 
current in the exciter field and giving 
no voltage in the booster armature. 

If the line current increases, the 
solenoid is pulled down on the right- 
hand side, thus reducing the resis¬ 
tance of the right-hand pile. The 
exciter field now carries a current, 
and the e.m.f. induced in the booster 
armature enables the battery to 
discharge into the line. When the 
line current is less than normal, the 
pull on the solenoid relaxes and 
the left-hand pile has the smaller 
resistance. This reverses the direc¬ 
tion of the current in the exciter field and so reverses the direction 
of the e.m.f. induced in the booster armature. The battery is then 
charged by the generator. 

In the case of all boosters which have to carry a violently fluctuating 
current it is necessary that the voltage they produce shaU follow, 
without any time lag, the variations in current. It is therefore necessary 
to laminate the whole of the field systems of such machines. If this 


Generator 
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were not done the rapid fluctuations in flux would induce eddy currents 
in the solid iron, which, apart from producing heat and loss of efiS- 
ciency, would prevent the necessary rapid change in flux with current, 
and thus cause the voltage variations to lag behind those of the current. 

If a booster is used merely to charge a battery it supplies current in 
one direction only, for which reason it is called an “Irreversible Battery 
Booster.” The arrangement of such 
a booster is shown in Fig. 13.14. 

It will be seen that the booster adds 
its voltage to the bus-bar voltage, 
and its voltage range must there¬ 
fore cover the variation of battery 
voltage between fully cliarged and 
discharged conditions. The booster 
in this case is shunt or separately 
excited, the necessary regulation Fig. 13.14. Irreversible Battery 
being performed by hand. Some- Booster 

times a booster is used to charge 

individual cells if these have become discharged more than the other 
cells in the battery. Such a booster is called a “Milking Booster.” 

Calculation of Feeders. Kelvin’s Economy Law. We have seen that 
the drop of volts is not a primary factor in the design of a feeder. A 
feeder can, therefore, be designed on the basis of current-carrying 
capacity and, where practicable, of minimum financial loss. The 
financial loss per annum occasioned by conductors of electricity is 
made up of (a) interest on the capital cost of the conductors, plus an 
allowance for depreciation, (6) the cost of the energy wasted in virtue 
of the ohmic resistance of the conductor. For a route of given length 
the weight, and therefore the cost, of the copper is proportional to the 
area of cross section. Hence, the annual value of the combined interest 
and depreciation is also proportional to the cross section, and can be 
written as £Pa, 

where P = a constant 

a = cross section of copper 

The ohmic resistance is proportional to 1/a, and therefore for a 
given curve of demand for a current throughout the year, the energy 
lost in the conductor will be proportional to the resistance, and there¬ 
fore proportional to 1/a. The annual value of this energy will, therefore, 
be proportional to 1/a, and can be written £Q/a, where Q is another 
constant. 

If plotted against cross section, the graph of the loss Pa is a straight 
line, while that of QJa is a rectangular hyperbola, as shown by curves 
1 and 2 in Fig. 13.15. The graph of total annual loss is given by curve 
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3, and it exhibits a minimum at that value of a corresponding to the 
intersection of the two component curves. The above argument has 
not been concerned with any insulating covering in the case of cables, 
or of insulators in the case of bare conductors, from which we see that 
for bare conductors the most economical cross section is that which 
makes the annual value of the interest and depreciation on the conduc¬ 



tor equal to the annual value of the electrical energy loss due to the 
resistance of the conductor. 

It is to be noticed that a feeder cross section, as calculated from the 
law, will not always be a practicable one, because it may be too small 
to carry the current. 

Example. If the cost of an overhead line is £600 x A (where A is 
the sectional area in square inches), and if the interest and depreciation 
charges on the line are 8 per cent, estimate the most economical current 
density to use for a transmission requiring full-load current for 60 per 
cent of the year. The cost of generating electrical energy is 0-5d./unit. 
The resistance of a conductor one mile long and 1 in.^ cross section is 
0*43 £). (London Univ.) 

The value for resistance should obviously be 0 043 £2, and we will 
use this figure. Consider one mile, and let the full-load current be /, 
then in a two-conductor line in which each conductor is of resistance i?, 
power lost at full current 

= 2PR 

= 2P X 0*043 X {l/A) watts 

= {0-0S6P/A) X 10“® kilowatts 

The annual loss of energy is equal to that produced by the above loss 
taking place continually for 60 per cent of the year, i.e. for (0*6 x 365 
X 24) hr. Hence, at £1/480 per unit, annual value of the energy lost 

= £(0*086/2/^) X 10-3 X 0*6 X 366 X 24 x (1/480) 

== £0*00094(/V^) 
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The annual value of interest and depreciation 

= 8 per cent of £600^ = £48-4 ' 

Hence, for minimum annual loss 

48-4 = 0*00094(/V4) 

Current density IjA = '\/(48/0*00094) = 226 A/in.* 

We will now consider the influence of the insulation in the case of a 
covered cable. For a given type of cable, e.g. with vulcanized india- 
rubber, or impregnated paper insulation, for a given type of armouring, 
and for a given working voltage, the cost of the covering does not vary 
very much with the cross section of the cores, with the result that as a 
rough approximation we can regard the covering as adding a constant 
term to the cost of the cable. The annual value of the interest and 
depreciation, can therefore, be written £(Pa + -B), where R is another 
constant. The effect of this on the graph of interest and depreciation 



Fig. 13.16. Kelvin’s Law Apflied to an Insulated Cable 

is to raise the graph of £Pa vertically through a distance equal to £i?. 
Similarly, the graph of total annual loss, namely, &{Pa + Qja + jB) is 
merely the graph of £(Pa + Qja) raised vertically through a distance 
£P, without producing any horizontal displacement in the point of 
minimum cost. This is shown in Fig. 13.16. It follows from this that 
the insulation does not have any effect on the value of the cross section 
which gives the minimum annual loss, so that for an insulated cable the 
law can be stated as follows. The most economical cross section is that 
which makes the annual value of the interest and depreciation, due to 
the conductor in the cable, equal to the annual value of the energy lost. 

Example. A 600 V, 2-core feeder, two miles long supplies a maximum 
current of 200 A, and the demand is such that the copper loss per annum 
is such as would be produced by the full current flowing for six months. 
The resistance of a conductor one mile long of 1 in.* cross section is 
0*046 £2. The cost of the cable including installation is £(6a + l*2)/yd, 
and interest and depreciation charges 10 per cent. The cost of energy 
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is 0‘6d./uiiit. Find the most economical cross section, and plot curves 
of component and total annual losses. 

For one mile, cost of conductors in cable 

= £6a X 1760 
= £10,560a 

Interest and depreciation 
= £1066a 

Power lost per two cores, per mile, with maximum current flowing 
= 2PR 

= 2 X (200)^ X 0*046/a watts 
Annual value of energy lost 

= £ ^2 

= £33-58/0 

Hence, for the most economical cross section 
1066a = 33-58/0 

o = V(33-68/1056) = 0-178 in.* 
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From the above figures we have for the three constants P = 1066, 
Q = 33*58, and R = 211*2 for each mile of cable, so that the curves 
are as shown in Fig. 13.17. 
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Calculation of the Drop of Volts in Distributors, ( a ) Distributor Fbd 
FROM One End. We have seen that the main considera;tion in the design 
of distributors is the drop of volts. This drop depends upon the nature 
of the current loading of the distributor, and also on whether it is fed 
from one end only or from both ends. Consider first of all a distributor 
with concentrated loads, and fed from one end. Let tj, tg, etc., be 
the currents tapped off, and 7^, /g, I^y etc., the currents in the distri- 
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Fig. 13.18. Distributor Fed at One End 

butor sections. Let ri, rg, rg, etc. be the resistances of the distributor 
sections, and iJg, etc., the total resistances from the feeding 
point F to the successive points (Fig. 13.18). 

Then total drop = + ^ 2^2 + + • • • 

= ^i(h 4- H + *3 + . . .) 

+ ^ 2(^*2 + 4 + • • •) 

+ ^3(^*3 + «4 +•••)+•• • 

= tifi + + rg) + 13(^1 + ^2 + ^ 3 ) + • • • 

= + ^2-^2 + + • • • 

= S(i7?) 

Thus the drop at the far end of a distributor fed at one end is given 
by the sum of the moments of the various currents tapped off, about 
the feeding point. The drop at any intermediate point is equal to the 
sum of the moments of the currents up to that poinf, plus the moment 
of all the currents beyond that point assumed to be acting at that 
point. Thus the drop at the third tapping point will be 

iiR\ + ^* i 7?2 4 " iz^z 4 ” (^*4 4 “ ^6 4 ” • • •)^z 
= i\Ri 4 " ^* 2-^2 4 " Iz^z 

and similarly for any other intermediate point. The total drop, 
reckoning both conductors, will, of course, be twice the above value. 

(6) Three-wire Distributor Fed from One End. The drops in 
the two outers are calculated as above. In the case of the neutral, the 
currents fiowing to it from the positive outer are reckoned positive, 
while the currents fiowing from it to the negative outer are reckoned 
negative. If the total drop in the neutral is positive it is added to the 
positive drop and deducted from the negative drop; and vice versa. 

Example. A three-wire distributor, 300 yd long, is fed at 230 V on 
each side, and is loaded as follows. 
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Yards from feeding point, + side . • 30 100 140 160 210 240 

Load . . . 20 40 60 10 25 30 

Yards from feeding point, — side • .60 80 120 180 260 

Load . . . 30 25 35 60 25 

The outers each have a resistance of 0*15 and the neutral has a 
cross section of one>haIf each outer. Calculate the p.d. at the far end 
on each side. 

Resistance per yard of outer 

= 0*15/300 = 5 X 10-4 £2 

Resistance per yard of neutral 

= 10 X i0“« a 

Drop in positive outer 

= (20 X 30 + 40 X 100 + ... 30 X 240) x 5 x lO”* 

= 25,650 X 5 X 10-^ = 12*82 V 

Drop in negative outer 

= (30 X 60 + 25 X 80 + . . . 25 X 260) X 5 x 10~^ 

= 25,300 X 5 X 10~* == 12*65 V 

Drop along neutral 

= {(25,650) - (25,300)} X 10 X 10"^ 

= + 0*35 V 

Total drop on positive side 

== 12*82 + 0*35 
= 13*2 V 

p.d. on positive side at far end 

= 230 - 13*2 = 216*8 V 

Total drop on negative side 

% = 12*65 - 0*35 

== 12*3 V 

p.d. on negative side at far end 

= 230 - 12*3 = 217*7 V 

(c) Distbibutor Fed at Both Ends. The potential of the con¬ 
ductor wiU gradually fall from one feeding point, say, (Fig. 13.19), 
reach a minimum at one of the tapping points, and will rise again as 
the other feeding point is approached. There is thus some tapping 
point if, at which the potential is a minimum. Between F^ and M all 
the currents tapped off will be supplied from F^, while between F^ and 
if all the currents tapped off will be supplied from Fg. With regard to 
the point if itself, the current tapped off there will, in general, come 
partly from F^ and partly from Fg, and we can denote these two parts 
by X and y respectively. If the distributor were cut in two at if, x 
amperes tapped off at the end served by F,, and y amperes tapped off 
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at the end served by jPs’ potential distribution would be 

unchanged, showing that, from this point of view, we can regard the 
distributor as consisting of two separate distributors each fed from one 



Fig. 13.19. Dxstbibxjtob Fed at Both Ends 


end only, as in Fig. 13.19 (^). In order to calculate the drop we thus 
require to locate M, and then calculate x and y. This is done by means 
of the pair of equations 

Drop from to = drop from Fa to 
Example. A distributor is fed at both ends. It is a two-core cable 
half a mile long and of cross section 0*05 in.^ The loads tapped off are 
as shown in Fig. 13.20, the numbers along the distributor indicating 


70 60 too 45 


35. 65 TOO T50 



yards. If the two ends and F^ are at the same potential, which 
point will have the lowest potential, and what will be the drop at that 
point ? Take the specific resistance of copper as 0-7 microhm inch. 

The best method of locating the point of minimum potential is to 
take moments about the two ends, and by comparing the sum of these 
as the calculation proceeds, to make a guess at the point. This is done 
in the following table— 


Moment about in 
Ampere-yards 

Sums 

Moment about in 
Ampere-yards 

Sums 

16 X 160 = 2400 

2400 

30 X 160 4600 

4600 

20 X 230 = 4600 

7000 

26 X 260 - 6260 

10,760 

10 X 290 = 2900 

9900 

10 X 336 = 3360 

14,100 

12 X 390 === 4680 

14,680 

20 X 430 = 8600 

22,700 

16 X 436 = 6626 

21,105 
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The table indicates that the sixth tapping point from is the 
required point. We then have for the two equations 

x + y = 20 

21,105 + 510a: = 14,100 + 430y 

a; = 1*7 A and y = 18*3 A 

/. Drop at M per conductor 

= 21,105 + 510 X 1*7 
= 21,973 ampere-yards 

Resistance/yard = plja = 0*7 x 10~® x 36/0*05 

= 50*4 x 10”5 

Drop per conductor = 2*1973 x 10^ x 50*4 x 10~® 

= 11*1 V 

Hence, the total drop, reckoning both conductors, will be 22*2 V. 

We have now to consider the effect of the feeding points and 
not being at the same potential, this condition being, of course, very 
probable in an actual case. Suppose that there is a difference of v volts 
between the points Fi and JPg* being at the higher potential. 

The quickest method is the following. We convert the v volts into 
ampere-yards; F^ starts off with this drop below jP^, and this value 
appears in the column for J’g as an initial drop. The procedure is then 
as described above. Thus, in the above example, suppose that v is 5 V. 
The resistance per yard is 50*4 X 10“^ Q, so that the initial ampere- 
yards for F 2 are 

5/(50*4 X 10“®) = 9920 ampere-yards 

The table then becomes the following— 


Moment about F-i 

[ 

Sums 

Moment about 

Sums 




Initial = 9920 

9920 

16 X 160 = 

2400 

2400 

30 X 160 = 4600 

14,420 

20 X 230 = 

4600 

7000 

26 X 250 == 6260 

20,670 

10 X 290 = 

2900 

9900 

10 X 336 = 3360 

24,020 

12 X 390 = 

4680 

14,680 

20 X 430 = 8600 

32,620 

16 X 436 = 

6626 

21,106 



20 X 610 = 

10,200 

31,306 




The dividing point is thus the same. We have 
X + y = 20 

and 21,105 + 510a: = 24,020 + 430t/ 

giving X = 12*2 and y = 7*8 

The voltage drops can be calculated as before. 
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{d) Drop in a Uniformly-loaded Distributor 
Let i = current tapped off per unit length 
andr = resistance per unit length (Fig. 13.21) 

Drop at distance x from F 

Sum of moments\ , /Moment of the whole load beyond 
up to X I \ X, assumed acting at x 

rx 

= I idx ,rx + i{l — x), rx 
Jo f 

= ^irx^ + irlx — irx^ 

= irlx — \irx^ 

At the far end x = l 

Drop = 


where I is the total current, and R the total resistance. 

Thus a uniformly-loaded distributor fed at one end gives a total 
drop equal to that produced by the whole of the load assumed con¬ 
centrated at the middle point. 

Now let the distributor be fed at both ends. Then with both ends 
at the same potential the point of minimum potential is obviously the 
middle point. We can thus imagine the distributor cut into two at the 
middle point, thus giving two uniformly-loaded distributors fed at one 
end. The resistance of each is i?/2, and the total load in each is 7/2 

Drop at middle point = J(7/2)(i2/2) 

= iIR 

Further Reading 

Russell, A. Theory of Electric Cables and Networks. Constable, London, 1936. 
Cotton, H. Transmission and Distribution of Electrical Energy, English 
Universities Press, London, 1937. 

Rapson, E. T. a. Electrical Transmissmn and Distribution, Oxford University 
Press, Oxford, 1933. 

Sandpord, F. Electrical Distribution Fundamentals, McGraw-Hill, New York, 
1940. 
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Examples on Chapter 13 

1. 600 h.p. at 600 V is to be delivered at a place 2 miles distant from on 
electrical generating station. Find the power and voltage of the generator 
required, if the loss in transmission is to be 14 per cent of the power generated. 
Also determine the cross section of the cable required. (C. and G.) 

Ans, 520 kW at 698 V; 1*28 in.* 

2. A three-wire feeder is half a mile long, the two outers having a cross section 
of 0*25 in.* and the neutral, 0*125 in.* If the voltage at the feeding points is to be 
200 V on each side, and the loads on the positive and negative sides are 130 A 
and 100 A respectively, what voltages must be maintained on the two sides at the 
generating end ? 


Ans. 216*8 VRnd 203*6 V, 



294 ELECTRICAL TECHNOLOGY [Ch. 13 

3. Calculate the power lost in the above feeder* and the efficiency of trans¬ 
mission. Find the resistance of a two-wire feeder which will transmit 230 A at 
200 V and have the same loss as the three-wire feeder. Also compare the amounts 
of copper in the two- and three-wire feeders. 

Ans. 2*55kW; 94*6%; 0*024 0/conductor; 33*7 to 100. 

4. What is the time-constant*’ of an electric circuit ? Explain its importance 
in direct current working, e.g. in reversible boosters* and in alternating current 
working. How does it vary with the saturation of the iron of the circuit ? (L.U.) 

6. Describe carefully the conditions under which a reversible battery booster 
has to work, and the functions it has to perform. Why is it not possible to use 
a simple series dynamo* driven at a constant spesd* as such a booster ? 

6. Describe one form of balancer for balancing the voltages on a three-wire 
d.c. supply system. Make a diagreun of connections, showing how it is connected 
to the mains. (L.U.) 

7. Make a diagram of connections showing the necessary machines in the supply 
station of a three-wire continuous current system. \^at is the object of a 
balancer, and how does it act ? If the supply voltage on each side of the three-wire 
system is kept at the same value at a feeding point, what is the effect on the voltage 
at terminals of lamps on each side* if the load on one side of the system is greater 
than on the other ? (C. and G.) 

8. Design a distribution cable, 500 yd long, to be fed with continuous current 
from both ends to supply the following loads at the stated distances from one end. 
In no case must the voltage drop exceed the feeder potential difference of 250 V. 
Specific resistance of copper 0*67 /ill-in. 


Consumer 

Current 

Yards 

Consumer 

Current 

Yards 

1 

20 

10 

6 

10 

200 

2 

20 

25 

7 

25 

300 

3 

30 

45 

8 

40 

400 

4 

10 

80 

9 

15 

420 

5 

20 

120 

10 

5 

470 


(C. and G.) Ana, 0*088 in.® cross-section. 


9. A direct-current feeder consists of two copper conductors each 0*6 in.® in 
cross-section and 400 yd long. The average load on the feeder is 1*2 A/yd, and is 
uniformly distributed. The feeder is supplied with constant-pressure of 230 V at 
one end. Estimate the voltage between the conductors (a) at the centre of the 
feeder, (5) at the far end. (L.U.) 

Ana, (a) 224 V, (b) 221*9 V. 

10. A uniformly loaded distributor has a voltage between conductors of 215 V 
at one end and 210 V at the other: the conductor resistance is 0*08 Q/yd, The 
loading is 0*25 A/yd. Find the position of the point at which the conductor 
current is zero. 

Ana, 0*528 of the length reckoned from the 215 V end. 
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EUSCTBOLYSIS—SECONDARY CELLS—PBIHABT CELLS 

Electrolysis 

Every appliance which carries an electric current must have at least 
one place where the current enters, and another where the current 
leaves. Between these points, and inside the appliance, the current 
takes a definite path, and by this statement we mean that electricity 
is transported along this path. In metals this transportation of elec¬ 
tricity is due entirely to the valency electrons of the metal, and these 
electrons, breaking away from the atoms, as has been explained on 
p. 65, are able to move under the influence of the applied p.d. A current 
would also flow (a) if only positive electricity were transported along 
the current path, or ( 6 ) if both negative and positive electricity were 
transported at the same time, the movement of the negative electricity 
being against the potential gradient, and the movement of the positive 
electricity with the gradient. 

We have nbw to consider how both kinds of electricity can take part 
in current flow at one and the same time. The negative flow is due to 
the movement of free electrons, but the positive flow is not due to the 
movement of free protons, because there are no such things. Consider 
again the case of a metal, and take a simple atom like that of sodium, 
which has for its electron array 2 electrons in the K shell, 8 in the L 
shell and only 1 in the M shell. It is this lone electron in the M shell 
which makes the sodium atom univalent. If it becomes detached 
from the atom then, under the influence of a potential gradient, it can 
move against that gradient and so make its contribution to current 
flow. By the removal of the valency electron the atom becomes an ion, 
having a positive charge numerically equal to that of one electron. 
Hence, if the sodium ions were free to move they would travel down 
the potential gradient and so make their contribution to current flow 
as well. However, in the metal in its normal state they are unable to do 
this because, at the most, they can oscillate about a mean position as 
the result of thermal agitation. Thus, if the sodium ion is to play a 
part in current flow, it cannot be an ion of metallic sodium in its normal 
state. 

Now consider the important sulphuric acid molecule, H 2 SO 4 . In the 
absence of water the structure is 

O O—H 

/'Vh 

the molecule being completely covalent, that is, the valencies of all the 

296 
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constituent atoms are satisfied. If water is present, as in a water 
solution, then each molecule of acid reacts with two of water, 

H2SO4 + 2H2O = SO4— + H3O+ + H3O+ 

Thus the S 04 » sulphion group, is negatively charged with charge of 
magnitude 2 e, while each H 3 O group is positively charged, of magnitude 
6 , where e is the charge on the electron. 

Now suppose that a solution of H 2 SO 4 is placed in a container and 
conductors are immersed at either end of the container, the conductors 
being connected to a d.c. supply. The conductors are called electrodes, 
that connected to the positive side of the supply being the anode, and 
that connected to the negative side the cathode. The sulphion group 
SO4 — is a negative ion and the ‘‘hydrated protons” H3O+ positive ions. 
There must clearly be an electrostatic attraction between positive and 
negative ions, but, as they are immersed in a medium (water) which 
has the extremely high permittivity of e = 81, this force is extremely 


@ 


Fig. 14.1 

small. Hence, under the infiuence of the potential gradient the positive 
ions move towards the cathode and the negative ions towards the anode. 
Thus there is current fiow within the solution, or electrolyte, but it is 
now due to the movement of both negative and positive charges. 

Before examining what takes place at the electrodes when the ions 
reach them consider a few more molecules. When two atoms combine 
to form a molecule a pair of electrons is shared by the participating 
atoms, one from one atom the other from the other atom. Thus, in the 
simple molecule of hydrochloric acid, HCl, the hydrogen atom has one 
electron only, the chlorine atom has the K and L shells completed, 
namely 2 and 8 electrons respectively, but it has 7 in the M shell, that 
is, one short of the full complement 8 . In combining to form a molecule 
the two atoms share an electron somewhat as depicted in Fig. 14.1. In 
a solution in water the reaction is 

HCl + H 2 O = H 3 O+ + Cl- 

When ammonia, NH3, is dissolved in water the reaction is 
NH3 + HgO = NH4+ + OH- 
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When copper sulphate is dissolved in water the reaction is 
CUSO4 = Cu++ + SO4— 

Phenomena at the Electrodes. Since the flow of electricity is a con¬ 
tinuous process with respect to the circuit as a whole it follows that 
if the motions of the positive and negative ions in the electrolyte 
constitute a current of / amperes then, since we are not considering 
any storage of electricity, this same current must be derived from the 
source, and must flow in the connecting wires. In these wires the current 
is due solely to the axial drift of electrons. Considering the case of a 


Current 

+ -> 



Fig. 14.2 


solution of H 2 SO 4 , the picture is therefore that of Fig. 14.2. If the 
anode is inert, e.g. a carbon plate, then, when SO 4 — reaches it the 
reactions are as follows— 

2 SO 4 --+ 2 H 2 O = 2 H 2 SO 4 + O 2 + 4e . . (1) 

2 H 2 SO 4 + 4 H 2 O = 4 H 3 O++ 2 SO 4 — . . ( 2 ) 

The flrst equation shows that, for each SO4 — ion reaching the anode, 
a molecule of oxygen is liberated, and also a charge of 2 e. This released 
charge maintains the potential of the anode, since it compensates for 
an equal charge on two free electrons which enter the connecting wire 
and so maintain the external current. Two sulphuric acid molecules so 
formed, together with additional water molecules, form additional 
SO 4 — and H 3 O+ ions. At the cathode, we have, remembering that 
there are two H 3 O+ ions to one SO 4 —, and writing the equation to 
correspond with equation ( 1 ) above 

4 H 3 O+ = 4 H 2 O + 2 H 2 - 4e 

the negative sign being used since the ionic charge is positive and there¬ 
fore opposite to the electronic charge e of equation (1). Comparing 
this equation with equation ( 1 ) we see that there is a balance, and the 
electrolyte remains electrically neutral. Also this charge of — 4e 
compensates for the charge 4e on four electrons approaching the cathode 
from the outside circuit. 

An important case is that of a solution of copper sulphate, CUSO 4 , 
with copper electrodes. The ions are now Cu++ and SO4 —. '\^en the 
Cu++ ions reach the cathode there is a liberation of a charge — 2e and 
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the ions become atoms of metallic copper which are deposited on the 
cathode. When the SO 4 — ions reach the copper anode the reaction is 

SO4 — + Cu = Cu++ + SO4 — + 

the two electrode reactions thus being equal and opposite, as before. 
The Cu++, being an ion, can enter the electrolyte, and thus there is as 
much copper removed from the anode as is deposited on the cathode. 

Quantitative Laws of Electrol3W. The phenomena of electrolysis 
were thoroughly investigated by Faraday, who found that the weight 
of an element or radical deposited at an electrode is proportional to the 
quantity of electricity which has passed. Hence, if 

w = weight of the deposit in grammes 
I = current in amperes 
t = time in seconds 
^ = a constant for a given ion 
then w = Alt 

The constant A is composite, its value depending upon the atomic 
weight and the valency. It is obvious that for the electrolytic deposi¬ 
tion of metals, or the liberation of gases, w will be proportional to the 
atomic weight, because each ion carries a definite quantity of electricity. 
Now the charge carried by an ion is proportional to its valency, for 
consider molecules of sulphuric acid and copper sulphate. The sulphion 
in the acid molecule is combined with two hydrogen atoms, whereas 
it is only combined with one copper atom in the copper sulphate 
molecule. From this it follows that the copper atom, which is divalent, 
has, when in the form of a copper ion, twice the charge of a hydrogen 
ion, which is univalent. In other words, in order to carry a given quan¬ 
tity of electricity, only one-half as many divalent copper ions as uni¬ 
valent hydrogen ions will be required. Hence, the greater the valency 
of the ion, the smaller the number of ions required to carry a given 
quantity of electricity, from which it follows that the weight deposited 
is inversely proportional to the valency. The equation can therefore 
be written 


w = B{alv)It 

where a = atomic wt.; v = valency; B = another constant. 

The constant B is equal to the number of grammes of hydrogen 
deposited by the passage of 1 coulomb (C) of electricity, namely, to 
0*00001038 g/C. The quantity Ba, or a x 0*00001038, gives the 
number of grammes of a univalent substance of atomic weight a 
deposited by one coulomb. Thus, in the case of silver, the atomic 
weight is 107*6 and the weight/coulomb is 107*6 x 0*00001038 = 
0*001118. The quantity Bajv gives the number of grammes of a 
substance of any valency v deposited by 1 C. Thus for cEvalent copper 
a = 63*2, v = 2 , and therefore, Bajv = 0*000328 g/C. 
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The quantity Bajv is called the electro-chemical equivalent; hence, 
denoting it by 2 , we have , 

w = zit 

The quantity a/v is the chemical equivalent. 

Polarization. The relationship between the current I through an 
electrolytic cell, and the applied p.d., F, is given by an equation of the 
form 

F = e + 5/ 

where e is the back e.m.f. or polarization e.m.f. of the cell, and RI is 
the ohmic drop due to its internal resistance. In the case of a cell in 
which the electrolyte is a salt of the metal of the electrodes, e.g. 
CUSO 4 with copper electrodes, the back e.m.f. is set up by concentrations 
of electrolyte round the electrodes. If the electrodes are not acted on 
by the electrolyte, e.g. platinum electrodes in a solution of H 2 SO 4 , it is 
due to deposits of gas. These concentrations of electrolyte, or deposits 
of gas, prevent the fresh arrivals of ions from reaching the electrodes, 
the result being that the ions are unable to give up their charges, and 
so set up a back e.m.f. 

Multiplying both sides of the above equation by /, we have the 
energy equation 

VI = el + EP 

The term EP represents the power used in producing heat, and the 
term el represents the power required to effect the chemical changes 
taking place. The energy absorbed in effecting the chemical changes 
during a time t is, therefore, elt, if I has remained constant. Otherwise, 
ejidt. Consider the case of a dilute sulphuric acid electrolyte with 
platinum electrodes. Mixed oxygen and hydrogen will be liberated, 
and the potential energy of this mixture wiU of necessity be equal to 
the energy used in liberating it, e.g. to elt. Now when one gramme of 
these mixed gases is exploded, 3780 g.cal of heat are evolved. The 
equivalent in watt-seconds or joules is 3780 X 4-2 = 16,870. Again, 
the passage of 1 C of electricity liberates 0 00001038 g of hydrogen and 
0-00001038 X 16/2 g of oxygen; that is, 9-35 x 10“® g of mixed gases. 
The quantity of electricity required to liberate 1 g of mixed gases is 
therefore 10V9-36 = 1-07 x 10^ C. But we saw that the product elt 
was equal to 15,870. Hence, for the back e.m.f. e, in the case of such a 
cell, we have 

e == 16,870/(1-07 X 10*) = 1-47 V 

Hence, to electrolyze dilute sulphuric acid, or any electrolyte in which 
mixed oxygen and hydrogen are evolved, an applied p.d. greater than 
1-47 V is necessary. 

Secondary and Primary Cells 

Accumulators. In the previous section wo saw that an electrolytic 
cell could set up a back e.m.f. if there was a concentration of electrolyte 
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round the electrodes, or if there was an accumulation of gas on the 
electrodes. This back e.m.f. can also exist if the electrodes themselves 
are changed chemically. The most striking example of this phenomenon 
occurs with lead electrodes in a dilute solution of sulphuric acid. The 
acid molecules split up into hydrogen and sulphion ions, associated with 
positive and negative charges respectively. On the application of a 
potential difference to the electrodes the hydrogen ions travel towards 
the cathode, where they give up their charges and are liberated as free 
hydrogen. The sulphion ions give up their charges at the anode, and 
they then have a choice of combining with either the lead of the anode, 
or the hydrogen of the water. Both reactions take place at the same 
time, but the most important is the combination with hydrogen of the 
water, so as to liberate oxygen. This oxygen at the moment of liberation 
is in the nascent, i.e. atomic form, and it therefore attacks the lead of 
the anode and forms in time a brown deposit of lead peroxide, PbOg. 
On stopping the current and connecting a voltmeter to the electrodes 
it will now be found that the cell has an e.m.f. of 2 V. If the electrodes 
are joined by a wire the cell will produce a current which will flow 
through the electrolyte in the reverse direction to the previous current, 
and the cell will discharge. The following changes then take place. 
The hydrogen ions, carrying positive charges, now move towards the 
positive plate, which, as we have seen, is coated with PbOg. After 
liberation of the charge, the hydrogen atoms combine with the oxygen 
of the PbOg, while the acid attacks the lead, with the formation of 
PbS 04 . 

PbOg + Hg + H2SO4 = PbS04 + 2H2O 

At the negative plate, the sulphion ions, after losing their charge, 
combine with the lead to form PbS 04 . 

Pb + SO 4 = PbS 04 

Thus if the cell is completely discharged, both plates will be coated 
with a whitish coating of lead sulphate. If the discharged cell is now 
charged again by passing current from an external source through it 
from positive to negative plate, the following changes will take place— 

At the negative plate PbS 04 + = Pb + H 2 SO 4 

At the positive plate PbS 04 + SO 4 + 2 H 2 O = PbOg 

+ 2H2SO4 

From this it will be seen that on re-charging, the positive plate will 
re-acquire its brown coating of lead peroxide, while the negative plate 
will be reduced to grey metallic lead. 

The capacity of such a cell, that is, the number of ampere-hours that 
can be obtained from it when discharging, will naturally be very small, 
because of the small surface exposed to the acid. With repeated 
charging and discharging, the lead plates will become “spongy,** and 
will present a much greater effective surface to the acid, the result 
being that the capacity will be greatly increased. This process of 
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producing accumulator plates is called '‘forming”; it is no longer used 
because of its high cost. A cheaper method is to use plates in the form 
of cast lead grids, the holes in which are filled with a paste of lead 
oxide. If red lead, Pb 304 , is used for the positive, and litharge, PbO, 
for the negative, both plates can be formed at the same time by 
immersing them in dilute svilphuric acid and passing current. The 
positive plate becomes further oxidized to Pb 02 , while the litharge is 
reduced to metallic lead. Such plates are not mechanically strong, and 
the paste is liable to fall out if the cell is severely used. In more modern 
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Fig. 14.3. Types of Accumui,atob Plates 


processes the plates are formed by a very quick process. Thus, boiling 
in nitric acid to oxidize the lead, and then reducing the oxide electrically 
are possible. It is usual to perform these two operations together by 
adding “quick formation agents” to the electrolytic bath. These 
agents, of which nitrates, chlorates, and acetates are examples, form 
unstable compounds with the lead, these compounds being immediately 
formed into PbOg by the action of the current. 

Various t 3 rpes of formed and pasted plates are illustrated in Fig. 
14.3. 

When a cell is charged the voltage gradually rises, remains in the 
neighbourhood of 2-3 V for some time, and then rises again, as shown 
by Fig. 14.4. At the same time a large quantity of gas is evolved. The 
final rise is due to a concentration of sulphuric acid in the pores of the 
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positive plates. If the charged cell is now left standing this strong acid 
difPuses into the rest of the solution, and the voltage of the cell falls to 
about 2*2 V. If now the cell is discharged, the p.d. at the terminals 



Fig. 14.4. Chabge ai^d Dischabgs Cubves fob Lead-Acid 
Aootjmulatob 


remains roughly constant for a time, and then begins to fall. The final 
fall is very rapid if the cell is allowed to discharge completely, because 
of the dilution of the acid in the pores of the plates. In practice a cell 
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Fig. 14.6. Vabiation of Conductivity and Specific Gbavity 


should not be allowed to discharge below 1*8 V, otherwise there will be 
an excessive formation of sulphate which will be difficult to remove. 
Also, the plates may tend to buckle and the paste become loosened. 
For this latter reason the charge and discharge currents should not be 
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excessive, since too rapid chemical action is the main cause of buckling. 

The specific gravity of the acid is 1*21 when fiilly charged, corres¬ 
ponding to 28 per cent acid by weight. When discharged to 1*8 V the 
s.g. is much less, about 1*18, corresponding to 25 per cent acid. With 
varying specific gravity, the conductivity of the acid varies, as shown 
in Fig. 14.6. It will be seen that an s.g. of just over 1*2 gives the 
minimum specific resistance, and therefore, the minimum internal 
resistance of the cell. 

As stated before, the capacity of a cell is reckoned by the number of 
ampere-hours on discharge at the normal discharge rate. If the 
discharge rate is less than normal, the capacity will be greater, but with 
an excessive discharge rate the capacity will be very much reduced, as 
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Fig. 14.6. Vahiation or Capacity with Discharge Rate 


shown by Fig. 14.6. For a pasted positive plate the average capacity is 
about J ampere-hour (Ah) for each square inch of positive surface (reckon¬ 
ing one side); the normal discharge rate, about J A/in.^ of positive surface. 
Temperature has a great effect on the action of a cell, rise of temperature 
increasing the e.m.f. slightly, and the capacity, very considerably. 
Thus, a rise of temperature of 30°C will increase the capacity at normal 
discharge rate by 30 per cent. 

The efficiency of a cell can be reckoned in two ways— 


Quantity efficiency = 


ampere-hours of discharge 
ampere-hours of charge 


Energy efficiency 


watt-hours of discharge 
watt-hours of charge 


If V is the terminal p.d. per cell, E^ the e.m.f. per cell on charge, and 
j ^2 e.m.f. on discharge, then 

V^E^ + RI 
V^E^-^ Ml 
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The average terminal p.d. during charge is therefore greater than 
during discharge, the difference being twice the internal drop J®/, plus 
the quantity {E^ — E^, The e.m.f. during charging is greater than 
during discharging, because of the presence of the gases evolved. It 
therefore follows that the energy efficiency is less than the quantity 
efficiency. Increase in discharge rate, as we have seen, reduces the 
capacity and therefore the quantity efficiency to a certain extent, but 
it decreases the energy efficiency still further, since the greater the 
discharge rate the smaller the terminal p.d. of the cell. Average values 
are 90 per cent for the quantity efficiency and 75 per cent for the energy 
efficiency. 

Cells of the lead-acid type weigh about \ Ib/Ah for ordinary con¬ 
struction, J Ib/Ah for high discharge rate cells such as are used in power 
stations, and about J Ib/Ah for cells used in electric vehicles. 


Testing. In order to carry out on a cell a test of any real value, it is 
necessary to make observations during charging and discharging, and 
to ensure that the electrical and chemical states of the cell at the end 
of the test are the same as at the beginning. This is done by plotting 
the e.m.f.-time curves and specific-gravity-time curves for successive 
charges and discharges until the curves are exactly repeated, the charge 
and discharge being performed at constant current. The cell is then 
said to be in the “cyclic state.” Then 


Quantity efficiency = 


discharge current x time 
charging current x time 


To determine the energy efficiency, readings of the p.d. have to be 
taken at frequent intervals and plotted against time. The area of the 
curve gives the volt-hours, which, when multiplied by the constant 
current of charge or discharge, gives the watt-hours. 


Energy efficiency = 


discharge current X volt-hours of discharge 
charge current X volt-hours of charge 


If Eo is the open-circuit e.m.f. of a cell, and Vi, the terminal p.d. 
when delivering a current /, then 

E^ — Vj^== drop of volts in cell = RI 
Resistance of cell R = {E^ — Fj)// 

In this way the resistance of a cell can be determined, but the method 
is not very accurate because {E^, — F^) is small. A better method is to 
balance the e.m.f. of the cell, C in Fig. 14.7, against the drop along a 
potentiometer AB, using a millivoltmeter (M.V.) in place of a galvano¬ 
meter. The cell is then discharged at, say, / amperes through an 
adjustable resistance Rh, the miSivoltmeter then giving directly the 
drop in the cell. Hence 

R = (reading of millivoltmeter)/(current) 


The Alkaline Accumulator. The active materials in this cell are nickel 
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oxide on the positive, and iron oxide on the negative, plate. The elec¬ 
trolyte is a 21 per cent solution of caustic potash, ,KOH, with the 
addition o^a small quantity of Uthium 
hydrate. The action of the latter is lil" 

not yet understood, but it very mater- ^4 L.. 1 g 

ially increases the capacity of the cell. I 

The exact formula of the nickel oxide is \ C / 

not yet established, but the action of the 

cell can be followed by assuming the ' _J 

peroxide NiOg, or its hydrated form 

Ni(OH) 4 . On discharge the OH ions of /ffy 

the KOH travel to the negative, the Fig. 14 . 7 . Detekmination of 

iron therefore becoming oxidized. The Internal Resistance 

K ions travel to the positive and reduce 

the Ni(OH )4 to Ni(OH) 2 . During charge the converse action takes place, 
so that the action can be represented by the reversible equation 

Ni(OH )4 + KOH + Fe 5± Ni(OH )2 + KOH + FeCOH)^ 


It will be noticed that the electrolyte acts merely as a vehicle for the 
transfer of OH from one plate to another, and it does not take part in 
any chemical change. As a result, the density does not change to the 
same extent as in the ordinary lead-acid cell. 

The positive plate consists of a number of tubes made of perforated 
steel ribbon, wound spirally, and held together by steel rings. The 
tubes are very heavily nickel plated, packed with alternate layers of 
nickel hydroxide and flake nickel, and then clamped in a steel frame, 
which is also nickel plated. The flake nickel is added because the hydro¬ 
xide is rather a poor conductor. The negative plate is made from 
finely perforated nickelled steel strip stamped into pockets, the pockets 
being filled with iron oxide. Here also the conductivity is not very 
good, and it is improved by adding a little mercury. In order to render 
the iron oxide susceptible to chemical changes in the cell, it is prepared 
by alternate reduction and oxidation of iron sulphide under KOH. 
The plates are separated from one another by hard rubber strips, and 
are held in a nickel-plated sheet steel container with welded seams. 

The normal density of the electrolyte is 1*22, and this falls to about 
1*16 during the first year’s use. A fresh electrolyte of density 1*26 is 
then added, this higher density being to compensate for the old weak 
solution left in the plates. 

The e.m.f. per cell when fully charged is 1*4 V, and it is usually 
allowed to fall to 1*1 V before recharging. Actually, the cell can be 
completely discharged, or even short-circuited, without damage, but 
it is not economical to allow the e.m.f. to fall below about 1 V. The 
efficiencies are lower than for lead-acid cells, average values being 
80 per cent for the quantity eflS^ciency and 60 per cent for the energy 
efficiency. The weight of the cell is about 1 lb for each 10 Ah. 

The effect of an increase in temperature is to lower the e.m.f. slightly 
but to increase the capacity, and there is a critical temperature of 63®F 
below which the capacity falls off rapidly. 

ii~(T.8x8) 
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Primary Cells. The simplest cell consists of a vessel of dilute sul¬ 
phuric acid in which electrodes of copper and zinc are placed. The 
copper becomes positive relatively to the zinc, and if the two are 
joined by a wire a current flows. The sulphuric acid is thereby decom¬ 
posed, and the hydrogen, which travels in the direction of the current 
adheres to the copper electrode in the form of small bubbles. This gas 
can be regarded as constituting the positive of a new cell consisting 
of the elements hydrogen, sulphuric acid, and zinc, the e.m.f. of this 
cell opposing that of the original cell. The e.m.f. of the latter therefore 
dies away, the phenomenon being that of polarization. Since any 
practical form of cell must have a reasonably constant e.m.f., polariza¬ 
tion must bo prevented. The problem is thus the prevention of the 
formation of free hydrogen. There are two methods: a metal can be 
deposited on the cathode instead of hydrogen, or the hydrogen can be 
combined with some other substance the moment it is evolved. 

The first method is used in the Daniell cell, in which two liquids, 
copper sulphate and dilute sulphuric acid, separated by a porous pot, 
are used. The positive plate, of copper, is immersed in the copper 
sulphate, and the negative plate, zinc, in the dilute acid. When current 
flows, the direction inside the cell is from zinc to copper, the hydrogen 
thus travelling to the copper sulphate solution. Here it deposits 
copper and forms sulphuiic acid. The SO 4 ion attacks the zinc and forms 
zinc sulphate. This change is an oxidation and it supplies an amoimt 
of energy equal to the electrical energy supplied by the cell, plus the 
energy required to precipitate the copper. The electrodes are not 
changed, and therefore there is no polarization, the e.m.f. remaining 
constant at 1*07 V. 

The second method is made use of in the Leclanche cell. The 
electrolyte is in this case a solution of ammonium chloride, NH 4 CI, in 
which a zinc rod (the negative electrode) is dipped. When the cell 
delivers current, zinc chloride, ZnCl, is formed, and the NH 4 group 
acts as the carrier of positive electricity. The positive electrode is a 
carbon plate placed in a porous pot and packed round with a mixture of 
manganese dioxide and carbon. This mixture becomes permeated 
with the electrolyte, and the NH 4 ions are able to travel to the carbon 
plate. There they are split up into ammonia and hydrogen gas, the 
latter being oxidized to water by the magnanese dioxide. The removal 
of hydrogen in this way is necessarily slow, and therefore the cell is 
only suitable for intermittent use. The energy in this cell is supplied 
by the formation of zinc chloride. 
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CHAPTER 16 


A.a CIRCTJITS 


An alternating quantity is one which acts in alternate positive and 
negative directions, whose magnitude undergoes a definite series of 
numerical changes in definite intervals of time, and in which the 
sequence of changes while negative is identical with the sequence while 



Fig. 16.1. Graph of an Altbbnatino Quantity 


positive. The graph of such a quantity is shown in Pig. 16.1. It will 
be seen that the graph repeats after regular time intervals, and one 
repeat is called a complete ‘‘cycle.’* The time T of one cycle is called 



the “periodic time,” and the number of cycles per second, the “fre¬ 
quency,”/. Hence, 

!r== l//and/= IfT 

The Simple Alternator. Consider a coil rotating with angular velocity 
o) radians per second, as shown in Fig. 15.2, in a uniform magnetic 
field, and let time be reckoned from the instant the plane of the coil 
includes the OX axis. In this position the fiux 0 linking with the coil 
has its maximum value Omax* Hence, if the linkage is expressed as a 
function of the time 

= Omax^ cos wt, 
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N being the number of turns on the coil. The induced e.m.f. in the coil 
is equal to minus the rate of change of linkage. Denoting the instanta¬ 
neous e.m.f. by c, 

e = — {dldl){^m&KN cos (ot) volts 
= (Omax^co) sin cot 

Obviously the quantity in the brackets is the maximum value of the 
e.m.f., ^maxi and we can therefore write 

6 = i^max Sin (ot 

The induced voltage is therefore sinusoidal and, unless otherwise 
stated, alternating current calculations are always made on the 
assumption that the voltage and current are sinusoidal. 

It is obvious that in the case of the rotating coil, one complete 
cycle is gone through in one revolution, i.e. 2tt radians. Hence, the 
equation for the instantaneous voltage can also be written in the form 

e = ^max sin 27r ft 

Example. An alternating current of frequency 50 c/s has a maxi¬ 
mum value of 100 A. Reckoning time from the instant the current 
is zero and is becoming positive, calculate (a) the instantaneous value 
after 1/300 sec; (b) the time taken for the current to reach 80 A for 
the first time. 

(a) i = /max sin 277 

= 100 sin (277 X 60 X 1/300) . . . angle in radians 
= 100 sin (360 X 50 X 1/300) . . . angle in degrees 
= 100 sin 60^ = 86-6 A 

(6) 80 = 100 sin (277 X 50t) . . . angle in radians 
= 100 sin (360 X 50^) . . . angle in degrees 
.*. 360 X 50 X ^ = sin"^ 0*8 == 53° approx. 

t = 53/(360 X 50) = 0-00295 sec 

Effective Value. The effective value of an alternating e.m.f. or current 
is given by that direct e.m.f. or current which, when applied to a given 
circuit for a given time, produces the same expenditure of energy as 
when the alternating e.m.f. or current is applied to the same circuit 
for the same time. ^ 

Consider an alternating current of any wave form (Fig. 15.3). 
Divide the base into a large number, n, equal intervals, each of 
(T/n) seconds, and let the mid-ordinates be ij, ig, « 3 , etc. Let this 
current be flowing through a resistance of R ohms. 

Then energy expended in 1st interval = i^^R x (T/n) joules 
„ „ 2nd „ = i^^R x (T/n) „ 

„ „ 3rd „ == if^R x (T/n) „ 


etc. 
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Hence, total energy expended in time T 

= T X + 4*3® + . . •)ln\ 

Now let I be the effective current; then the energy expended in time 



T will be PRT joules. By definition these two expressions for the 
energy are equal 

/. PET = TE[(iy^ + + (2 + . . 

I = V[(V + + • • OM] 

Hence, the effective value is equal to the square root of the mean of 
the squares of successive ordinates. It is, therefore, sometimes called 
the ‘‘root mean square” (r.m.s.) value. It is also called the “virtual” 
value. 

Average and Effective Values of a Sinusoidal Wave. We have 
e = sin 0 

where d = cot. A half-cycle is completed when 0 varies from 0 to 
TT radians. 

Hence, average value 



— 2^niax/‘7r or ■^max /W2) 

E^ett = - f -^^max sin* 9d0 
Jo 

= pa -cos20)d0 

Jo 


Again, 
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= I 

The ratio E^tifE^y is called the “Form Factor** of a wave. For a 
sinusoidal wave we therefore have 

Form factor = -f- 

V2 73r/2 

= 111 

Oiaphical Representation of Alternating Quantities. Consider a vector 
OP rotating with angular velocity o), where ci> = 27?/ (Fig. 15.4). Let 



Fig. 16.4 


the length of OP be J^max- Then at any instant the intercept on the Y 
axis will be 

OM = OP sin o)t 
= Emux sin cot 

Hence, OM = e, the instantaneous voltage. 

Now the axes OX and 0 Y are fixed in space, and it is not necessary 
to include them in the diagram; we are thus left simply with the vector 
OP. Finally, since the effective value Peff bears a de^te relationship 
to the maximum value, namely, Pmax/V^, the length of the vector can 
be made equal to the effective value if desired. 

We thus see that an alternating quantity which varies in magnitude 
sinusoidally with respect to time can be represented by a rotating 
vector of length equal to the maximum value. Its orientation in space 
at any instant is such that the length of its projection on to a fixed 
OF axis is equal to the instantaneous value at that particular instant. 
The r.m.s., or effective value can also be represented by a vector, but 
in this case, the vector has magnitude and direction, like a force vector 
for example, but it is not a rotating vector. 
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Phase Difference. Suppose two alternating quantities are represented 
at a given instant by two vectors, OP and OQ (Fig. fl6.6). Then the 
angle <f) between them is called the “phase** angle. With reference to 
the direction of rotation of the vectors, OP is in front of OQ, and OP is 
said to “lead** OQ, while OQ is said to “lag** behind OP. If the two 
quantities are also represented by wave diagrams, as 
shown in Fig. 16.10, the phase difference <f> is given by 
the relative displacement of the curves along the angle, 
or time, axis. With reference to such a (fiagram the 
leading quantity is that which goes through its zero or 
crest value the first. The lag or lead obviously depends 
upon the assumed direction of rotation of the vectors, 
and in all the vector diagrams following the direction is 
counter-clockwise. 

If the vectors are voltage vectors and the leading 
vector is represented by 

ej = OP sin cot 

then the lagging vector will be represented by 
Cg = OQ sin (cot — (f)) 

If a number of alternating voltages act at the same time in a given 
circuit their resultant is given by their vector sum, just as the resultant 
of a number of forces acting at a point is given by the vector sum. The 
resultant voltage at any instant is given by the algebraic sum of the 
instantaneous values. This algebraic sum is obviously the same as the 
algebraic sum of the projections of all the vectors on the Y axis. 

The Addition of Alternating E.M.F.S, or Alternating Currents. In the 

great majority of alternating current circuits it is necessary to consider 
the combined action of several e.m.f.s, all acting in the circuit at the 
same time, or in the case of a branched circuit, the action of several 
currents. One method of determining the resultant of a number of 
alternating e.m.f.s or currents is to regard their vectors as forces and 
to make the calculations exactly as in the case of a similar problem 
dealing with the effect of a number of forces acting at a point. For 
example, if there are two e.m.f.s acting at the same time, their equations 
being 

6i = El sin cot 

and eg = -^g sin {cot + 

the vectors are of lengths E^ and JFg (maximum values) and their phase 
displacement is <^, so that their resultant is given by 

E^m 2 ix ~ E-^ -f- E^ ’•{- ^E^E^ cos ^ 

Eqix = 0*707 X ^{E-^ -j- E^ -|- 2 E 1 E 2 00 s (j)) 

Alternatively, we have, dealing in instantaneous values, 
e = Cl + 62 = El sin cot + E 2 sin {cot + 

= El sin cot 4“ E 2 (sin cot cos <f> + cos cot sin <f)) 

== {El -f E 2 cos <^) sin cot + J^g sin . cos cot 


P 

♦ 



0 


Fio. 16.6. 
Phase 
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This shows how wo can resolve the total e.m.f.s into two sinusoidal 
components in quadrature with one another, the magnitudes of these 
two components (maximum values) being {E^ + E 2 cos <f>) and E^ sin ^ 
respectively. Denoting these by X and Y respec¬ 
tively, we see that they will form the base and 
perpendicular of a right-angled triangle (Fig. 15.6). 
Let the base angle of this triangle be 0, then 

sin B = r/(Z2 + 72 )* 

and cos B == X/(Z2 + Y^)i 

and e = X sin + 7 cos cot 

= (X^ + _|^ y2)* • 

= (X2 + 72)1 (sin cot . cos B + cos cot . sin 0) 

= (X^ + 72)1. sin (cot + 0) 



Thus the resultant e.m.f. is a sinusoidal e.m.f. of maximum value 
(X^ + 72)1, leading the e.m.f. by 0 where 0 = tan“^ 7/X. 

For the effective value of the resultant, we have 

Eett = 0-707(X2 + 72)1 

= 0-707[(^i + LJ 2 cos ^)2 + sin^ <^]1 

= 0-707 X + ^ 2 ^ + SJSJiXg cos <f>), as before 


The special case in which Ei and E 2 are of equal magnitude is of 
importance. Denoting each by Ei we then have 

e = Cl 62 = El sin cot + Ei sin (cot + (f>) 

= El {sin cot + sin (cot + ^)} 

= 2 Ei cos (<^/2) sin (cot + ^/2) 


showing that the resultant is of maximum value 2 Ei cos <^/2, and 
therefore of effective 1-414X1 cos^/2, and that it leads the component 
El sin cot by ^/2. 


Pure Resistance Circuit. A pure resistance circuit is one possessing 
neither inductance nor capacity. Hence, if a current passes through 
the circuit no back e.m.f. will be set up by any change in current. The 
applied voltage V has therefore to overcome the ohmic drop only as in 
a direct current circuit. We thus have, using effective values, 

I = V/R in phase with V (Fig. 15.7) 

The power, p, in the circuit at any instant is the product of the 
instantaneous voltage and instantaneous current. Hence, if the wave 
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diagrams are drawn and the products of the ordinates at given instants 
plotted, the resulting curve will be the curve of power. 

We have ^ = v X i 


Let 

Then 

and 

since 


V = Fmax sin (ot 
i = fmax Sin (ijt 
P = Fmaxfmax sin® (ot 
“ ■J^Fmax-fmaxCl — 2cc^) 

sin® (ot = \(l — cos 2(at) 


It is clear that the power, p, has a constant part iFmaxfmax snd a 
fluctuating part — ^Fmax^max cos 2co<, the latter averaging zero over a 


P = f ^tnax Imax “2 2cot 



f ^max Imax 

"2 ^maxlmax^ 0^2cji 
3 Time Ax/5 
2f 


Fig. 15.7 


complete cycle. Now the power in a circuit, as measured by a watt¬ 
meter for example, is the average of the instantaneous power, p, because 
power is a scalar and not a vector quantity. Hence average power is 

P = average of p 

— steady part of p 

— iFmaxfmax 

= (Vm^xivm max /V2) = VI 

Thus the power in a pure resistance circuit is given by the product of 
the effective voltage and current. The fluctuating power has twice the 
frequency of the voltage or current. This is illustrated by the curve of 
power on the wave diagram. 

Purely Inductive Circuit. A pure inductive circuit is one which 
possesses inductance only, but no resistance or capacity. The nearest 
approach to such a circuit is obtained by winding a coil of heavy section 
copper wire on a laminated iron core. Such a coil is called a “choking 
coil.” The magnetic field set up by the alternating current will be 



314 


ELECTRICAL TECHNOLOGY 


[Ch. 16 

alternating; hence, its magnitude will be changing at every instant. 
Now a self-induced e.m.f. is set up whenever the magnetic flux, linking 
with a circuit, changes, and since there is no ohmic resistance, the 
applied voltage has to oppose the self-induced e.m.f. only. Hence, the 
applied voltage is equal and opposite to the self-induced e.m.f. at every 
instant. 

V = — c' = + L(dildt) 

Put V = Fmax sin (ot, as before 

Then di = {Vma,xlL) sin cot . dt 

.*. i = — (Fmax/f'Co) cos cot 

Neglecting the constant of integration, which, as is shown on p. 312, 
is only of signiflcance when we are dealing with transient conditions. 
The expression for the current can be written 

i = (Fmax/^«>) sin {cot — 7t/2) 

We can draw two conclusions from this equation: (1) the current 
set up by a sinusoidal applied voltage is also sinusoidal, and it lags the 
voltage by 7r/2 radians; (2) the current is limited by the quantity Leo 
whose magnitude is clearly expressed in units of resistance, ohms. Leo 
is called the inductive reactance. From now on we will denote effective 
values by F and I without suffixes. We have for the inductive circuit 

/ = V/Lco 

For the instantaneous power we have, as before, 

p = V X i 

If we put V = Fmax sin (ot 

Then i = /max sin {cot — 7t/2) = — /max cos cot 

.*. p = — F max/max sin cot COS Cot 
= — ^Fmax-^max sin 2cot 
and average power 

P = — iFmax/max X (average of sin 2cot) 

= 0 

We therefore see that the total power is zero, a result which at first 
sight is surprising when it is realized that both F and / are finite. The 
power is, in fact, a pure sine wave of double frequency and maximum 
value ■JPmax/max ~ VI, 

The power is alternately positive and negative, the alternate lobes 
of the curve being of equal magnitude as shown in the wave diagram of 
Fig. 16.8. This is explained physically as follows. When the current is 
zero, there is zero magnetic field. As the current increases, the magnetic 
field increases, and since work has to be done to create a magnetic 
field, the circuit has to supply positive power. This goes on until the 
current is a maximum. The current, and therefore, the magnetic 
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field, now begin to decrease. Since the field is decreasing, its potential 
energy also decreases; it is, in fact, returned to the circuit. TMs means 
that the coil is supplying power to the circuit, or in other words the 
power is negative. When the magnetic field has become zero again, the 
whole of its energy will have been returned to the circuit, and the total 
work done during the creation and destruction of the field will have 
been zero. Consequently, the average demand for power will have 
been zero. 

An inspection of Fig. 15.8 shows that the maximum amount of 
energy which can be stored in the magnetic field is that given to the 



field during a quarter-cycle of the applied voltage, which corresponds 
to a complete lobe of the power curve, for example, that corresponding 
to the time interval J/ to \f. The amount of this power is given by 



ri/2/ 

^ = 1 — ^Fmax-fmax shl 2ct)^ . dt 


Jl/4/ 


1 Fmaxfmax f _ _ a 

-1. 


— Fmaxfmax/2ct> 

Again, 

Fmax == B(oIma,x 

P = iL/max’® joules 

Resistance and Inductance in Series 

Let 

F = total applied voltage (Fig. 16.9) 
Vi = voltage drop along B 

and 

Fg = voltage drop along L 

Then 

Fi = IB, in phase with I 

and 

Fa = Leal, leading I by 7r/2 


Draw 01 to represent the current I in phase and mark off OA = Fj. 
Then OA represents in magnitude and phase. Draw AB perpen¬ 
dicular to 01 and equal to Fj. Then AB represents F* in magnitude 
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and phase. Hence, OB, the vector sum of and Fg, is the applied 
voltage F. We therefore have 

F = y/{OA^ + AB^) 

= / X 

or / = V|^/{R^ + (2/a))2) 

The quantity '\/(R^ + {Lo})^) is called the impedance, and it is 
measured in ohms. It is represented by the symbol Z. 

Again, the vector OB represents the applied voltage in magnitude 



Fig. 15.9 


and phase, whereas 01 represents the current in phase. Hence, the 
current lags behind the voltage by an angle 

<l> = BOA = tan“^ {LcofR) or cos~^ (HIZ) 

If each side of the triangle OAB is divided by I the new triangle so 
formed will have a base equal to R, perpendicular equal to Leo, and 
h 3 rpotenuse equal to Z. We therefore have the relation 

(Impedance)^ = (resistance)^ + (reactance)^ 
and this holds for any alternating-current circuit. 

Now put V = Fmax sin cot 

i = ^max sin {cot — (f>) 

p == V X i = Fmaximax sin (ot . sin (cot — (j)) 

P = Fmax-fraax X [mean of sin cot . sin (cot — (/>)] 

= Fmax-fmax X [mean of J {cos <f> — cos {2cot — (f>)}] 

= (Fmax/\/2)(/niax/\/2) COS ^ 

= VI COS 0 

The cosine of the angle of lag (or lead) of the current is called the 
“Power Factor,’’ because it is the factor hy which the apparent power 
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VI must be multiplied in order to obtain the true power. The presence 
of the term cos (2cot — indicates, as before, that,the power has a 
periodic component of double frequency. In this case the positive 
lobes of the power curve (Fig. 15.10) are greater than the negative 



lobes, because positive power has always to be drawn from the supply 
on account of the PR loss due to ohmic resistance. 

It is useful to regard the above problem in another way. The current 
I lags behind V by the angle <f>, as shown in Fig. 15.11. Resolve I into 
two components, one in phase with V and the other lagging 7 t/ 2, or in 
‘‘quadrature” with F. Then 

Component in phase with F, OA = / cos ^ 

Power contributed by it = F x OA = F/ cos 

Component in quadrature with F, OB = / sin 

Power contributed by it =0 (from p. 314) 

Total power = VI cos ^ 

The component OA is called the working or “wattful,” 
component; while OB is called the idle, or “wattless,” 
component. 

Example. An arc lamp (which may be regarded 
as being non-inductive) takes 10 A at 50 V. Calculate 
the impedance of a choke of 1 fl resistance to be placed 
in series with it in order that it may be worked off a 
200 V, 50 c/s supply. Find also the total power used and Fio. 15.11 
the power factor. 

The circuit and vector diagram are given in Fig. 15.12. Resistance 
of arc = 60/10 = 5 £2. Hence, total resistance R = 6 £2. Total drop 
across this resistance /i? = 60 V in phase with /. The total drop along 
the whole circuit is 200 V, and the drop, V along the inductance L 
is in quadrature with /. 

Hence, V = V[(200)2 - (60)2] ^ igQ.g V 

In the vector diagram, OA is the drop of 50 V across the arc, AB the 
drop of 10 V across the resistance in the choke, and BC the drop of 
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190*8 V across the inductance of the choke. The vector sum OC is the 
total applied voltage of 200 V, and AC is the total drop across the choke 

= V[(190*8)2 + 102] = 191 V 
The angle ^ is the angle of lag of I behind F. 

/. Power factor = cos <f> = 60/200 = 0*3 


I 


R2:^1 L 

U i > I 

soy —J* —J 



Power in circuit VI cos ^ = 200 X 10 X 0*3 = 600 W 
Or, = PR, where R is the total resistance 

= 102 X 6 = 600W 


Circuit Containing Capacitance Only 

Let C = capacitance in farads 

If the voltage at the terminals has at any moment a value v, then the 
quantity of electricity in the capacitor at that instant is 

q = Cv coulombs 


Now quantity is the product of current and time, and if the current is 
varying, then 

q — ,cU 

or dq = i .dt 

i = dqjdt — C{dvldt) 

Put V = Fmax sin (ot 

i = CVm^x CO . cos (ot 
fmax = C^Fmax O) 


I = CVco or 


F 

1/Cm 


Hence, the reactance of a capacitor is given by 1/Cm. 
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Again, since the voltage is represented by v == Fmax sin (ot and the 
current by t = /max sin (oit + 7r/2), we see that the, current hods the 
applied voltage by 7 r/ 2 . 

Again, since v = Fmax sin o)t 

and i = /max sin {oat + 7r/2) = /max cos oat 

jp = Fmax/max sin oat cos oat 
= i Fmax/max sin 2 o)t 
/. P = average of = 0 

The total power in this case also is zero, and as before, it is periodic, 
with twice the supply frequency. 

From the expressions for v and p we see that when v is zero and is 
on the point of becoming positive, so also is and consequently the 
maximum amount of energy will be supplied by the circuit to the 
capacitor during the quarter-period commencing at ^ = 0 and ending 
at t = J/. 

ri/4/ 

•*. /* = I i Fmax/max sm 2 oat . dt 


1 y max-K max I a a * 

= Fmax/max/^/= Fmax/max/2a> 
/max ~ FmaxC'^W 
/. P = iFmax^O 


Since a capacitor acts as an open circuit when connected in series 
with a direct-current circuit, there is often difficulty in realizing how 
it is that the capacitor can carry a current when placed m an 
alternating-current circuit. When a continuous p.d. is applied to the 
plates of a capacitor there is a momentary flow of electricity m the 
external circuit, which carries a sufficient quantity of electricity to 
the plates to make their p.d. equal to the applied p.d., after which all 
flow ceases. Similarly, if the plates of the charged capacitor are joined 
by a wire, the quantity of electricity originally given to the capacitor 
will flow in the opposite direction, thus producing a momentary 
current in the opposite direction, which ceases as soon as the plates 
are again at the same potential. This shows that by alternately 
charging and discharging a capacitor it is possible for an alternating 
current to flow in the capacitor circuit. But this current, regarded as a 
pure conduction current, is conflned to the external circuit and does not 
flow through the dielectric. The mechanisms of the phenomena that 
take place at the plates and in the interior of the dielectric have been 
discussed on p. 297. With alternating p.d.s at the plates there is 
alternate storing up and releasing of energy by the dielectric. 

The simple analogous hydraulic circuit of ]^g. 15.13 will make this 
clear. The circuit consists of a tube in the form of a ring provided at 
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one side with a piston, and at the opposite side with an expansion 
across which an elastic membrane is stretched. The whole tube is 
filled with water. If a steady pressure is applied to the piston in the 
direction indicated by the arrow there will be a displacement of water 
round the ring in a counter-clockwise direction, with consequent 
storing of water in the right-hand compartment and giving up of water 
by the left-hand compartment. Equilibrium will be established, and 
ail fiow of water then cease, when the reaction of the stressed membrane 

is equal to the applied pressure. The 
establishment of the stress in the 
membrane is thus accompanied by a 
momentary displacement of water, 
in exactly the same way that the 
establishment of an electrostatic 
stress in the dielectric of a capacitor 
is accompanied by a momentary 
flow, or displacement, of electricity. 
If the piston is released the mem- 
Fig. 16.13. Hydbaulio Analogy brane takes up its unstressed posi¬ 
tion, accompanied this time by 
a displacement of water in the opposite direction. Similarly when a 
capacitor is discharged there is a displacement of electricity in the 
reversed direction, this displacement ceasing when the p.d., and there¬ 
fore the electrostatic stress, has been reduced to zero. This has been 
considered from a mathematical point of view on p. 37. 

Now, suppose that the piston is given a simple harmonic displace¬ 
ment, then there will be an alternating flow of water in the circuit, but 
it is obvious that this flow will be bounded by the elastic membrane, 
the current in no sense flowing through the membrane. In spite of this 
the flow of water in the rest of the circuit is exactly the same as though 
the water did flow through the membrane, and similarly in the circuit 
of a capacitor to which an alternating p.d. is applied. From this point 
of view we thus see that it is justiflable to speak of the current as the 
capacitor current. 

General Series Circuit. Fig. 15.14 represents a circuit with resistance, 
inductance, and capacitance aU in series. We have 

= i?/ in phase with I 
Fjr = Lo)I in quadrature with I (leading) 

= //Cco in quadrature with I (lagging) 

Draw 01 to represent the current in phase, and represent the above 
voltage drops by OA, OB, and OC respectively. The resultant of OB 
and OC is OD, where 

OD = L(oI - IjCo) 

Hence, for the total applied voltage we have 

V = ^/(OA^ + OD2) = Iy/[R^ + (Lo) ~ l/Cco)^] 
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^ + {Loi~ l/Oo))*] 

The total impedance is now 

Z = + {L(o - l/Ccon 

and the reactance 

X = (La)- l/Cco) 

The capacitor reactance is reckoned negative, and therefore, if it is 
greater than the inductive reactance Leo, the total reactance will be 


/ I /? ! i ! c ! 

\*r—V^ >1 - Vl K: A 
h- V - 



Fig. 15.14. General Series Circuit 


B 



C 

Fig. 15.15 


negative, as in Fig. 15.15. If the total reactance is positive the current 
lags behind the applied voltage; if it is negative, the current leads. 
For the angle of lag we have 


tan^ = ^ 


I(La> - l/Cco) 
El 


<f> — tan”^ 


Leo — l/Ceo 
R 


tan”^ 


reactance 

resistance 


, , R resistance 

Power f.ctor = co. ^ ^ - topedM... 

If we denote the inductive reactance Leo by Xj^ and the capacitive 
reactance l/Co) by we have 
Total reactance X = Xjj — Xq 

Impedance Z = + (^l - 

cos<f) = R/Z 

= RI[R^ + (Zj, - Zo)*]* 
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According to the values of Xj^ and Xq there are three cases— 

(а) Xi^ > Xq. The inductive reactance predominates, and there¬ 
fore if we replace Xj^ and by a single equivalent reactance X, this 
will be inductive and the current wifi lag the applied voltage (Fig. 
16.16 (a)). 

(б) Xi^ = Xq. The total reactance is zero and therefore Z ^ R 
numerically. Hence, I = VjR and is in phase with V (Fig. 16.16 (6)). 

(c) Xj^ <iNQ. The capacitive reactance predominates, and therefore 
if we replace Xj, and Xq by a simple equivalent reactance X, this will 



N (c) 

Fig. 16.16. Effect of KEiiATivs Valitbs of and 

be capacitive and the current will lead the applied voltage (Fig. 
16.16 (c)). 

Example. AR,L circuit has = 1and L = 0 00955 H. Calculate 
the series capacitance which, converting the circuit to a, R, L, C 
circuit will double the current. Hence calculate the inductance (or 
capacitance) of the equivalent simple R, L (or R, C) circuit. Supply 
frequency = 60 c/s. 

X^=L(o = 0-00955 X 314 == 3 £2 
/. original Z = + 3^) = 3-1623 £2 

For the current to be doubled the new Z must be 1*6812 £2 
/. (12 + X2) = 1-68122 = 2-5 
X2 = 1-6 
/. X = 4- 1-2248 
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Zo = - Z = 3 T 1-2248 

= 1-7752 or 4-2248 

The necessary capacitance is thus 

G = 1/Zoco = 1/(1-7752 x 314) = 1-794 x 10-»F 
or = 1/(4-2248 x 314) = 0-754 X 10-» F 
with Xfj = 1-7752, Z = 3 -- 1-7752 = + 1-2248 

The equivalent circuit is thus a jB, L circuit with 
L == 1-2248/314 = 0-0039 H 
with Xc = 4-2248, Z = 3 - 4-2248 = - 1-2248 £l 
The equivalent circuit is thus a JB, C circuit with 

G = 1/(1-2248 X 314) = 2-60 x 10-» F 

Electrical Resonance. If the inductive and capacitive reactances, 
Leo and l/Cco, are equal to one another in the general series circuit, 
then the total reactance is zero, and the current is given by the Ohm’s 
Law value F/i2, and is in phase 
with F. In order to understand 
what is taking place in the cir¬ 
cuit when this condition is 
fulfilled, imagine that the resis¬ 
tance R is zero, that a constant 
voltage F is applied, and that 
the frequency is varied from 
zero to a very high value. 

Then the inductive reactance 
Xj^ = L(jd = 27rL/, and is repre¬ 
sented graphically by a straight 
line tliough the origin (Fig. 

15.17). The capacitive reac¬ 
tance 

Zc = - l/Oo) == - 1/27 t<7/ 

It is therefore represented by a rectangular hyperbola in the fourth 
quadrant. The total reactance Z = Xj^ + graph of Z is 

fidso a hyperbola which crosses the frequency axis at some point A. 

At this point the total reactance Z is zero, and since the resistance 
is zero, the total impedance is zero. The current I is therefore theoreti¬ 
cally infinite at this point, as shown. For frequencies greater than OA, 
the inductive reactance predominates and the current lags. For 
frequencies less than OA, the capacity reactance predominates, and 
therefore, the current leads. 

The condition for zero reactance is 

L(o = l/Ccc 

0 ) = y/{llIJG) or/= (l/27r)V(l/I^) 



Fio. 15.17. Sebies Bbsonaitce with 
Vabying Fbequenoy, / 
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This condition is said to be the condition for electrical resonance, for 
the following reason. When a capacitor is discharged through an 
inductive external circuit of small resistance, the discharge is oscillatory, 
the frequency of the oscillations being 

^^l|[27T^/{LC)\ 

When the capacitor is in an alternating-current circuit it is periodically 
charged and discharged, and if the frequency of the applied voltage is 
such that the total reactance is zero, then it coincides with the natural 
frequency of electrical oscillation of the circuit. In an actual circuit, 
the resistance is, of course, never zero, and there are also iron losses 
taking place in the inductor, and dielectric losses in the capacitor. 
The current therefore cannot become infinite, but when R is small it 
may reach a very high value. The voltages across the inductor and 
capacitor which then occur, namely, 

F 2 = LodI, and Fg = //Ca> 

may be many times greater than the applied voltage. There may thus 
be the danger of break-down of the insulation. 

It will be seen that resonance is the result of the coincidence of the 
applied frequency with the natural frequency of the circuit. It is 
useful to consider a mechanical analogy. Consider a mass M suspended 
by a spring 8 , If M is pulled downwards and released, the system will 
have a definite frequency of oscillation. If M is pushed downwards by 
a series of timed impulses, then oscillation will take place, but no large 
amplitude will be set up if these impulses are not so timed as to occur 
each instant that the mass M is passing its equilibrium position in a 
downward direction. If the impulses are so timed, then a very large 
amplitude of oscillation will be set up, the amplitude being much greater 
than the displacement obtained if a steady downward force were 
applied. 

Example. A choking coil of resistance 5 li and inductance 0*6 H 
is in series with a capacitance of 10 /^F. If a voltage of 200 V is applied 
and the frequency is adjusted to resonance, find the current, and the 
voltages across the inductor and capacitor. 

Frequency for resonance / = (l/27r)\/(l/£(7) 

= (l/27r)V[(107(0-6 X 10)] 

= 65 c/s 

Current at resonance I = VjR = 200/5 = 40 A in phase with F 

Voltage across capacitor //Cm 

= 40 X 107(10 X 277 X 65) 

= 9800 V 

Voltage across inductor = I'\/{R^ + (LcoY] 

= 40 X V[25 + (0-6 X 277 X 65)2] 

= 9800 V 
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Pioperties of a Resonant Cironit. For the general series circuit we 
have seen that the current is given by 


VC-R* + - IjCoif] 

where Lcd = the inductive reactance 

and 1/C'ft) — the capacitive reactance 

/= F/[ie* + (Xi-Xoni 

The p.d. across the inductive portion of the circuit is given by 
Fj, = Lcol = XJ 

F^ = VXJVl^^ + 

Imagine that the inductive reactance Xj^ is varied over a wide 
range by varying Ly the frequency / and applied voltage V meanwhile 
remaining constant. Differentiating with respect to Xj^ (since Xj^ = ccL, 
and Cl) is now a constant) 

dVJdXj, = 

+ (Xi - Xe)=]i F - FXi X \[R^ + (X^ - Xo)*]-i X 2(Xi - X^) 
iJ* + (Xi - X^,)* 

The maximum value of the voltage is therefore given by the 
condition 

[i?* + (Xi - Xe)®]* F - FXi. + (X^ - Xc)'']-*. 2(Xi -^c) _f. 

R^ + {X^-Xa)^ 

[E^ + (Xi - Xc)^]* F = VXiXE^ + (Xj, - Xe)*]-* . (X^ - Xe) 

R^ + (X^ - Xe)* = Xi(Xi - Xe) 

X^ = (E* + Xe*)/Xe 

It is only when E = 0 that this reduces to the resonance condition 
of Xj^ = Xq. Hence when the resistance is finite the condition for 
maximum voltage, Vj^y is not the same as for resonance. 

Example. Consider a circuit in which Xq = 200 f2. Let the supply 
voltage be 100. First of all give B a high value of 100 £i. 

The condition for resonance is 

Xjr = Xq — 200, and Z = R — 100 
/. I VIZ = V/R = 100/100 = 1 A 
= 200 X 1 = 200 V 

The condition for maximum choke drop F^, is 
Xi = {B» + Xo*)/Xo 
= ( 100 * + 200*)/200 
= 260 a 
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I = F/[5* + (Zi - Ze)*]* 

= 100/(100* + 60*)i 
= 100/112 = 0-893 A 
F£ = XlI = 260 X 0-893 
= 223-3 V 

Now take the much lower resistance of Z = 10 Q. At resonance we 
still have the condition 

Z = R Z = 10 
I = 100/10 = 10 A 
/. Vl = NJ = 200 X 10 = 2000 V 
The condition for maximum choke drop is now 
Zi = (il* + Xo*)/Zo 
= ( 10 * -f 200*)/200 
= 200-6 £2 

/. /=F/[i2^ + (X^~Xe)2]* 

= 100/[102 + (0-6)2]l 
= 9-99 A 

= 200-5 X 9-99 
= 1998 V 

This numerical example shows that for zero resistance or low values 
of resistance the condition for maximum choke drop is the same as the 
condition for resonance. For large resistances the two conditions are 
not the same, the divergence increasing with the magnitude of the 
resistance. 

The Pass-band of a Resonant Circuit. The shape of the current- 
frequency curve for a general series circuit, often called the resonance 
curve, depends on the magnitude of R, If R is zero, then theoretically 
the current rises to infinity as shown by curve 1 of Fig. 16.18. For a 
low value of R the maximum current F/i? is High, and the curve 
exhibits a very sharp peak as indicated by curve 2. As R increases 
the maximum current diminishes and the curve becomes fiatter as 
shown by curves 3 and 4. When the peak is sharp it will be clear that 
the circuit has a selective property inasmuch as it prefers to pass a 
current of periodicity (the resonant periodicity) than of any other 
periodicity, in fact with 5 = 0 the circuit can only pass current of 
periodicity g>', its impedance to all other frequencies being infinite. 
Suppose we draw a horizontal AJ5 to cut any particular resonance 
curve, say No. 3, as shown, then the range of intersection will be from 
periodicity coi to periodicity CO 2 , the range (ct>i — m 2 ) obviously 
depending on the height of AB. This range, the width of the shaded 
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strip in the figure is called the pciaa band, and it is usual to define it in 
relation to a height of the horizontal of VI{-\/2R) amperes. 

At any pulsatanoe ce the current is 

/=_ I _ 

VC-B* + - l/Cm)*] 

while the pulsatanoe for resonance is 

(o' = IIV(LC) 

Since the pass band is defined in relationship to a current of F/(\/222), 
we have for the corresponding frequency 

F F 

y/(2)E ““ ^/{E^ + (Leo - l/Cco)^} 

E^ + (Leo ~ lICco)^ = 2 E^ 

Leo — \jO(o i jR = 0 
/. ± (oEIL - IJLO = 0 

± HjL ± y/(E^IL^ + 4/LC) 

.. o) — 2 

/. ft) = ±J?/2L ± V(Ey4:L^ + l/LC) 

Now if a circuit is sharply selective, as for example in a tunedcircuit 
of a radio receiver, the resistance E has to be low and the term E^f^L 



becomes negligible in comparison with the term 1/2X7. We then have 
ft) = ± 22/2L ± 

Again the term l/\/(2X7) is the same as the resonant pulsatanoe co' 
and therefore we have 


ft) = ^ Ej2L ft)^ 
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Since we are only concerned with one direction of rotation of the 
vector of applied voltage we have only the positive value of co' to 
consider, this giving 

ft) = ct>' db jR/ 2 L 

Denoting the two values by cd^ and respectively, we have 

coi = 0 )' — RI2L 
and CO 2 = co' + i?/ 2 L 

and the bandwidth 

(jD^ — (JDx — 2RI2L = RjL radians/second 
If we want the bandwidth in terms of frequency we obviously have 
A — /i = { 0)2 — (Oi)l27r = RI2 ttL cycles/second 

The ability of a circuit to select any particular frequency is decided 
by the sharpness of the resonant circuit and therefore by the smallness 
of R, The selectivity is therefore inversely proportional to R, and it is 
arbitrarily defined as co'LlR. For any periodicity co the term coLjR 
is called the Q of the particular circuit. 

Circuits in ParalleL In a direct-current circuit we have for the total 
resistance of a combination of resistances, 

R = R^ R 2 + R^ + . . .if they are in series 
l/R = l/R^ + 1 / 7?2 + 1/^3 + ... if they are in parallel 
or G = + G 3 + . • . where 0 is the conductance, 

the reciprocal of the resistance. 

For a combination of impedances in an alternating-current circuit, 
we have 

Z = + Z 2 + Z 2 + • . . (vector sum) if they are in series 

1 /Z = 1 /Zi + I/Z 2 + I/Z 3 + . . . (vector sum) ifthey are in parallel 
The reciprocal of the impedance is called the “Admittance,'* F, so that 
r = Fj + 72 + ^3 + • • • (vector sum) 

Just as the impedance has two components, resistance R and reactance 
X, so also has the admittance, namely, the “conductance,” G, and 
“susceptance,” B, The impedance and admittance triangles (Fig. 15.19) 
are similar e x cept^at the a dmittance triiiUg^lsiTnT^^ as shown. 
This is because^ IS negat ive fo r an induclivenbrancE, and positiYcDEc a 
capacitive branch. The pfooTbrfHis Is given on p. 330. 

/. 5/(? = tan^=:X/jR 
+ J 52 = 72 = 1 /Z 2 

^ ^l/(X2+i?2) 


also 
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The solution of these equations for 0 and B is 

0 = R/Z^ mhosl 
B = X/Z^ mhos) 

If the admittances of a number of circuits in parallel are represented 
on a vector diagram, as in Fig. 16.20, then 

X component of total admittance 
Y cos <!> — Yi cos + Fg ^ 2 + ^3 cos ^3 + . . . 

G=^o, + o, + o, + . . . 

Similarly, taking Y components, 

B = B^ B 2 + Bq . . . 

Total admittance Y = \/(^^ + 

Total current I = V x Y 



Fig. 15.19. Impedance and Conduc- Fig. 15.21 

TANCE Triangles for an Inductive 
( R , L ) Branch 


where V is the voltage applied to the branched network, and (f> the 
phase angle of the total current with respect to V 

<f) = tdiir\BIG) 

lagging if B is negative, and leading if G is positive. 

Example. Two coils, one of resistance 2 fl and self-inductance 
0*015 H, the other having a resistance of 1 Q and a self-inductance of 
0*08 H, are arranged in parallel on a 100 V, 50 c/s frequency circuit. 
Find the magnitudes and phases of the currents flowing in each circuit, 
and of the resultant current flowing through the whole system. (C. 
and G.) 
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This problem can be solved by considering each branch separately, 
calculating the current in each, and then determining their vector sum. 
In order to illustrate the method, the admittance method is used in 
the following calculation. Fig. 15.21 shows the circuit. 

ft) = 27r/; -Bi = 2; = 0*015; reactance = Lyoy == 4-7 £1 

Impedance = v'(22 + 4*72) = 5*1; current = 100/6*1 = 19*6 A 
Power factor of branch 1 = RJZi = 2/6*1 = 0*39. 

Conductance = RJZ^ — 0*0765 mho 
susceptance = XJZ^ = — 0*181 mho 
For branch 2, 

iJ, = 1; ijj = 0*08; Za = L^o) = 25 Q; Z^ = 1/(25® + 1®) = 26 
very approximately. 

/. /a = 100/25 = 4A 

power factor of branch 2 = R^jZ^ = 1/25 = 0*04 
Conductance Gg = R^jZ^ = 0*0016 mho 
susceptance jBg = X^jZ^ 

= — 0*04 mho 

Total conductance 0 = i = 0*078 mho 

Total susceptance J5 = + JBg = — 0*221 mho (both susceptances 

are negative in this case). 

Total admittance Y == \/(G® + ^®) = 0*235 
Total current I = 100 X 0*236 = 23*5 A 

Power factor of whole circuit = G/Y = 0*33 

Graphical Solution of a Parallel Circuit* In a simple R, L circuit the 
two components RI and Lcol of the applied p.d., F, are mutually 
perpendicular, and consequently, if a semicircle is drawn on a diameter 
which represents F, a right-angled triangle enclosed by the semicircle 
will be bne possible voltage triangle. Draw OA to represent the applied 
p.d., F, and on it as diameter (baw a semicircle as shown, Fig. 15.22. 
Draw a chord OB^ such that 

tan <f>i = RJXi, for branch No. 1 

Then, on joining AB^ we have a voltage triangle OABi in which OBi 
represents to scale the resistance drop Rili, and B^A represents the 
drop Xili, 

Draw in a similar manner the triangle OAB 2 such that 
tan <l >2 = Rz/X^y for branch No. 2 

Then OB 2 represents the drop R^Iz H^A the drop X 2 lz- 
Now the current in any branch is equal to the resistance drop 
divided by the resistance, and it is also in phase with this drop. Hence, 
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to obtain /j, divide OBi (in volts) by jR^, and mark oflF OIi to represent 
thus found. 

Similarly obtain O/ 2 , the current /g in the second branch, the 
triangle OB^A being the voltage drop triangle for this branch. Then 
07, the resultant of 01 ^ and O/j, gives the total current 7. If there are 
more than two branches, then the individual branch currents are all 
found separately as above, the resultant of all of them being the total 
current. 

Now triangle OB A is the drop of volts triangle for the whole branched 
circuit, so that the side OB in phase with 7 is the resistance drop, and 


A 



0 

Fig. 16.22. Gbaphical Solution ofBbanched Cibcuit 


BAi the reactance drop. Hence, if OB and BA are each measured on 
the voltage scale and divided by 7, the equivalent single resistance R 
and reactance X are obtained. 

Resonance in a Parallel Circuit. Consider a circuit consisting of 7?, 
L and C in parallel, as shown in Fig. 15.23. 

Impedance of branch 1, Zj = 7? 

Conductance of branch 1, = RIZ^ = 1/72 

Susoeptance of branch 1, = 0 

Impedance of branch 2, = Lw 

Conductance of branch 2, (rg = 0 
Susceptance of branch 2, Hg = — Lco/Z^^ = — If Leo 
Impedance of branch 3, Zg = 1/Cco 
Conductance of branch 3, C^g = 0 


/? 



C 

Fig. 16.23 
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Susceptance of branch 3, ^3 = + = + Cco 


Total conductance 
Total susceptance 
/, Total admittance 
Total current 


^ 3 ^ 

0^0^ + G^ + G, 

= 1 /i? 

B = + B 2 + (algebraic sum) 

= — + C(o 

Y = 

= ^^[l|R^ + {lILco - C'm) 2 ]mhos 
/= FF 


Phase angle of total current with respect to applied voltage 
(f> = tan“^ B/G = tan“^ i2(l/Lco — Cco), lagging 

From these equations we see that the total current is a minimum when 
11 Leo is equal to Cco, and the current is then in phase with the applied 
voltage. 

If the circuit contains L and G only in parallel, but no resistance 
branch, then total current 

/ = V(llL(o — Cco), lagging 

so that, if 11 Leo is equal to Cco, I wiU be zero. But the branch currents 
will be finite, namely VfLco and VCco respectively. This apparent 
anomaly is explained by the fact that the two branch currents are 

exactly equal and are opposite in 
phase, their vector sum, which gives 
the total current, being therefore 
zero. 

This phenomenon is called “cur¬ 
rent resonance*' or “parallel reson¬ 
ance’* to distinguish it from the 
voltage resonance which takes place 
in series circuits. The condition for 
current resonance is the equality 
of inductive and capacity suscep- 
tances, namely, 

IjLco = Cco or CO = ^/(l/XC) 

This is also the condition for voltage resonance in a series circuit. 
Current resonance does not produce a dangerous rise in pressure. 

A useful hydraulic analogy of current resonance is shown in Fig. 
15.24. A branched pipe has an elastic membrane across one branch 
and a column of mercury in the other. The elastic membrane possesses 
elasticity only, but no inertia, and it therefore corresponds to the 
capacitor branch. The mercury possesses inertia only and corresponds 
to the inductive branch. It is possible for an alternating current of 
water to exist in the circular tube as a whole since this closed system 


Membrane 
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will have a natural period of oscillation of its own. This alternating 
current can exist when the water in the main pipe is stationary, a 
condition which corresponds with the branched circuit when current 
resonance takes place. 

Now consider a two-branch circuit with branch 1 having Ri in series 
with L, and branch 2 having jRg ^ series with C, Referring back to 
series resonance in a R, L, C circuit, we found that the necessary 
condition for resonance was equality of the reactive voltages Vj^ and F q. 
For many branched-circuit problems we can argue as for the series 
circuit but interchange current with voltage. In the case under 



^2 



consideration we can do the same and say that current resonance 
takes place when the reactive currents in the two branches are equal 
and opposite. 

For branch 1, 

= VIlRi^ + (La>)2]i (Fig. 15.25) 

Reactive component 

Ifi. Ii sni 

= V/W + (Lcon^ X L(ol[R^^ + 

For branch 2, 

/ ^ 

* w + (ycwr]i 

and reactive component 

r _ 7 • r _ y 1 

,8 Yjj sm X CcolM^^ + (1/Cm)*]* 

The condition for current resonance is thus 

Leo __ l/Co) 

Thus the following quantities can be varied in order to bring about 
current resonance: C, L, R^, JRg, and/ (= a>/27r). 
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Consider the eflPect of varying L. Mark off OA to represent the applied 
p.d. V (Fig. 15.26), and on it as diameter draw circle 1. Since the 
constants of branch 2 are fixed we can draw the voltage triangle OB 2 A 
for this branch, marking off the angle (f >2 to the left because the reactance 




of the branch is capacitive. Dividing OB 2 in volts by the known value 
of B 2 , in ohms, we obtain the current /g which is marked off to an 
appropriate scale, as O/g. 

We have already seen that the triangle OB^A is one possible voltage 
triangle for branch 1. If the branch current is 01^ then there is a con¬ 
stant ratio between the lengths of 01^ and OB^ from which it follows 
that the locus of is another semicircle, whose diameter is OA 
produced to ( 7 , where point C corresponds to the condition L zero. 
Hence, on the current scale, 00 = F/i2i. 

Now I 2 is a fixed current, while is a variable current which is 
represent^ by circle 2 as locus. As the total current is the vector sum 
of and /g, we move circle 2 bodily through a distance equal to, and 
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parallel to, OI 2 , the lower end of the diameter thus moving from O to 
point I 2 * This gives circle 3 (Fig. 15.27) as the locus of the total current 
/. We can derive several conditions from the diagram— 

(а) As the diagram is drawn there is one value of the total current* 
namely OP, which gives current resonance in the sense that the 
overall power factor is unity. 

(б) If point Q were below point C, as at Q\ there would be two 



Fig. 15.27. Locus Diagkam fob Branched Circuit with 
Inductance Varied 

different values of current for current resonance. The condition for 
two values in F/2i?i > /g sin ^ 2 * 

(c) If F/2i2i </ 2 sin^ 2 > circle 3 will not cut the perpendicular 
through 0, and consequently there will be no resonance. This is the 
reverse of the series case in which the only condition for resonance 
is Leo = l/Cco. 

(d) With finite resistances the resonant condition is not the same 
as the condition of maximum current. This is shown in Fig. 15.27, 
in which the current of resonance is OP, but the maximum current 
is OR, 

A similar locus diagram can be derived for the case in which C is 
varied. Now let Pj, ^ 2 * ^ he kept constant and let the frequency 

be varied. Solving the equation for current resonance in the branched 
circuit of Fig. 15.26 we have 

O) = [IIV(LC)] - Lm^K) - L)]* 

/ = [(B^C - L)I{R^K! - L)]i 


or 
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(а) If JBi = 0 and R^ = 0, then the frequency for resonance is 
l/27r\/(LC), the same as for series resonance. 

(б) If R^ and R 2 are both very small then the frequency for 
resonance is very approximately the same as for case (a). 

(c) If R^C < L while R^C > L, or if R^C > L while R^ < L, 
then the quantity in brackets is negative and its square root imagi¬ 
nary. In such a case current resonance is not possible. In the R, L, 
C series circuit resonance is always possible no matter what the 
individual values of the circuit constants may be. 

In order to investigate the eflFect of frequency on the performance 
of such a circuit as that of Fig. 15.26, solve by the admittance method. 
Two column tabulation is convenient, as follows— 


Quantity 

(Impedance)^, Z* 
Conductance, G = 

Susceptance, B = X/Z® 


Branch 1 


Branch 2 


== + {Lm? 

jRi_ 


0,= 


+ (Lto)* 
Lay 


JJ,* + (io))* 


+ (l/ico)» 

Q __ ^ _ 

+ (\ILo>Y 


-^2 = 4- 


Rz^ + (l/aa>)2 


Suppose we give numerical values to the constants, namely i?i = 4 Q, L 
7 X 10“* H, ^2 ~ 2 n, (7 = F, then, continuing the tabulation, we have 


Z* 

O 

B 


Z^ = 16 + 49 X 

c; ^ -- 

^ 16 + 49 X 10 -W 

7 X 10 - 2 a> 


^i = - 


16 + 49 X 


Z 22 = 4 + 10Va>2 


4 + 10»/co> 


+ 


10 * 1(0 

4 + lOVo)* 


By giving co a series of values the characteristic curves similar to 
those of Fig. 15.16 for the series circuit can be drawn. First, determine 
the approximate value of / for resonance, on the assumption that jKj 
and R 2 are small. The value is 

/= 1/277^(1X7) = 1/277^(7 X 10-2 X 10-^) = 60-17 c/s 
The corresponding co is 

277 X 60-17 = 378-1 

It is therefore desirable to cluster the calculated points about this 
value of CO. The calculations are tabulated as shown on p. 337. 

The graphs of admittance Y and overall power-factor are plotted in 
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Fig. 15.28. If the applied p.d. V is kept constant then the line current 
given by / = F7, mQ be proportional to 7, with the result that the 
admittance curve is also, to a different scale, the curve of total current. 
We see that current resonance corresponds in this case to minimum 
total current, R^ and jBg being small. At the resonant frequency of 
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Fig. 16.28. Effect of Varyino cd on the Performance of the 
Branched CracuiT of Fig. 16.26 

378 1/277 = 60-18 c/s, we see that the power-factor is unity, but that for 
values on either side the power factor falls away rapidly. The graphs 
then turn upwards, the power factor tending to unity both for m = 0 
and for co = cc. In the former case the branch current /g is obviously 
zero and the inductive reactance Leo is zero, the equivalent circuit 
at ft) = 0 thus being the single resistance jR^. When co = oo the branch 
current is obviously zero, and the capacitive reactance — 1/Lco 
is zero, the equivalent circuit now being the single resistance iJg-* 

♦ For a more complete treatment of the locus diagram see A. Hazeltine, 
“Current loci in the general linear a.c. network.’* Flee. Eng,, N.Y. 56 (1937) 326; 
A. T. Dover, Theory and Practice of Alternating Currents, Chap. VI. Pitman 
London; M.I.T., Electric Circuits, Chap. IX. McGraw Hill, New York. 
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Circuit with Mutual Inductance. Since the magnetic field set up by 
any appliance may extend throughout a considerable space, it is 
inevitable that there must be many cases where thc/flux produced by 
one part of a circuit links with the windings in another part of the 
circuit. Thus changes in current in one part will be associated with 
induced e.m.f.s in the other part. If Jlif is the coefficient of mutual 
induction in henrys and I^ is the current in coil 1, then the mutually- 
induced e.m.f. in coil 2 is given by 

^2 = —■ M{dijdt) 

As a simple numerical example, take the following: a coil carrying 
a current of 5 A (r.m.s.) at frequency 50 c/s is adjacent to a second coU 
of resistance 20 Q, and inductance 1 H. If the mutual inductance is 
0*5 H, calculate the current in the second coil if its circuit is closed. 

h = (/i)max sin (ot 
Cg == — (dM)[(/i)max sin (ot] X M 
== — (A)max «> COS cot X M 
.*. (■®2)niax = ^ft>(-^l)max 
E2 = Moyli 

= 0*5 X 27r X 50 X 5 
= 785 V 

/. I, = + X^^)i 

= 786/(20* + (1 X 314)*)* 

= 2-6 A 


Example. Two coils, with terminals TiT^ and T^T^ respectively, 
are placed side by side. Measured separately, the inductance of the 



r, Tt 







Tt Tt 
Fig. 16.29 






first coil is 1200 //H, and that of the second coil is 800 //H. When T, 
is joined to the inductance between Ti and is 2500 ^H. What 
is the mutual inductance between the two coils, and what would be the 
inductance between and T, with Tj joined to (Land. Univ,) 
Let Li and L 2 be the two self-inductances and M the mutual induc¬ 
tance, Fig. 15.29. Then, when the combination carries a current i) we 
have 
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Self-induced e.m.f. in coil 1 

Mutually-induced e.m.f. in coil 1 
due to change of current in coil 2 

Self-induced e.m.f. in coil 2 

• Mutually-induced e.m.f. in coil 2 
due to change of current in coil 1 

The •— sign is given to Midifdt) when self and mutual fluxes are in the 
same direction, and the + sign when they are in opposition. 

/. Total induced e.m.f. in the circuit 

= - ± 2M + L^){dildt) 

Equivalent self-induction of the whole circuit 
~ -^1 i 2 M -h L^ 

the + sign now being taken when self and mutual fluxes are in the 
same direction, and vice versa. 

Since the total of 2500 > (1200 + 800) we have 
1200 + 2M + 800 = 2500 

i^ = 250/^H 

Hence, when the connections of coil 2 are reversed, total equivalent 
self-induction 

= 1200 - (2 X 250) + 800 
= 1500//H 

The Symbolic Method. When a number of forces acting at a point 
have to be combined into a single resultant, one method of determining 
this resultant is to resolve all the forces into two directions at right 
angles. The resultant is then the square root of the sum of the squares 
of the total OX and OY components. We have already seen that 
alternating-current problems can be solved by this manner. Thus 
impedance has two components, resistance and reactance, and if there 
are a number of impedances in series the total impedance is given by 
Z = [{S(iJ)}* + {S(Z)}*]i 

Similarly, if there are a number of admittances in parallel the total 
admittance is given by 

Y = [{S(G<)}* + {2(5)*]}l 

A more generally applicable method is to express a vector in terms 
of two components at right angles in the following manner. In Fig. 
15.30, a vector of length z is resolved into two components x and y at 
right angles. In the symbolic notation the length of the vector is 
expressed in the form 


= — Li(dildt) 
= =F M{dildl) 
= — L^idijdJt) 
= T M(dildt) 


where 


Z = X +jy 
3 = \/(- 1 ) 
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The quantity j, although an imaginary quantity, is here used to 
indicate a real operation, namely, that of rotating a vector in a counter¬ 
clockwise direction through 90°, and the appearance of the operator j 
in front of the component y means that this component is leading the 
X component by 90°. The operator in front of a vector, e.g. 
means that the a vector is 90° ahead of y, and therefore 180° ahead of 
X, Similarly if the operator is J*, e.g. the vector h will be 270° 
ahead of x. If the operator is the vector operated on will be in phase 
with X, 

Hence we have, for any vector Z, 
j^Z = - Z 
i3Z=-iZ 
i^z = Z 

Again, from the diagram 

a; = Z cos 0, and y — Zmi 6 
Z = Z cos 0 + jZ sin 0 

This is the polar form and is commonly written in an abbreviated 
form 

z = zid 

It can also be written in the exponential form 
Z = Ze^^ 



Fig. 15.30 


the proof being as follows 

0 * 


uor ^ (.70)* 


+ ■ 


and 


= l+i9-T^2 

A 2 

e-^9= 1 -jQ 


1.2.3 

j0* 


1.2 ' 1 

Adding (1) and (2) and dividing by 2 

eJ-e 4- e-i» 


2.3 


+ . 




( 1 ) 


( 2 ) 


= 1 


0 * 0 * 
1.2*** 1.2.3. 


= cos 0 

Subtracting (1) and (2) and dividing by 2j 


Qi$ - g-iO 


= 0 


1.2.3^ 1 


0 » 


2 . 3 . 4.5 


(e«» 


= sin 0 

e~^*)/2 = j sin 0 


( 3 ) 


( 4 ) 

( 6 ) 
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Adding (3) and (6) we have 

= cos 0 4* i sin B 

whence Z = Z ^ = Z cos 0 + jZ sin 0 = Z . e^® 

Suppose then that we have any vector quantity of magnitude P, 
then we can write this in the form 

P = A (cos 0 + j sin 0) 

and this means that the operator (cos 0 +j sin 0) has rotated the 

y 

Q 

P 


P2 

- „-9 M ^ 

- - ' - P, -- 

Fig. 15.31 

vector through the angle 0 in a counter-clockwise direction from the 
reference axis OX, 

Multiplication of Vectors. Let the two vectors P and Q be written 
in the form 

p = Pi + jPv so that P = Vbi* + P^) 

Q = 9i+ ki’ so that Q = -v/(?x® + Qz) (^> 8 - ) 

then their product is 

PQ = {Pi +jP2){qi +k2) 

= (Ml - M 2 ) +i(M2 + p^i) 

This is a complex quantity also, and if we denote it by R we have 
R = ri+ jr^ 

where - p^^ 

H = Pi^i + P^i 
The magnitude of R is therefore 
R = + r,*) 

= \/[(Pl3l — P^%? + (l’l?2 + P^lY\ 

= Vi^Pl + ^>2*)® X (?1* + 92®)*] 

= PQ 
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Now express the vectors in the polar form 
P = P (cos d„ + j sin 0,) 

Q = Q (cos 0 , + j sin 0 ,) 

/. R = PQ — PQ[{co8 0, cos 0, — sin 0, sin 0,) 

+ i(sin 0 p cos 0 „ + cos 6„ sin 0 ,)] 

= PQ\coa (0j + 0,) + 3 sin (0, + 0,)] 
or R = R [cos (0p + 0j) + 3 sin (0, + 0,)] 

We thus see that when we multiply two vectors 

(a) The magnitude of the resultant is the magnitude of the 
product of the component vectors. 

(b) The angle of inclination of the resultant to the reference axis 
is the sum of the inclinations of the component vectors to the 
reference axis. 

In the exponential form we have for the product 
R^PQ = pQei(B,+e.) 

Division of Vectoes. The quotient is 
P ^ P(cos0,+jsin0,) 

Q Q (cos 0j + j sin 0,) 

= Z / cos +j sin ^ cos 0 , —j sin 0 „ \ 

Q \ cos 6, + j sin 0, " cos 0, — j sin 0, j 
_ Pr (cos dp cos 0„ + sin 0, sin 0^) + j (sin 0^ cos 0, — cos 0 ^ sin_0,) 
~ Qy cos* 0, + sin* 

= ^ [cos ( 0 , — 0 ,) + 3 sin ( 0 p — 0 j)] 

or 5 = /S[cos (0J, — 0j) + J sin (0,, — 0,)] 

We thus see that when we divide two vectors 

(а) The magnitude of the quotient is the same as the quotient of 
the two component vectors. 

( б ) The resultant is another vector quantity whose inclination to 
the reference axis is the difference of the inclination of the two 
components. 

We thus have the alternative forms 

The Reciprocal of (cos 6 + j sin 0) 

1 1 cos d — j sin 0 

-= - X_ ^ _ 

cos 0 + j sin 0 cos d + j sin 0 cos 0 — j sin 0 
_ cos 0 — sin 0 
”” cos^ 0 + sin^ 0 
= cos 6 — j sin 0 
== cos (— 0 ) + j sin (— 0 ) 
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Hence the reciprocal is an operator which sets a vector back by the 
angle 0, or, in other words, produces an angular displacement 0 in a 
negative sense. 

Logarithm of a Complex Number. Expressing the number in the 
exponential form we have 

P = Pe^fi 

loge P = loge P + jd 

Now P = \/(Pi^ + P%) ® = tan“”^ (Pg/Pi) 

/. loge P = loge V(Vi + Ti) + 5 tan-i (Pa/Pi) 
showing that the logarithm is itself a complex number. 

Application to Electric Circuit Calculations. In the case of an impe¬ 
dance Z made up of ohmic resistance R in series with reactance X, we 
have 

Z = P + jZ = Ze^® 

== Z/0 

where 0 = tan~^ (NfR) 

The admittance can be expressed symbolically in the following 
manner— 

Y = IIZ 

Y=llZ=l/(R+jX) 

= (R --jX)l(E +jX){R -jX) 

= P/(P2 + x^) -jXI(R^ + Z2) 

= 0^jb _ 

/. Y=G -jb = 7e-^^ = 7 1-0, or 7 \ 0 

We will now consider several applications of the method to ordinary 
alternating-current calculations. 

The Resultant of a Number of Alternating E.M.F.s all 
Acting at the Same Time in a Given Circuit. Suppose there are 
two e.m.f.s represented by 

Cl — El sin cot, and Cg = sin {cot + cf)) 

Then taking Ei as the reference vector, we have 
El — El j , 0 

and Eg = -^2 <f) + j , E 2 sin cf) 

.*. E = El -f- E 2 = {El “1“ E 2 cos <!>) -f- j . E 2 sin (j> 

Writing E = Z + j . 7, wo have 
Z = {El + E 2 cos (j>) 
and 7 = Eg giving 

E = [(El + Eg cos <f>Y + Eg2 sin^ 
tan 0 = (7/Z) = Eg sin ^/(E^ + Eg cos <f>) 


and 



A.C. CIRCUITS 


345 


Ch. 16] 


Example (1) Simple Series Circuit. Fig. 15.32 shows a circuit 
consisting of two inductive resistances in series with one another, the 
resistances and reactances 5 and 6, 3 and 7 respectively. A sinusoidal 
p.d. of effective value 200 is applied to the combination. Calculate the 
ciurent and power factor, and the voltage drops along the two coils. 
The expression for impedance in symbolic notation is 

Z=R+jX 
Z={5 + 3)+i(6 + 7) 

Put F = 200 + j . 0 

I = 200/(8+il3) 

_ 200(8 - jl3) 

“ (8 + jl3)(8 - jl3) 

.-. I = V[(6-88)* + (1M5)*] = 13-2 A 
This is the effective value since we used the effective value of 200 


= 8+il3 




I 






Fig. 15.32 


for the applied p.d. Again, the minus sign in the expression for I 
shows that the current lags behind F, the angle, ^ being 

<j, = tan~i (11-15/6-88) = 58° 16' 
and p.f. = cos = 0-524 

Again, for the voltage drops, we have 

Fi = JZi = ( 6-88 - j . 1M5){5 + j . 6 ) 

= (101-3 -j. 14-47) 

Fi = V[(101-3)2 + (14-47)2] = 102-5 V 
its phase angle with respect to V being 

= tan-i 14-47/101-3) = tan^i (~ 0-1429) = - 8 ° 13' 

Similarly 

= JZ^ = ( 6-88 -i . 1M5)(3 + j . 7) 

= 98-7 + 3 . 14-5 

/. Fa = \/[(98-7)2 + (14-5)2] == 99-7 V 
its phase angle with respect to F being 

<^2 = tan-i (14-5/98-7) = tan-i 0-1471 == + 8 ° 14' 

We have also as a check 

= (101-3 -3 . 14-47) + (98-7 + j . 14-6) 

= 200+i.0 ■ 
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Example (2) A Divided Circuit When making calculations on a 
divided circuit it is often convenient to reduce the circuit to the 
eqidvalent series circuit containing resistance and reactance. Thus let 
the symbolic impedances of the individual branches be (Ri+ jXi), 
(-^2 + (-^8 + impedance of the whole branched 

circuit be (R + jX), Then, since 

J = Ji + Jg + J3 + . . . 

V _ V V V 

R + jX Ri + jXi J?2 + jX^ Rz + jXq 
Dividing throughout by V and rationalizing, we have 

R _ Ri , i?2 I Rz I 

R^ + X^'^ jf?i2 + R^^ + x^^ R^^ + x^^'^ ' * 


Equating real and imaginary parts, we have 

R _ Ri _I_^_I_ ^ _I 

R^ + Rj^ + R^^ + X^^ R^^ + Z32 

and 




+ 


R^ + X^ Ri^ + Xi^ ' R^^ 
In other words 


+ ^ 2 ^ 


+ 




^ = ^1 + ^2 + ^3 4* • • • 
and J5 = J5i + jSg + -Bg + . . . 


the results thus being identical with those obtained by the admittance 
method. 

As a numerical example consider the following circuit. A resistance 
of 10 Q is in series with an inductive reactance of 6*28 fl, and the 
combination is parallel with a circuit consisting of a resistance of 20 
in series with a capacitance of 100 ywF. The above branched circuit is 
in series with a resistance of 15 D and an inductive reactance 15-7 £1, 


p,mro Xf& 2 a 

/ Xb^/S-7 

^ 

Rz^20 Xz^r3l*9 
Fig. 15.33 


Fig. 15.33. Calculate the equivalent resistance, reactance, and 
impedance of the whole circuit. 

The reactance of the capacitor, assuming a 50 c/s supply, is 

X 2 = - 1/314C == ~ 107(314 X 100) = ~ 31*9 D 

The circuit is, therefore, as shown in Fig. 15.33. 
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For branch 1 

Fi = 10/(10* + 6-28*) -j. 6-28/(10* + 6-28*) 

= 0 0718 -j X 0 046 

For branch 2 

r, = 20/(20* + 31-9*) -j. -31-9/(20* + 31-9*) 

= 0 0141 + j X 0-0226 

For the branched portion, we thus have 

y,., = (0-0718 + 0 0141) -i(0 046 - 0-0226) 

= 0-0869 - j X 0-0226 
/. i?!.* = 0-0869/(0-0859* + 0-0226*) = 10-87 
and = 0-0226/(0-0869* + 0-0226*) = 2-86 (and is positive) 


Hence, for the whole circuit, we have 

B = + J2j = 10-87 -f 16 = 26-87 £2 

X = Xi.j -f Xj = 2-86 + 15-7 = 18-66 Q 
Z = (25-87* + 18-66*)i = 31-8 £2 

In order to determine the maimer in which a current divides between 
two parallel branches, we have the two equations 

l=h + h\ 

and I 1 II 2 “ ^ 2/^1 / 

These give 

IJI = ZJ{Zi + Zg) 

= (i?, + jXMRi + Hz) + i(^i + ^2)] 

IJI = [W + ^2*)/{(-Bx + i?2)* + (^1 + ^ 2 )*}]* 

and similarly 

IJI = + {X, + X,n]i 


Example (3) AUemating-current Bridge Networks. Consider first of 


all a simple network such as that 
shown in Fig. 15.34. The condition for 
a balance with direct current is 

EJ E^ = EJ i?4 

The condition for a balance with alter¬ 
nating current is 

ZJZ, ^ ZJZ, 

• ^1 ~i~ = -^8 i * ^ 

* ’ -^2 + 5^2 -^4 + i • ^ 

E^E^ 4 "^-^ 1-^4 = B^E^ jX^E^ 



Fio. 15.34. Simple A.C. 
Bridge Network 
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Equating real and imaginary parts, we have 
R’yJR^ — R^/R^ 

as for direct current 

and = ^ 3/^4 

Hence = ^ 3/^4 = ^il ^2 

As a more complicated bridge network take the case of the Wien 
bridge shown in Fig. 16.36*. This consists of two non-inductive arms 
Ri and R^, a shunted capacitor for arm 2 , and a capacitor in series, 




with a non-inductive resistance for arm 4. First of all reduce arm 2 t o 
an equivalent series circuit of resistance R^ and reactance x^; we then 
have 

and for arm 4 X 4 = — l/coC^ 

The condition for a balance is thus 

R, ^ R.Jd + coK),^R.^) -j . llcoC,(l + l/coHJ.^RJ^) 
i?3 R^-jdlcoC,) 

Equating real and imaginary parts, as before, this gives 
R^R, = + coK)J^RJ^) \ 

and RJcoC^ = coCxRsRxVd + o^^Cg^Rg^) ] 

This particular network is used for the determination of Rggy without 
the necessity for the determination of (7*, hence if Cg. is eliminated in 
the usual manner, we have 

Rgg= Ri X (i f oyKJ^^R^)loD^RzRfi^ 

Fig. 16.36 shows the circuit of the Owen’s Bridge. The conditions 
at balance are 

A('^i “I" “ ^ 2 ^ 

/l(i?2 = 12^ i/<^) 

* See B. Hague, A,C. Bridge Measurements. Pitman, London. 



Ch. 16] 


A.C. CIRCUITS 


349 


+ j(oLi ^ 
■®a 3/^2 


R 


jjaiC 


Tf I _ R{R2 jJfoCt) 

R,+3<oL, -- 

\R(R^ -jJcuC,)] 


X 


- P jlccC 
= RwCIwG^ + jRB^caC 
= BCIC^+j(oRR^C 


Equating real and imaginary parts we have for the two conditions of 
balance 

i2i = RC/C^ 

= RR^C 

Thus a balance is obtained independently of the frequency of the 
source. 

Example (4) Capacitor with Finite Dielectric Loss. The loss in a 
circuit can sometimes be repre¬ 
sented by the PR loss in a 
resistor of appropriate value and 
location. Thus, in the case of a 
capacitor with finite dielectric 
loss this loss can be replaced by 
that in a series resistor, or in a 
shunted resistor. Suppose that 
an actual capacitor is equivalent 
to (a) a capacitance Ci in series 
with resistance Ri, or (6) a 
capacitance Cg in parallel with resistance iJg. The two equivalents 
are shown in Fig. 15.37. 


C 2 

C; R, 

(°-> Rz Cb) 

Fio. 15.37. EQuivau^ENT Cmourrs for 
Capacitor with Finite Dielectric 
Loss 



For the series equivalent, we have 

Zi = Ri — jl^i^ 

For the parallel equivalent we have 

y _ R 2 X ( jl^2^) _ ■®2(^ jR^^) 

If the two are electrically equivalent Zj and Zg must be equal 
/. -jlCiCO = RJ(l + R2^2^(0^) -jR2^2C0l{l + R2^2^C0^) 
Equating real and imaginary parts we have 

J?i = i?g/(l + i?g2(7gW) . . . (1) 

and I/Cjco = R^^coji} + R^^o}^) . . (2) 

= IZ-RgCgCo.(3) 

(by dividing (1) by (2)) 
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Again, from (2) 

CJC^ = (1 + 
iP^ - C^)IC^ = llR^K)^^(o^ 
while from (3), 

R^K)^W = = (Cl ~ CaVCa 

which gives Cj = Ci/{1 + R^^o)^) 


This is as far as we can go unless we can make assumptions based on 
actual conditions. Fig. 15.38 shows the impedance 
triangle for the series arrangement, and, generally, the 
angle ^i is very nearly equal to 90°. The tangent 

i^l -r 1/Cift) = RxCiCO 

is therefore small, so that its square, is negligible 

in comparison with unity. The equation for Cj thus 
reduces to Cj Cg. From equation (1), we have 



Fig. 15.38 


= i?,(l + 

= i2i(l + IjR^^co!^) (from equation (3)) 


It is the first term in the brackets which is now negligibly small, so 
that 

- RJR^KIjj^o)^ - l/i?iCjW 

Calculation of Powbb. We have 

E = JS7(cos a + j sin a) 

and I = /(cos + j sin P) 

(a — P) being the phase difference between E and /. 

Multiplying these, we have 

El = EI[{co& a cos jS — sin a sin p) + j (sin a cos jS + cos a sin P)] 

= j^/[cos (ot + /5) + j sin (a + p)] 

The real part of this is El cos (a + jS), and this obviously is not the 
power in the circuit, since this should be El cos (a — p). In addition, 
the imaginary part is El sin (a + /S), and this also is not the correct 
expression for the reactive volt-amperes. Hence, when calculating 
power by the symbolic method, it is necessary to reverse the imaginary 
part of either E or I, Thus, if we leave E as written above, but write 

/ == / (cos p — sin P) 

then El = El [cos (a /ff) + j sin (a — p)\ 

The real term is the mean power, and the imaginary term gives the 
reactive volt-amperes. 
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Alternatively we can write the voltage and current in the form 

Reversing the sign of /3, we have 
7i = 

= A:/e««-^> 

= El [cos (a — /3) + 3 sin (a — /?)] 

as before. The vector obtained by reversing the imaginary part of an 
original vector is sometimes referred to as the conjugate of the original 
vector. 

As an example let 

£ = 100 + j 200 
7= 26+ilO 

Then E = + 200=“) = 223-6 

I = v'(25* + 10*) = 26-93 
a = tan-i (200/100) = 63° 26' 

/S = tan-» (10/25) = 21° 48' 

.-. IT = £7 cos (a -/?) 

= 223-6 X 26-93 X 0-7474 
= 4500 W 

Alternatively, since the imaginary voltage component of 200 is in 
phase with the current component of 10, while the real voltage com¬ 
ponent of 100 is in phase with the 
current component of 25, we have 
(Fig. 16.39) 

IF = 200 X 10 + 100 X 25 
= 4600W 

Solution of the Differential Equa¬ 
tion ol the R, L, C Circuit. One 
method of solution affords an in¬ 
structive application of the use of 
the operator j. In the R, L, C 
circuit the applied voltage v has 
three things to do, (1) supply the 
ohmic volt drop Ri, (2) overcome 
the self-induced e.m.f. — L{dildt), 

(3) supply the instantaneous p.d. at the capacitor plates, qfC. The 
component of v to overcome the second of these must obviously be 
+ L {dijdi), so that the voltage equation becomes 

Lidifdi) + Ri -f (g/C) = v 



yOAmps 

- X 
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For a sinusoidal applied voltage we have 
t; = = F^e>-< 

time being reckoned from the instant the rotating vector crosses the 
OX-axis. The equation is now 

L(dildt) + Ri + (qjC) = F,,e^-« 

Differentiating with respect to t 

L{dHldl^) + R{dildt) + (i/C) — 

For a sinusoidal current put i = 

/. difdt = jcol^e^^* 

and dHjdt^ = — 

giving 

— + jcoEI^^e^^^ + (IJC)e^^^=jcoV^e^^^ 

, r _ _ 3^^m _ 

• • “ jojli + (- + l/C) 

Vm 

R + j{L(o — l/Gco) 

We now proceed as before 

T _ -3(L<o - l/Cco)] 

- 722 _ IJCojf 

The denominator is the square of the impedance Z, while 

(Lo) — l/Cco) is the total reactance X 

4 = V^lR/Z^ -j(XIZ^)] 

IJ = VJiR^IZ^ + XVZ^) 

/. = yjz 

The relative phases of the vectors are 
given in Fig. 15.40, from which we 
see that 4 by the angle 

<f> — tan“^[( ico — l/{7a))/i?]. 

The assumption of sinusoidal current 
and voltage restricts the solution to a steady-state condition only, that 
is, one in which any additional phenomena at the moment of starting 
the current have disappeared. 

Starting Conditions. Consider a simple circuit having R and L in 
series, and let a sinusoidal p.d. of r.m.s. value F and frequency / be 
applied. Then, as we know, wo have 

I = F/[iJ* + (Lo)*]* lagging V by 

^ = C08-»[iJ/{J2* + (^)*W 



Fio. 16.40 
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t; = sin o)t 
i ^ sin {oA — <^) 

The corresponding wave diagrams are given in Fig. 15.41. Suppose 
that the voltage is applied at the instant represented by point O, that 
is, when the voltage is zero, then we see that the current is finite and 
equal to OA, But the current must be zero at the instant of switching 
on, and furthermore it cannot attain any finite value suddenly because 
the circuit is inductive. Hence Fig. 15.41 does not represent initial 
conditions when the instant of switching on corresponds to the point 



0. Neither can it represent initial conditions when the instant of 
switching-on is, say Og these also correspond to finite current, 

namely O^A^ respectively. It can only represent initial 

conditions when the instant of switching on corresponds to point 0^, 
that is, to an instantaneous voltage of O^B^, for at that instant the 
current is zero. Hence, in general, the solutions we have used pre¬ 
viously refer only to a circuit which has settled down to what are 
called “steady-state” conditions. At the instant of switching on, and 
for a short time afterwards, the circuit carries, in addition to the 
steady-state current, a transient current whose function it is to adjust 
the circuit conditions to the actual moment of starting. Thus, suppose 
that the voltage is switched on at the moment 0 in Fig. 15.41. The 
steady-state current is OA, which we will denote by — Since the 
actual initial current is zero, the initial value of the transient current 
must be + We can visualize this current rising instantaneously 
from zero to V since initially there is no flux and therefore no induced 
e.m.f. This current only rises to the value V because the flux associated 
with V gives, with the equal and opposite flux associated with the 
steady state current of — the circuit conditions appropriate to the 
moment of switching on. Having performed this function the transient 
current dies away, and as the circuit is inductive, it can only die away 
exponentially according to the law 
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A more rigorous solution is as follows. The e.m.f. equation for the 
inductive circuit having R and L in series is 

L(dildt) + Ri = E^ sin cot 

Now the complete solution of this equation consists of two parts which 
are called the particular integral and the complementary function. 
The particular integral is the solution corresponding to the steady-state 
condition, namely 

i = [EJ{R^ + {Lcom sin {cot ~ <f>) 

This solution is obtained without any constants of integration, and 
cannot therefore represent initial conditions. It is to represent these 
conditions that the complementary function is necessary. This is the 
solution of the equation with zero substituted for E^ sin cot, namely 
the solution of 


L{dildt) Ri = 0 

This is i = Ae 

where A is the equal and opposite to the instantaneous steady-state 
current at the moment of switching on. Since we wrote 

e = E^ sin cot 

where e is the instantaneous e.m.f., we reckoned time from the instant 
< = 0, At any instant t' thereafter the instantaneous value of the steady- 
state current is 


i' = sin (cot' — (f>) 

and consequently the complementary function is given by 

—• e ^ sin (cot — (p) 

The complete solution is thus 

—— it—V) 

i = Im sin (cot — e ^ sin (o>^' — 

The graph of current against time for an inductive circuit is shown in 
Fig. 15.42, from which it will be seen that the graph of total current 
gradually approaches that of the steady-state component, and ulti¬ 
mately merges with it. 

An important case is that of a circuit in which R is so small that 
the steady-state current lags practically 7r/2 behind the voltage. In 
such a case L/R is so large that the transient component will die away 
very slowly. This case for switching at the instant c = 0 is shown in 
Pig. 15.43 and we see that the tot^ current very nearly attains the 
value 21^, This phenomenon is called current doubling. 
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Now consider a circuit having resistance R in series with capacitance 
C. Then for a sinusoidally impressed e.m.f. the equation is 


{qfC) + Ri = sin oyt 



idt Ri = sin ot 


Dijflferentiating, we have 

i/C + R{dildt) = E^fjt) cos cot 


The complete solution is 

i = e J*e (E^ojR) cos cot dt + -4^ 


-ikt 


i = (E^jZ) sin {mt <f}) A e 



where Z = V(I^^ + l/co^C^) = 

and tan 0 

At any instant the voltage across the capacitance is given by 

= ^ j ^ Bill (cot + 4>) dt + ^ j e~^‘^ 

-±t 

= - (EJCoZ) cos {wt + ,f>)-RAe 

The constant A can be determined from the fact that at the instant 
of switching on, the capacitor voltage Bq is zero. Suppose then the 
switching instant is then from the equation for Bq we have 
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For the complete solution we have 

» = (EJZ) sin ((u< + ^) - {EJZ). (XdB) e" cos (to<' + <f>) 

» = /„ sin (cot + <f>) — I„ Xq/R . e ca ‘ ^ (jog 

Thus the phenomenon is very similar to that for the inductive 
circuit, the total current being the resultant of a sinusoidal steady- 
state current and an exponentially decreasing direct-current transient. 

The transients considered above are what are called “single energy” 
transients in that the energy associated with the particular transient 
is of one kind only. Thus in the inductive circuit it is magnetic energy 
seated in the magnetic field, whereas in the capacitive circuit it is 
electric energy stored in the dielectric. If a circuit has both inductance 
and capacitance the transient will be associated with energy of both 
kinds and will therefore be a “double-energy” transient. 
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Examples on Chapter 15 

1. An alternating current of frequency 50 c/s has a maximum value of 100 A. 
Calculate (o) its value 1/600 sec after the instant the current is zero; (6) in how 
many seconds after the zero value will the current attain the value of 86*6 A ? 

Ans, (a) 50 A; (6) 3J0 sec. 

2. Two currents represented by i^ — 50 sin o)t and i^ — 100 sin (mt -f 7r/4) are 

led into a common conductor. Find an expression for the total current in the 
form i — /max sin {oit + ^). If the conductor has a resistance of 10 D, calculate 
the number of calories produced in 20 min. Ans, 28 x 10® g.cal. 

3. Three voltages, represented by e^ ~ 20 sin ce/, ^2 = 30 sin {wt — 7r/4), and 

63 = 40 cos {(ot — 7r/6), act together in a circuit. Find an expression for the 
resulting voltage. Ans, ^max = 62’6 V. 

4. A wooden ring of mean circumference 0*5 m and a circular section of 0*03 m 
diameter is uniformly wound with 400 turns of 1 mm copper wire. Calculate its 
resistance, inductance, and impedance at frequency 100 c/s. Take the specific 
resistance of copper to be 1*7 x 10“® Q-m. 

Ans. (a) 0-82 D; (6) 2*85 X 10-® H; (c) 0*83 Q. 

5. The air gap under the pole of a series motor is 0*06 in. in length, and the 
effective area is 80 in.* There are 5 turns of cable round the pole, having a resis¬ 
tance of 0*005 O. Assuming that the reluctcmce of the iron parts of the magnetic 
circuit is one-fifth of the reluctance of the air gap, calculate the voltage drop in a 
aeries coil when 150 A r.nLS^ at 25 c/s are passing through it. (C. and G.) 

Ana, 21 V. 
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6 . A capacitor and an inductive conductor are placed in series across alter¬ 
nating current mains, whose voltage is kept constant while the frequency is varied. 
Show by means of a curve how the current varies with the frequency. What 
determines the maximum value reached by the current ? If this maximum occurs 
at a frequency of 20 c/s, and if the capacitor has a capacitance of 50 fJtF, what is 
the value of the inductance ? If the voltage of the mains contains a pronounced 
third harmonic, how will the curve connecting current with frequency be affected ? 
(L.U.) 

Ana, 1-27 H. 

7. An alternating-current circuit includes two sections AB and BG in series. 
The section AB consists of two branches in parallel. The first of these is formed 
of a non-inductive resistance of 60 Q in series with a capacitor of 50 fiF, while the 
second consists of a resistance of 60 Cl having an inductance of 250 mH. The 
section BC consists of a resistance of 100 having an inductance of 300 mH. 
The frequency of the current is 50 c/s. The voltage across the section AH is 500. 
What is the voltage across the section BC1 (L.U.) 

Ana, 960 V. 

8 . An air-cored choking coil is subjected to an alternating voltage of 100 V. 
The current taken is 0*1 A, and the power factor 0'£, when the frequency of the 
current is 50 c/s. Find the capacitance of a capacitor which, if placed in parallel 
with the coil, will cause the main current to be a minimum. What will be the 
impedance of this parallel combination (a) for currents of frequency 50 c/s, and 
(b) for currents of frequency 40 c/s ? (L.U.) 

Ana, 3‘lfiF, (o) 5000 0; (6) 1940 0. 

9. A choke coil of negligible resistance connected across a 500 V, 50 c/s circuit 
takes 1 A at O'8 power factor. What capacitance must be placed in parallel with 
it in order to make the power factor of the combination equal to unity ? (L.U.) 

Ana. 3*82 fiF, 

10. A coil having a resistance of 5 O and an inductance of 0 02 H is arranged 
in parallel with another coil with a resistance of 1 Q, and an inductance of 0*08 H. 
Calculate the current flowing through each coil when a pressure of 100 V at 
50 c/s is applied to them. Find the total current passing, and estimate the 
resistance and inductance of a single coil which will take the same current at the 
same power faotor. (L.U.) 

Ana. 12-5, 3*97, and 15-9 A; 3-2 Cl and 0 0175 H. 

11. A transmission line 40 miles long consists of two wires each 0-46 in. 
diameter, spaced 5 ft. If the conductors are short-circuited at the far end what 
voltage at frequency 25 c/s must be applied to produce a current of 200 A in the 
loop so formed ? 

Ana. 6140 V. 

12. An alternating current passes through a non-inductive reactance R and an 
inductance L in series. Find the value of the non-inductive resistance which can 
be shunted across the inductance without altering the value of the main current. 
(L.U.) 


Ana. (0*L*I2R. 
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POLYPHASE CURRENTS 

Up to the present, the alternating-current systems we have considered 
have possessed only one electrical circuit, as in the case of two-wire 
direct-current circuits. In alternating-current working it is possible 
to use two, three, or more individual circuits in the same apparatus or 
machine. The voltages and frequencies in the individual circuits are 
the same, but they have definite phase differences, the amounts of 
these differences depending on the number of circuits or “phases.” 
The complication involved is only small, but the advantages of poly¬ 
phase over single-phase working are enormous. They may be summed 
up as follows— 

(a) For a given size of frame a polyphase generator or motor has a 
bigger output than a single phase. 

(b) To transmit a given amount of power at a given voltage over a 
given distance, a polyphase transmission line requires less copper than 
a single-phase line. 

(c) Polyphase motors have an absolutely uniform torque, whereas 
single-phase motors (except commutator motors) have a pulsating 
torque. 

(d) Single-phase motors (except commutator motors) are not 
self-starting. Polyphase motors are self-starting. 

(e) The pulsating nature of the armature reaction in single-phase 
alternators causes difficulty with parallel running unless the poles are 
fitted with exceedingly heavy dampers. Polyphase generators work in 
parallel without difficulty. 

Relation of Output to Number of Phases. Imagine an armature with 
a uniformly distributed winding, and consider that portion of the 
winding lying in one pole pitch (Fig. 16.1). The points A and B are 
180 electrical degrees apart, and therefore the phase difference in the 
e.m.f.s induced in the conductors at A and B is 180°. Also, the change 
of phase from A to £ is uniform, and the vector polygon for a large 
number of conductors is a semicircle, as shown. For a given winding 
the maximum allowable current I is fixed. For simplicity we consider 
the case of unity power factor. 

(а) Single I^se. All the winding is utilized and therefore the 
terminal voltage is the closing side of the whole polygon, that is, the 
diameter. Let this be Fi; then power generated 

(б) Two Phases. Each phase contains half the winding, and the 
closing sides for the two phases are the vectors AC and CB. Let these 
be ^ 2 * 

Total power generated, = 2EJ[ = 2{EJ'y/2)I 

= V2Pi 


3S9 
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Thus the power generated in the same frame when used two-phase is 
41*4 per cent greater than when operated single-phase. 

(c) Thbeb Phase. The closing sides for the three phases are AD, 
DF, and FB, Calling these E^, we have E^ = ^E^, Hence total power 

P3 = 3^3/ = 1*5^1/ = l* 5 Pi 

The increase in power in this case is therefore 60 per cent. 

(d) “m” Phase, where m is a large number, 

If the individual phase voltage is E^, then 

m . = circumference of semicircle = (7r/2)Pi 

/. Power = mE^I 

= (7r/2)Pi/ = l-57Pi 

The increase in power is therefore 57 per cent, and this is the maximum 
possible increase. Since it is only 7 per cent greater than the three- 
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phase power the increase does not justify the extra complication, and 
it is only in exceptional cases that more than three phases are used. 

Two-phase Working. The armature has two distinct windings 
arranged so that there is a phase difference of 7 r /2 in the e.m.f.s induced 
in them. The alternator can be connected to the receiving apparatus 
by either four or three conductors, as in Fig. 16.2, the circuit with 
four conductors being the same as two independent single-phase 
circuits. 

Let F and I refer to line voltage and current, and Vj, and refer to 
phase voltage and current. Then obviously in the four-wire case, 

F = F, and / = 4 

In the three-wire case the outers carry current /, = 7^,, and the voltages 
between outers and middle wire are F = F^,. The middle wire carries 
the resultant of the currents I in the two outers, and since these are 
90° apart, the current in the middle wire is \/2/. Similarly the voltage 
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between the two outers is \/2F. In both four- and three-wire systems^ 
the power 

P = 2FJ cos^ 
where <f> is the phase of I with respect to F. 

Three-phase Working. The individual phases can be connected 
either in star (A), or in mesh or delta (A), as shown in Fig. 16.3. The 



T 

V 


4-wfre 



Fig. 16.2. Two-phase Working 




e.m.f.s in the individual phases have a mutual phase difference of 120®. 

(a) Mesh Connection. The line voltages F are obviously equal 
to the phase voltages F,,. The line currents are the vector differences 
of the two phase-currents fed into a given line. This is easily understood 
by replacing the ordinary three-wire arrangement by a six-wire, the 
three phases being thus independent. This is shown in Fig. 16.4. 
Since each line wire in the actual circuit carries the currents flowing in 
a pair of wires in the six-wire arrangement, it follows that to obtain 
the line current the difference and not the sum of the phase currents 
must be taken. The phase difference of and reversed is 60°. 
Hence, in the case of a current balance, that is, 

i/p = 2 ^ 2 ) = say, we have 

/= 

Suppose the closed delta is an alternator armature winding delivering 
current to an external load. Let the three phases all operate at the same 
power factor of cos which means that in any phase the current lags 
(or leads) the e.m.f. in the same phase by the angle Thus we can 
write 


1*, = Imv sin M - 
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where is the maximum value of all the phase currents 
= Imv sin — (27r/3)] 

8*i> = Imv sin M — ^ — (47t/3)] 





Fig. 16.4. Equivalent Mesh Connection 


The current in the line joined to the junction of phases 1 and 2 is 

i = lip 

= 7„j, [sin (col —j))— sin {tat—<j> — (27r/3)}] 

= V37„p cos — (7t/3)] 

Its effective value is 

I = a-s above 

Similarly for the other phases taken in pairs. 

Power P = ZVpIp cos <f> 

= y/d VI cos (f) 

\We saw that the variations with respect to time of the power in a 
sin^e-phase circuit follows a double frequency sine lawy a double¬ 
frequency component being superposed on a steady value/ The above 
treatment does not give any indication of the variation, if any, of 
three-phase power with respect to time. The total output power at 
any instant is 

P=Pl+P2+Pz 

For a balanced circuit operating at a power factor cos <f> 

Pi — l^p ■ ih (<"* ~ 4>) 

Pz = z^p ■ i^p sin [«< — (27r/3)] sin [oit — (27r/3) — (^] 

1^8 = 8^,. zip sin M — sin [(ot — (4^13) — 4>] 
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iV„ = = ,F, = F„p numerically 

and J, = j/j, = j/j, = numerically 

p = 1-6F„, cos 4 , ^ 

which is a constant with respect to time, the other hand, the various 
phases can be regarded as independent oF one another as far as the 
production of power is concerned, and each phase shows the double¬ 
frequency component characteristic of single-phase workingp> 

iJthough the delta is closed there will be no current flowing unless 
current is delivered to an external circuit, because of the balance of the 
induced e.m.f.s with respect to the closed circuit. Denote the phase 
e.m.f.s by Cj, eg, and 63 respectively. Then the total instantaneous 
e.m.f. acting round the circuit is 

Cj + eg + €3 = sin cd + sin [ct>< — ( 27 r/ 3 )] 

+ E^ sin [o)t — ( 47 r/ 3 )] 

= E^ [sin (ot + sin . cos ( 27 r/ 3 ) — cos (ot . sin (2^/3) 
+ sin (ot . cos ( 47 r/ 3 ) — cos cot . sin ( 47 r/ 3 )] 

= E^ (sin (ot — \ sin oyt — \/3/2 . cos cot — \ sin ad 
+ \/3/2 cos ayt) 

= 0 

(6) Star Connection. With this arrangement the line currents are 
obviously equal to the phase currents. The voltage V between any pair 
of lines is the vector difference of the voltages in the two phases supply¬ 
ing that pair. The phase difference 

between the voltage in one phase i^p _ 

and the reversed voltage in the next 
phase is 60°, so that V = \/3 

Hence, P = 37^/^ cos ^ 

= \/3 VI cos <f> 

as in the case of the mesh connection. 

If a middle wire is connected to 
the junction of the three phases, 
called the “star’’ point, the current 
in this wire will be the vector sum of Fio. 16.6. EquivaiiBnt Stab 
the three line currents, as can Connection 

be seen by considering the three 

phases separated, as in Fig. 16.5. If the system is balanced, i.e. the 
three line currents equal and having the same phase angle with their 
respective phase voltages, then the line current vectors will be equal 
and will have a mutual phase difference of 120°. Hence, their vector 
sum is zero. The current in the neutral wire of a balanced star-connected 
system is therefore zero, for which reason the neutral wire is generally 
omitted. 

Example. A 100 h.p., three-phase, star-connected motor works on 




364 ELECTRICAL TECHNOLOGY [Ch. 16 

a supply whose line voltage is 3000 V. The motor efficiency is 92 per 
cent, and power factor 90 per cent. Calculate the line current. 

Motor intake P = (output)/(efficiency) = 746 x 100/0*92 
= 81,000 W 

/, From P = \/3 VI cos ^ 

I = P/y3 F cos^ == 81,000/(-v/3 X 3000 x 0*9) 

= 17*3 A 

Volt-amperes and Reactive Volt-amperes. For a balanced three- 
phase system the volt-amperes = three times the volt-amperes per 
phase. 

VA = 3F^^ 

For delta connection F,, = F and /j, = //\/3 

VA = V3 VI 

or kVA = V3 F//1000 

For a balanced three-phase system the reactive volt-amperes = three 
times the reactive volt-amperes per phase 

VAR = 3F^^sin(^ 

= \/3 VI sin (j) 
kVAR = V3 F/sin^/1000 

Calculation of Three-phase Balanced Networks. The method of calcu¬ 
lation is best illustrated by numerical examples. 

Example 1 . Three inductors each of resistance 8 Q and inductive 



Fio. 16.6. Balanced Delta-connected System and Voltage and 
C uBRENT Vector Diagram 

reactance 6 £1 are connected in closed delta, and supplied from a 440 V, 
3-phase system. Calculate line and phase currents, the power-factor 
• of the system and the intake in watts. 
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Using the notation of Fig. 16.6 we have 

= 440 / O^ V ^ 

= 440 / - 120 ° V 
= 440 /-240° V 

For the impedance per phase 
Z = 8 +i 6 

Z = -v/( 8 * + 6 *) = 10 £1 
and the characteristic angle is 

0 = tan-i 6/8 = 36“ 52' 

= 440/10 / 36°52' 

Using the rule for the division of vectors we have 

= 44 / - 36° 52' . and /^ = 44 A 

Writing this in the form x + jy we have 

a- = 44 cos (- 36° 52') = 35-2 

y = 44 sin (- 36° 52') = - 26-4 
= 35-2 - j26-4 

la, = VJZa, = 440 / - 120° /10 / 36° 52' 

= 44 / - 156° 52', and /,,» = 44 A 
= - 40-47 - J17-29 

lac = VJZ,,, = 440 / - 240° /10 /36°52' 

= 44 / - 276° 52' and /„ = 44 A 
= 5-26 + j43-68 
For the line currents we have 

Ia = Ita- lac = (35-2 -^26-4) - (5-26 -f i43-68) 

= 29-94 -i70-08 

/« = ^(29-94* + 70-08*) = 76-21 A 
= •V'3 X 44A 

I„ = la -/»„ = (- 40-47 -il7-29) - (35-2 -^26-4) 

= - 75-67 + j9'll 
/. /j = V(75-67* + 9-11*) = 76-21 A 
I, = - la = (6-26 +i43-68) - (- 40-47 -il7-29) 

= 45-73 + i60-97 
= ^(46-73* + 60-97*) = 76-21 A 

EXAMPI 4 E 2. The three inductors of example 1 are connected in 
tar to a 440 V, 3-phase system. 
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The magnitude of the phase voltage is 440/\/3 = 254 V; using the 
notation of Fig. 16.7 we have 

= 264 V 

= 264 / - 120° V 

F„<, = 254 1-240° V 

= V^IZ^ = 254 ^710 /36°52- 

= 26-4 / - 36° 52' A 

In, = VJZ^ = 254 / - 1207 10 /36°52' 

= 26-4 / - 156° 52' A 
I„. = VJZ^ = 264 / - 2407 10 /36°52' 

= 25-4 / 276° 52' A 


C 



Fig. 16.7. BAiiANcsD Stab-connected System with Voltage and 
CUBBENT VeOTOB DiAGBAM 


Heasarement of Power in Thiee-idiase Circuits, (a) Thbbe-watt- 
METBR Method. The wattmeters are arranged one in each phase as in 
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Fig. 16.8, the total power being the sum of the three readings. This 
method is only used in special cases. If the star point is not available 
when the alternator is star-connected, an ‘'artificial star” can be made 
by connecting three high resistances in star to the three line conductors.* 



Fig. 16.8. Measurement of Power 


Fig. 16.9 shows the circuit. Let Cj, e^y and 63 be the instantaneous 
voltage in the phases, and the instantaneous voltages in the 

three arms of the artificial star resistance. Also let be the instanta¬ 
neous voltage difference between neutral points n and n\ Then the 



n' 


Fio. 16.9. Three Wattmeter Method of Power Measurement with 
Artificial Neutral 


instantaneous powers in the three wattmeters W^y W^y and are, 
respectively 

Pi = he. = h(ei + e,) 

= Cjii c.,ij 

Pi “ ~t" 

Pi = + Va 

* With low-voltage circuits it is sufficient to join the three pressure coils in star. 
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+ = (eih + C 2»2 + HH) + e*(h + *2 + H) 

Now PiPzPz P total instantaneous power 
and i'l + ^*2 + 4 = ^ 


We have made no assumptions regarding the balance of the phases, 

or even the equality of the three 
resistance arms of the equivalent star, 
showing that the method is applic¬ 
able to balanced or unbalanced 
conditions. 

(6) Two-wattmetbb Method. 
Consider the instantaneous values 
of the currents and voltages (Fig. 
16.10). Since aU three currents meet 
at the star point, the sum of their 
instantaneous values is zero, whether 
the system is balanced or not. 

ii + H + 4 = 0 



Fio. 16.10. Two-Wattmeter 
Method of Measuring Power 


The instantaneous total power is the sum of the instantaneous powers 
in the three phases 

Now the current 4 does not flow through either of the wattmeter 
current coils, hence we can eliminate it. 

We have 4 = “ (4 + 4) 

and substituting this in the equation for jp, we have 

p = ®i4 “1“ ^34 ^2(4 + 4) ~ 4(^1 ^2) “f" 4(^3 ^2) 

Now (ei — 62 ) is the instantaneous voltage across the pressure coil of 
wattmeter Wj, and (eg — eg) is the instantaneous voltage across the 
pressure coil of Wg. 

/p == (instantaneous power through Wj) + (instantaneous power 
through Wg) 

/, Total average power 

P = mean power through + mean power through TTg 
= algebraic sum of the wattmeter readings 


This is the most important method of measuring power in a three- 
phase circuit, since only two wattmeters are required, and the method 
applies whether the system is balanced or not. 

(c) One-wattmeter Method. This method can only be used when 
the system is balanced. The current coil is connected in one line, as in 
Fig. 16.11, the pressure coil being connected alternately between this 
and the other two lines, and the readings taken. In each case the 
wattmeter is connected exactly like one of the wattmeters in the two 
wattmeter method, and therefore, the analysis following applies 
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equally well to the two-wattmeter method when used on a balanced 
circuit. The current I through the wattmeter current coil is the vector 
difference of and i.e. the vector sum of a^d reversed, 
as shown in the vector diagram. In this diagram the phase currents 


I 



Fig. 16.11. Measurement of Power in a Balanced System 

are shown lagging behind the phase voltages at an angle cos^ 
therefore being the power factor of the load. 

/. / = V3 4 

where Ij, is the numerical value of each of the phase currents. When 
the wattmeter is connected to the point P, the pressure across it is 
^ F^, the phase difference between this pressure and / being (30° — (f>). 
Hence, if Pj is the reading, 

Pi = ^F^/ cos (30 - <^) 

= V3 F/^ cos (30 - <f>) 

where F is the numerical value of each of the line or phase voltages. 

When the pressure coil is disconnected from P and connected to Q 
the phase relation between the current and pressure in it is that 
between / and ^vF^ reversed, because to preserve a true cyclic rotation 
the pressure coil should have the end previously at P connected to A, 
and the end at A connected to Q, the reverse of what is actually done. 
The phase angle between / and qVj^ reversed is (30° + ^). Hence, if 
Pg is the new reading, 

P 2 = cos (30 + <^) = V3 F4 cos (30 + (f>) 

Hence Pi + P 2 = 3FIp cos ^ = total power 

Again, Pi — Pg == y'3 VIj, sin <f> 

/. (Pi - Pg)/(Pi + Pg) = (1/V3) tan^ 
or tan <^ = V3 X (Pi — P^KP^ + P 2 ) 

In this way the phase angle of the load current, and therefore, the power 
factor, can be calculated. 

For the second readmg the phase angle in the wattmeter is (30 + ; 

hence 

13—(T.818) 
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(а) If ^ 0 both readings will be the same. 

(б) If ^ < 60® the second residing will be positive and the total 
power will be the sum of the readings. 

(c) If ^ = 60® the second reading will be zero. 

(d) If ^ > 60® the angle (30 + will be > 90® and the second read¬ 
ing will be negative. In this case the total power is the difference of 
the two readings. 

It must be noted that the one-wattmeter method is only a special 
case of the two-wattmeter method, and the relationships deduced for 
it also apply to the two-wattmeter method when the system is balanced. 

Corrections to be Applied to Wattmeter Readings. Suppose that a 
wattmeter W is measuring the power in a circuit ABy Fig. 16.12. Then 

it is usual to connect the pressure coil 
across AB, If i is the instantaneous current 
in ABy and the instantaneous current 
in the pressure coil (i + ii) is the instan¬ 
taneous current in the current coil. 

/. Torque at any instant, which is 
proportional to the product of the instan¬ 
taneous currents in the pressure and 
current colls, is proportional to i-^(i + ^l). 

Now the current in the pressure coil is 
equal at any instant to ejRy since we can 
apply the ordinary Ohm's Law equation 
when dealing with instantaneous values. 

/. Instantaneous torque oc {ei/B + eiJR) oc (ei + eij) 

Reading, which oc average torque 

oc average of (ei) + average of (eij) 

oc average power in .4R + average 
power in pressure coil 

A correction for the power used in the pressure coil has therefore to 
be applied. In standard wattmeters this correction is applied auto¬ 
matically by means of a compensating coil. This is a smaU coil placed 
with its axis along the axis of the current coil, and having the same 
number of turns as the current coil, but connected in series with the 
pressure coil. It is arranged so that its ampere-tums neutralize the 
extra ampere-tums in the current coil due to the current 

When the current in the circuit AR is very small the pressure coil 
of the wattmeter is sometimes connected to the points A and C (Fig. 
16.12). In this case the wattmeter reading 

= power in AB + power in current coil 

In addition to the above corrections, it is necessary to apply a second 
correction when the wattmeter is working on a circuit whose power 
factor is less than unity. 


W 






A B ^ r 


-WVWJ 


Fig. 16.12. Wattmeter 
Connections 
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Let Q = angle of lag in the main circuit, 

^ = angle of lag of current in the pressure^ coil behind the 
pressure across it, 

i = instantaneous value of main current, 

= instantaneous current in pressure coil. 

Then from the phase relations shown in Fig. 16.13, in which the 


Fig. 16.13. Phase Relations in Wattmbteb Cibcutt 
current is represented by the dotted wave, we see that if 

i = /max sin then = /imax sin (cot + (0 — ^)) 
Wattmeter reading oc average torque 
oc average of 

oc average of /max/imax X i[cos (0 — <^) — cos {2o)t + (0 — <^)}] 

Now the average of cos {2oit + (0 — <!>)} is zero, because it is a periodic 
quantity. 

/. Reading oc (/max/v'2)(/ima3i/'\/2) cos (0 — (f>) 
oc lett ■ Iiett COS (0 — <f>) 

OC Jeff X [7eft/{R* + (Xto)*}i] COS (0 - 

where R and L are the resistance and inductance of the pressure coil 
oc /effFeff X [RI{R^ + (La>)*}l] X (IjR) cos (0 - 
oc /eff Feff COS <f> COS (0 — <f>) 

omitting l/R because it is constant. 

But true reading should be proportional to lettVett cos 0. 

/. Correcting factor = (true reading)/(actual reading) 

= cos 0/cos (f) cos (0 — <f)) 

or = (1 -f tan^ ^)/(l + tan 0 tan (f>) 

In a standard instrument, <f) should not be greater than 5' or 10'. In 
a switchboard instrument, especially if used with instrument trans¬ 
formers, (f> may be as high as 5° or 10°. 

Example, A wattmeter is measuring the power supplied to a circuit 
whose power factor is 0*7. The frequency is 60 c/s. The meter has a 

♦ This applies to a compensated wattmeter in which an auxiliary coil, having 
the same number of turns as the current coil, is interwoven with the current coil 
but connected in series with the pressure coil. The m.m.f. duo to its current 
neutralizes the m.m.f. due to the component in the current coil circuit. 





372 ELECTRICAL TECHNOLOGY [Ch. 16 

shunt winding whose self induction is 0*4 H, and resistance 1000 Q. 
Calculate its percentage error. 

Power factor of load cos 0 = 0*7 tan B = 1*03 approx. 

tan<^ = La>IR = 0*4 x 314/1000 = 0*126 
/. Correcting factor = (1 + (0*126)2)/(1 + 1*03 X 0*126) 

= 0*9 approx. 

/. Error = 10 per cent 

We will now show how the symbolic method can be applied to the 
calculation of the wattmeter correction factor. Let F be the voltage 
applied to the load and to the pressure coil. Then, taking the vector 
of V as the reference vector, we have 

V = Fe^o 

Let be the load current, the load impedance, and cos B its power 
factor, assumed lagging, then 

h = 

Similarl}^ for the shunt circuit of the wattmeter we can write 

Now the torque on the moving coil is proportional to the product of 
the currents and /g, but when using the symbolic method we have 
to use the conjugate* of Jg, namely, /g', where 

I 2 =‘(F/Zg)e+^'® 

/. Torque, oc real part of IiJg' 
oc real part of 

oc real part of {V^IZ-^Z^{cob ((f) — B) + j sin — 0)} 
oc ( V^jZ^Z^ cos {(f) — 0) 

Now, if the shunt circuit acted like a pure resistance of value i^g, cf) 
would be zero. The above expression would then reduce to 

(VyZ^R^) cos (- 0) = {VyZ^R^) cos 0 
Hence the correcting factor is 

{{VyZ^R^) cos 0} {(FV^i^a) cos (cf> - 0)} 

= Zg cos 0 /JR 2 cos (<^ — 0) = cos 0/co8 (j) (cos <!> cos 0 + sin sin 0) 

= l/cos^ ^ (1 + tan (f) tan 0) = sec^ ^/(l + tan (f) tan 0) 

= (1 + tan^ ^)/(l + tan <f> tan 0) 
which is the correction factor obtained previously. 

Polyphase Vector Diagrams. Consider a star-connected alternator 
connected to a star-connected consuming device. Draw three vectors 
OA^ OB, and OC to represent the phase voltages (Fig. 16,14). Then, 
on joining the ends, we obtain vectors AB, BC, and CA, which give the 

♦ See p. 350. 
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line voltages at the alternator terminals. If the line and load are non- 
inductive, the line currents will be in phase with the ^ternator phase 
voltages, so that the directions of OA, OB, and 00 will also give the 
directions of the line currents. The drop of volts in a non-inductive 
line will be in phase with the line currents, so that, if we deduct lengths 
AAi, BBi and CCi, where each length is equal to RI, R being the resis- 



Fio. 16.14. Three-phase Vector Diagram 


tance of each line, then OAi, OB^, and OC^ are the phase voltages of 
the load, and AiBi, Bfii, CiA^, the line voltages at the load. 

Now let the line possess resistance B and reactance X per phase, 
and let the load be inductive. The voltage triangle ABC for the 
alternator end is drawn as before, but the line current vectors 01 ^, 
01 2 and 01 2 will lag by equal amounts behind the phase voltages OA, 
OB and OC. Draw AAi parallel to 01 ^ and equal to RI, where / is the 
line current. Then AA^ is the resistance drop in line 1 . Draw A 1 A 2 
perpendicular to 01 1 and equal to XL Then .4 1^2 is the reactance drop 
in the line. The total line drop is therefore AA 2 > and the phase voltage 
of the corresponding phase at y 

the load end is OA 2 . Similarly I^^ 

with the other phases. The line 1 4 

voltages at the load end are f 

given by the sides . 42 ^ 52 , B 2 C 2 i 5 % 

and ^ 2 ^ 2 of the triangle ^ ^ ^ 'tt. 

In a symmetrical system, the ^> 4 ^ N 
alternator neutral and the Alternator Loeut 

load neutral (Fig. 16.15), ^3 jg 

will be at the same potential, so 

that they can be considered as joined by a cable of zero resistance and 
reactance. Hence, each phase can be considered separately. Let Vj, be 
the phase voltage of the alternator, and Z the total impedance of one 
phase of the whole system, including alternator, line, and load. Then 
line current I = VJZ, and power factor cos (f> = RjZ, R being the total 
resistance of one phase of the system. 




Fig. 16.16 


Calculation of Unbalanced Three-phase Circuits. When making calcu¬ 
lations on balanced three-phase circuits, as, for example, three-phase 
machines working under normal conditions, it is usually the best to 
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work in terms of phase voltages and phase currents, and then perform 
the calculation exactly as for a single-phase circuit. With unbalanced 
circuits this is not possible, and the laws of networks have to be 
applied. Consider the star-connected network shown in Fig. 16.16. 



Take the vector of Vba aa the reference vector, and let V be the 
numerical value of each line voltage, then we have 

v^B=y+3Q 
Vbc = - ^/2 + jO- 866 F 
VoA = - ^/2 -J 0 - 866 F 
Hence, for the circuit ANB,'ne have 

F + jO = (ri + 3x^)1^ - (rj + . , (1) 

For the circuit BNC we have 

— 1^/2 + jO-866F = (rg + 3 x^) 1 ^ - {r^ + jx^)!^ . (2) 

We now have to find a third equation which is independent of ( 1 ) 
and ( 2 ) above, and we therefore cannot use a similar equation for the 
circuit CNA, since the information it would give is already contained 
in ( 1 ) and ( 2 ). We therefore use 

•^1 + ^2 + -^3 ~ ^ • • • • (3) 

The above equations can be written in the form 

('•i + j^i)h - {ft + jxt)It + OJ 3 - F =0 

0/1 + (r, +jx^)Ii — (ra + + (F/2 — jO- 866 F) = 0 

Ii + Jg + + 0 =0 

The solution can now be expressed in determinant form as follows 




-(»■.+/»,) 0 -F 


0 

- V 


(r. +/*,)- (r, +ya.)(| -iO-866F) 


-yO-866F) 

0 

1 1 0 


1 

0 

1 
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-r. 


1 

-V (ri+JXi)-(rt+jXt) 

— 


i 'S7 \ 

^__yo-866rj 0 (r,+y®,) 


0 (»•» +y».) - (»•. +y®.) 

0 1 1 


1 1 1 


Abbreviating this to the form 

~ hi^2 = “■ ~ 

we will evaluate since this is necessary for the calculation of all 
three currents. On the other hand, it is preferable only to evaluate 
D 2 and D 3 , when numerical values are given for the circuit constants. 
We then have 

-D4 = (»-i + + jxt) + {fi 4- jXiWa + jx^) 

+ {rg+jXsKri + j®,) 

Suppose, for example, that 

V = 100 V r.m.s. 

Ti = 1, fg == 2, rg = 3 
= 2, ojg = 3, = 4 

- (2 + j 3 ) 0 - 100 

Then Dj = (2 + j 3 ) -(3 4- i4) (50 -y86‘6) = -(140-2 4-/723-2) 

110 

0 - 100 14- J 2 

Dg = - (3 4- /4) (50 - /86-6) 0 == -(523*3 4- /413-4) 

1 0 1 

- 100 1 4-/2 -(2 4 -^ 3 ) 

Dg = (50 -/86-6) 0 (2 4-/3) *=-(383 -/309-8) 

0 1 1 

D, = (1 +/2)(2 4-/3) 4- (2 +/3)(3 4-/4) + (3 +/4)(1 +/2) 
==(- 15 4-/34) 

/. I, = (140-2 + j723-2)/(- 15 4-/34) 

= 16-4 -/11-3 

Ig - ~ (523-3 4 -J413-4)/(- 15 4 -/ 34 ) 

= - 4-52 4- /17-4 
Jg = (383 ~/309-8)/(~ 15 +/34) 

= _ 11.85 ~/ 6-12 
/. /i = 19-8, Jg = 18-0, Iq = 13-3 A 
This gives for the power intake of the circuit 
P = 4 " "I” 

= 392 4- 648 4 - 630 = 1570 W 

But we can also calculate this power symbolically; for example, 
suppose that the power is being measured by the two-wattmeter 
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method, as indicated in the figure. Then, remembering that we have 
to use the conjugate of the current when calculating power, we have 

P = Pi + Ps 

= real part of hV^c + real part of 
with the necessary reversal of sign as explained previously 
= real part of {(50 -f- j86-6)(16-4 + jll*3) 

+ (~ 50 + j86*6)(- 4-52 ~ jl7-4)} 

= 1570 W, as before 


Reduction of Mesh Connection to Eauivalent Star Connection. In the 

case of a mesh-connected system the calculation is much simpler, as 

the voltage across each phase of 
the load and the phase currents 
can then be calculated indepen¬ 
dently of one another. For this 
reason it is often desirable to 
reduce an unbalanced star-con¬ 
nected system to the equivalent 
mesh-connected system, or alter¬ 
natively, a mesh-connected system 
can be converted to the equi¬ 
valent star. Let the systems 
indicated in Fig. 16.17 be electrically equivalent, then the measured 
impedances between the pairs of terminals must be the same for the 
two loads 



Fig. 16.17. Equivalent Stab- and 
Mesh-connected Systems 


= ^ah (^hc + ^ca)l{^ab + ^bc + ^co) • 
^c = ^bc i^ca + ^ab)li^ab + ^bc + ^ca) • 

== ^ca (^ab + ^bc)l{^ab + ^bc + ^ca) • 

These give -|- Z^^ + ^co) 

Zb = Zj,c . Zae,/(Zo5 + Zj,c + Zpo) 

== ^ca • ^bcK^ab + ^bc + ^ca) 

Thus, suppose we have a mesh-connected system as follows 

^ab =1+^2 
^bc = 2 + 

^ca = 3 + J4 

Then for the equivalent star-connected system we have 

^ab + ^bc + ^ca = 5+^9 


. ( 1 ) 
. ( 2 ) 
. (3) 


Za = (1 + j2)(3 + j4)/(6 + j9) == 0-513 + jO-09 
Z, = (2 + j3)(l +i2)/(6 +j9) = 0-333 +i0-666 
Z, = (3 + j4)(2 j3)/(6 + j9) = 1 +il-33 
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The Drop of Volts in a Three-phase Line. We have seen’*' that the 
inductance of the loop formed by a pair of parallel conductors is 

L = 14-8 X 10“^ logio (d/r) H/mile' 

The inductance of a single conductor in the case of three conductors 
placed at the corners of an equilateral triangle of side d is \L. For 
consider the individual phase cur 
loops of a six-conductor line, as 
in Fig. 16.18. Let the currents in 
two of these loops be and /g. 

Then the actual current, 
flowing in conductor A, is the 
vector sum of the currents 
and /g. Again, the third loop is 
directly opposite to the conductor 
A, so that the flux produced 
by it will not link with A, and 
therefore will not induce a vol¬ 
tage in It is thus not necessary to consider the third loop when 
calculating the inductance of A, and the e.m.f. induced in A is due to 
the current in B and /g in C. The e.m.f. induced in both conductors 
of loop 1 is Ldiildt. Hence, e.m.f. induced in one conductor only of 
loop 1, say conductor A, is ^Ldiijdt. Similarly, the e.m.f. induced in 
conductor A by the current /g in loop 2 is ILdi^ldt. 

/. Total e.m.f. induced in conductor A 

== \L{diildt + di^jdt) 

Now + ig 

,, di'^jdt di^Jdt —— d% ^ jdt 

Total e.m.f. induced in conductor A 
= ^Ldi^jdt 

Hence, \L is the equivalent self-induction of a single conductor, f 

In a single-phase line formed by two of the conductors and carrying 
current the drop, reckoning both conductors, is 

{{2I^Rf + (/iLa>)2}l = X {4i?2 + 

The drop per conductor in a three-phase line carrying a line current of 
1 2 is 

{(I^RY + = /2 X {R^ + 

Drop in potential difference between two conductors of the 
three-phase line carrying current /g, i.e. the drop in line voltage 

= \/3 X drop per conductor 
= V3/gX {R^ + l(Lco)^}^ 

* See p. 146. 

t Compare this with the capacitance of a single conductor of a three-phase 
transmission line, p. 30. 


ent to be flowing in three separate 
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If the drops in the single-phase and three-phase lines are equal, then 
X {45* + = V3 /2 X (5* + i(ico)*}t 

hlh = V3/2 

If the line pressures and the power factors are the same in the single- 
and three-phase lines, say, E and cos <f> respectively. 

Power conveyed by single-phase line = Eli cos ^ 

Power conveyed by three-phase line = \/3 EI^ cos (f) 

Ratio of powers = IilV ^^2 = i 

Hence, we have the following rule: The total drop of volts in a balanced 
three-phase system with symmetrically arranged conductors is the 
same as that in a single-phase system having conductors of the same 

y 



diameter and spacing, operating at the same line voltage and the same 
power factor, and transmitting only half the amount of power trans¬ 
mitted by the three-phase system. 

Example. A three-phase transmission line consists of ^ in. conductors 
placed at the corners of an equilateral triangle of side 4 ft. The line 
is 20 miles long and supplies a load of 5000 kW at a voltage of 20,000 V 
and a power factor of 0*8. The frequency is 50 c/s. Find the drop of 
volts in the line. 

Resistance of one conductor R = 5 Q 
djr = 48/i = 192: logio(d/r) = 2-28 
Inductance of a loop formed by two conductors 

L = 14-8 X 10-« X 2*28 X 20 = 0 068 H 
Reactance of loop X = Lo) == 0*068 x 314 = 21*3 

The current in a single-phase line using two of the conductors and 
transmitting 2500 kW would be 

/ = 2,500,000/(20,000 x 0*8) = 156 A 
Resistance drop, AB in Fig. 16.19 = 2 x 5 x 156 = 1560 V 
Reactance drop, BC = 21*3 x 156 = 3330 V 
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/. Voltage at generating end V has for its X and Y components 
(y)x = 20,000 + 1660 X 0-8 + 3330 ;k 0-6 
= 23,260 

(F)jr = 3330 X 0-8 - 1660 X 0-6 
= 1730 

V = ^{(23,260)2 + (1730)*} = 23,300 V 

/. Voltage drop = 3330 V. This is also the drop in the actual 
three-phase system. 

Symmetrical Components o! Unbalanced Voltages and Currents. In 

three-phase working the mutual phase' difference between pairs of 
phase voltages or pairs of phase currents under balanced conditions 


y 



is 120°. It is therefore possible to make three-phase calculations by 
means of an operator “a*' which rotates a vector through 120° in a 
counter-clockwise direction, unlike the operator “J” which rotates a 
vector through 90°. Suppose a vector of length unity, originally 
oriented along the reference, OX^ direction is operated on a succession 
of times by this operator a. Then, from Fig. 16.20, we have 

a* = j - jV3/2 

a® = e^**^ = 1 

a* = = a® X a = a, and so on 

The following relationships hold 
1/a = a* 
a + 1 = — a* 

a — 1 = = — ^‘\/3a* 

a* — 1 = 

a* + a + 1 = 0 
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The method of analysis is to reduce the unbalanced system into 
three separate S3mametrical systems, as follows— 

(1) A S 3 m[imetrical rotating system of the same phase sequence as 
the original unsymmetrical system. 

(2) A S 3 nnmetrical rotating system#of the inverse phase sequence. 

(3) A non-rotating and, therefore, an alternating system in which 
the only S 3 anmetry is the equality of the three vectors. 

The first of these systems is called the “positive phase sequence” 
system, the second the “negative phase sequence” system, and the third 
the “zero phase sequence” system. Consider a symmetrical three- 
phase current system with currents /a, h, and Ic. Denote the vectors 
of the positive phase sequence system by Joi, those of the 

negative phase sequence system by 1 ^ 2 ^ Ib 2 * ^c 2 * those of the zero phase 
sequence system by Iboi ho- The three component systems are 
illustrated in Fig. 16.21. 

To visualize the nature of the symmetrical components it is perhaps 
the best to start with a symmetrical system for which it will be obvious 
that, considering one phase only, say phase a, 

lal ~ la i ^a2 “ ^ > ^aO “ ^ 

These relationships are determined graphically as shown in Fig. 
16.22. The order of the coefl&cients in the case of Ia ,2 are reversed 
because of the reversed phase rotation. The same graphical method 
gives the components in the case of an unsymmetrical system, as 
illustrated in Fig. 16.23. The magnitudes of the symmetrical com¬ 
ponents for phase a are as follows— 

^lO = iih + + ^c) 

hi = h(h + «^b + a%) 

h2 = i(h + + ale) 

There are similar sets of equations for phases c and 6, and if we 
combine them all we have 

h == iih + -^b + h) + i(h + all, + a^If.) + (J/a + o^h + a/^) 

~ ho hi "f" h2 

h = iih + h + h) + («V3)(/a + ah + a%) + (a/3)(/„ + a% + al,) 
ho a hi “i” ah 2 

— ho + hi + h 2 

h = iih h h) + {al^)(h + alj, + a^Ic) + {d^l3)(h + a^If, + ah) 

= ho “i" ^hl + a^Ifi 2 

~ ^cO hi “1“ Ic2 

With two interconnected three-phase systems, say a star-connected 
alternator and a star-connected load, the only possibility of the fiow 
of single-phase current is along a fourth wire joining the two neutrals. 
Thus with a three-wire system zero sequence components cannot exist. 



^CLO ^bo ^CO 


^C 1 hz Ic2 



0) Positive Phase (2) Negative Phase Sequence 

Sequence Two Methods of Representation 

Fig. 16 . 21 . SYMMETBiCAii Components of a Non-symmbtbical 
Three-phase System 



POSITIVE SEQUENCE 
COMPONENT OF 
PHASE a 


NEGATIVE SEQUENCE 
COMPONENT OF 
PHASE a 

Ia-2 = 0 


ZERO SEQUENCE 
COMPONENT OF 
PHASE a 


Fig. 16 . 22 . Syioietrioal Components for Balanced System 
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When applying the method to the solution of a practical network it is 
essential to take into account the fact that the reactances of rotating 
machines such as alternators are diflFerent to the different components. 



Fig. 16 . 23 . Symmetbioal Compoioents fob Unbalanced System 


With transformers, transmission lines, and cables the reactances to the 
positive and negative sequence components are the same. In all cases 
the reactance to zero sequence components is different from the others. 

Example 1. Calculate the symmetrical components of a three- 
phase system in which = 10 / 30°; /e, = 20 / — 60°; /<, = 

16 / -136°. - - 
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The vector diagram is shown in Fig. 16.24 and we have 
lao = J(10 + 20 /-60° + 16 / - 136° ) 

= i(8-66 +i6 0 + 10 -il7-32 - 10-67 -^10-67) 
= 0-67 - J7-67 = 7-70 / - 86° 

= 0-67 -j7-67 = 7-70 / - 86° 



For the positive sequence we have 

hi = i(10 (_^ + “20 /-60° + a*15 / - 135° ) 

= J(10 / 302 + 20 / 60^ + 16 /105° ) 

= i{8-66 + i5 0 + 10 +il7-32 - 3-88 + il4-49) 
= 4-93 + il2-27 
= 13-22 / 68° 9' 

= Jai / - 120° = 13-22 / - 51° 51' 

Lj = /-240° = /ai / -f 120° = 13-22 / 188° 9' 

For the negative sequence we have 

jf.2 = i(10 /i®! + “*20 /-60° + al6 / - 135° ) 

= J(10 /_^ + 20 /180° + 15 / - 16° 

= J(8-66 -t- i6-0 — 20 + jO + 14-49 - j3-88 
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= 1-05 + jO-37 
= Ml / 19° 28' 

/120° == Ml / 139° 28' 

/ - 120° = Ml / - 100° 32' 

Example 2. A three-phase alternator, star-connected with the 
neutral point earthed. A short-circuit to earth occurs near the terminal 
of phase a, which results in an earth current of 1000 A. If the alternator 
is not supplying any normal load current, calculate the positive, 
negative, and zero phase sequence currents. 

^ there is only one current, say 1^, Fig. 16.26, we have 



Fig. 16.25 


= 1000 / 0°; f,^0; 7, = 0 

since we can orient the vector 7„ along the reference axis OX. 
hi = i(1000 ^ + 0 + 0) = 333-3 /_0^ A 
= 333-3 / - 120° A 
1,1 = 333-3 /-240° A 

= J(1000 ^ 0 + 0) = 333-3 / 0° A 

/jjj = 333-3 / - 240° A 
= 333-3 / - 120° A 
ho — ^to — Ico = 333-3 l_0^ A zero sequence 

Example 3. An alternator suppl 3 dng an unbalanced star-connected 
load: alternator and load star points both earthed. 

The circuit is drawn in skeleton form in Fig. 16-26. 

Va = 7a^a = Za(hl + ^o2 + ^oo) 

Vf = hZi, = /j2 + fbo) = -j- CllaZ + ^ao) 

F, = 4- 7,2 + 7 , 2 ) = Zcicilal + ®*7„2 -b lao) 
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Hence 

Vai = uya + aV, + a*F,) = (/„i/3)(Z« + z, + Z.) 

+ (IJ3){Z, + a^Z, + aZ,) 

+ {lJ^)(Za + aZj + o*Z,) 

— -^ol^O "t" + ■^oO'^l 

where Z^, Zg and Zq are positive, negative, and zero phase sequence 
components of the three impedances Z^, and Z^ formed in a manner 


CL la 



Fig. 16.26 


analogous to that employed for currents and voltages. In this connec¬ 
tion it is to be noted that these impedance components are not the 
impedances to positive, negative and zero phase sequence currents, for 
which, as pointed out previously, a machine such as an alternator, can 
have different values. 

We obtain similar expressions for Va2 and F„o. namely 

^a2 ~ ~ ^al^l + ^a2^o + -^00^2 

I^aO = + 1^6 + Vq) = ^al^2 + + -^aO^O 

Considering now the alternator, let the impedances of the windings 
to currents of positive, negative and zero sequence be Z^^, Zg^, and 
ZgQ, The positive sequence induced e.m.f. in phase a is and the 
induced e.m.f.s of the negative and zero sequence are each equal to 
zero. Hence 

^a2 ~ ^ ^a2^g2 

I^ao “ ^ ^aO^gO 
On eliminating Van ^a 2 > ^ao> we obtain 

^ali^O + ^gl) + ^a2^2 "I" ^aO^l ~ 

^al^l + 1 02(^0 + ^g2) + 100^2 = ^ 

-^al^2 + -^02^1 + -^00(^0 + ^ go ) ~ ^ > 
whence the values of the symmetrical components of the current in 
phase “a’* may be calculated. The actual currents and line-to-neutral 
p.d.s may then be determined from the initial three equations of this 
section. 
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a numerical exercise take the following values— 

JSfl = 230 + jf) 

Z„ = 6-jl0 ■ 

Z» = 7+j8 

= 2 + j4 J 

Zgl = 0 + j4 1 

^12 = 0 + jl > 

Zg^ = 0 + iO'6 J 

Hence Z^ = J(Zo + aZ, — a^Z^) 

= i{(5 -ilO) i- (- i +iV3/2)(7 +jS) 

+ ( - i -iA/3/2)(2 + j4)} 

= - 0-98 — j3-89 

Zg = i(Za + a*Zj + <xZ^) 

= i{5 -jlO) + (- i - jV3/2)(7 +jS) 

+ (~ i + jV^I^){^ + 3^)) 

= 1-32 - j6-78 
Zo + Z,i = 467+j4-67 
Zo + Z,j = 4-67+jl-67 
Z„+Z,o = 4-67+jM7 

The symmetrical components of the current in phase “a” are now 
given by the equations 

(4-67 +i4-67)/„i + (1-32 -j6-78)7„, - (0-98 +i3-89)I^ = 230 \ 
- (0-98 + i3-89)7<.i + (4-67 +yT-67)7«a + (1-32 - j6-78)7^ = 0 
(1-32-i6-78)7„i-(0-98+y3-89)7„* +(4-67+jM7)7^= 0 J 
The solution can be written in determinant form* as follows— 

(1-32 -j6-78) — (0-98 + j3-89) — 230 

(4-67+jl-67) (l-32-j6-78) 0 

- (0-98 + j3-89) (4-67 + jl-17) 0 

♦ The expansion of a third order determinant can be performed very readily 
by means of a convenient trick usually termed the rule of Samis. This requires 
the repetition of the first two lines and cross-multiplication as indicated below— 

— pfc — qffa — reb 



+ afr -f bgp + ceq 

the products taken downwards being reckoned positive, and those taken upwards 
reckoned negative. 
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- (0-98 + j3-89) - 230 (4-67 + j4-67) 

(1-32 - i6-78) 0 - (0-98 + j3-89) 

(4-67+iM7) 0 (l-32-j6-78) 

■^10 

- 230 (4-67 + i4-67) (1-32 - j6-78) 

0 - (0-98 + i3-89) (4-67 + jl-67) 

0 (1-32 - j6-78) - (0-98 + j3-89) 

1 


“ ^ (4-67+j4-67) (l-32-j6-78) - (0-98 + j3-89) 

-(0-98+J3-89) (4-67+il-67) (1-32 - j6-78) 

(1-32 - j6-78) - (0-98 + j3-89) (4-67 + jM7) 

The expansion of the determinants in the numerical example gives 
7,1 = 9-37-il2-2 'I 
-6-26+jl3-0 
7^=6-68+il3-8 J 
la = ^al + -Tj* + ■^00== 10-79 + J14-6 
h = + U=- 17-2 + iO-72 

le — "t" Iqo ~ 26’5 -f- j26'l 

The alternator terminal p.d.s to neutral, that is, the p.d.s applied to 
each phase of the load are 

= 7„Z„ = (10-79 +il4-6)(5 - jTO) 

= 200 - j36 = 203 /- 10° 

V, = I,Z, = (-17-2 + j0-72)(7 + j8) 

= - 126 -il33 = 183 /226° 

V, = 7,Z„ = (26-6 + j26-l)(2 + ji) 

= - 61 + il68 = 166 /108° 

The vector diagram is given in Fig. 16-27, the angles indicated being 
measured off by means of a protractor. The calculated values are 

phases a and c,<f> = tan~^ (10/5) = 63° 26' 
phase b ^ = tan-i (8/7) = 48° 46' 

The Varley Phase-sequence Lidicator. The electrical phase sequence 
of a three-phase supply can be determined by the performance of an 
unbalanced network provided its behaviour is dependent on the phase 



388 


ELECTRICAL TECHNOLOGY 


[Ch. 16 

sequence. One arrangement commonly used is a star-connected deviw 
made up of two identical filament lamps and a choke, as shown in 
Ec 



Fio. 16.27 


b 



Fig. 16.28.* Suppose that the electrical phase sequence is ab, be, ca: 
Then 

h + h + lc = 0 .( 1 ) 

= F, - - Z,/, . (2) 

_^0 = . (3) 

From eqn. (1) 7, = — (/„ -f 7j) . . . (4) 


♦ See reference on p. 390. 
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From eqn. (3) V„^ = + Z,(J„ + J») 

— ^iJa + ( 2 » + 

5. - zx 

.. ift = 


^6 + 

Substituting this value in eqn. (2), we have 

fw j ^hi^hc ““■ ^e^a) T7 

“ ® + Zc ' 

•*. hi^a^b + + ^b^c) = (^& + ^c)^ol> + 

Multiplying both sides by and rearranging, we have 


Zala = 


^a[(^b 4 “ ^cWab + ^b^bc] 
^ai^b + ^c) + ^b^c 


• (5) 
. ( 6 ) 


This gives the voltage across the lamp A : that across lamp C is given 

by 

— ^ca + 

These two voltages will be different, and which one is the greater 
will be determined by the phase sequence. If the sequence is ab, be, ca, 
then lamp A will be the brighter, whereas if the sequence is ab, ca, be, 
then lamp G will be the brighter. 

Example. Let the line voltage be 200 V and let each of the three 
impedances be numerically equal. With a phase sequence of ab, be, ca, 
we can write 

= 200 /^, F,, = 200 / - 120° , = 200 / - 240° volts 

also 

Z<, = Z / 0°, Zj, = Z I 90° (assuming a lossless choke) 

and 

Z, = ZI^ 

ZJa 

Z l^[{Z + Z l_^){2001_^) + (Z /^){200 / - 120° )] 

"" Z~l 0°(Z / 90° + g / 0°) + {ZI 90°)(Z / 0^ 

(Z / 90^ + Z / 0^)(200 1 0°) + (Z / 90°)(200 / - 120°) 

= 2 ;iQQo ^ Z10° + Z190° 

386 / 16-0“ 

2-24 / 63-45° 

= 172-6 / - 48° 27' 

This gives the p.d. across lamp A. For the p.d. across lamp C we 
have 

Z^Ic = Vca~^ ZJa 

= 200 1 -240° + 172-6 / - 48° 2 7' 

• = 46-4 / 71° 33'V 
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Hence lamp A is the brighter. By putting = 200 / 0°, = 

200 / — 240®, Fca = 200 / — 120®, it can be shown in the same way 
that, for this particular phase sequence, lamp C is the brighter. 
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Examples on Chapter 16 

1. A two-phase alternator having a voltage/phase of 1000 V and frequency 
50 c/s, has an inductive resistance of 10 G and 0*1 H connected to phase 1, and 
a capckcitor of 50 fxF capacitance connected to phase II. If the alternator is 
working on a three-wire circuit, find the current in the common return. Phase I 
leads phase II. 

Ana, 38*2 A. 

2. A single-phase and a two-phase three-wire system supply equal amounts 
of power to transmission lines of equal length. If the maximum voltage between 
any two conductors is the same in the two cases, and the conductors are all 
worked at the same current density, compare the amount of copper used in the 
two cases. 

Ana, 1 to 1*21. 

3. A 50 h.p., three-phase motor is supplied at a terminal voltage of 500 V. 
Its efficiency is 85 per cent, and power factor 0*8. Find (o) the line current; (6) 
the cost of running the motor at full load for 24 hr, the price of a kilowatt-hour 
being one penny. 

Ana, 63*5 A, £4 8s. Od. 

4. Power in a balanced three-phase system is measured by the two-watt- 
meter method, and it is found that the ratio of the two readings is 2 to 1. What 
is the power factor of the system ? 

Ana. 0*866. 

5. In testing the power supplied to a three-phase induction motor by two 
wattmeters connected across the line wires, one of the wattmeters reads backwards 
at light loads, though its readings are forwards at heavy loads. Examine the 
reason for this and find what is the true power reading. (L.U.) 

6. A single wattmeter is used to ascertain the power supplied from three- 
phase mains. It is only possible to insert the current coil in one of the mains, but 
each of the other mains can in turn be connected with the pressure coil. Two 
wattmeter readings and P| are so obtained, the current coil being connected 
with one or other of the pressure coil terminals. Explain carefully why it is 
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neoeaac^ to alter the pressure coil connections for the second reading. Under 
what circumstances can the power and power factor be accurately obtained from 
the readings of and Pj ? Prove in each case the formula to be used. (L.U.) 

7. 500 kW at 11,000 V are received from a three-phase transmission line, 
each wire of which has a resistance of 1*2 Q and a reactance of 1 Cl, Calculate 
the supply pressure when the power factor of the load is (a) unity; (b) 0*5 leading. 
(C. and G.) 

Ana. (a) 11,055 V; (6) 10,985 V. 

8. The intake of a balanced three-phase system is measured by means of two 
wattmeters. The lines are A, B and C cmd the current coils are connected in lines 
A and C. The two pressure coils each have one end connected to line B, but the 
other ends are connected: wattmeter A to line O, and wattmeter C to line A. 
Show that with this arrangement the sum of the readings gives the kVAR. 

9. A three-phase system with unbalanced voltages supplies a three-phase locul 
consisting of three identical reactors connected in star. If the three line volta^s 
are represented by the sides of a triangle, show that the potential of the star point 
will be represented by the centre of gravity of the triangle. 

10. A 3-phase, 440-V system with symmetrical voltages supplies a mesh- 
connected S3rstem in which the intakes of the three phases are: (1) 9*6 kVA at a 
p.f. of 0*5 lagging; (2) 15*0 kVA at a p.f. of 0*8 lagging; (3) 5*0 kVA at a p.f. of 
0*9 leading. Calciilate the three wire currents and their phases with respect to the 
p.d. across phase 1. 

Ana. 44 A / - 20*5° ; 57*3 A / ~ 156*5^ 39*9 A / - 172*5° . 

11. The phase currents delivered by a three-phase system are !« = 22 + yO; 
/ft = — 7 — yi3*3; I, = ~ 15 + yi3*3. Calculate lao, hi* 

Ana. ho - 0; hi = 18*66 +y2*31; hi “ 5*33 - j2 31. 

12. The phase currents delivered by a three-phase system are /« == 10 + ^24; 

= 14 — y2; = — 4 — j6. Calculate the phase sequence components. 

AnSm ho ~ ffto ~ ^eo ~ 6*67 4" y5*34 
hi = 0*52 + yi4*52 
hi = 12*32 -y7*70 
hi = “• 12*82 ~y6*82 
ho = 2*82 + y414 
ho = ~ 4*98 + y0*36 
ho = 2*16 -y4*52 

13. Three non-inductive resistors, each of 1000 11, are star-connected to a 
three-phase supply with 200 V between lines. What wUl be the reading on a 
voltmeter connected between one of the lines and the star point thus formed, if 
the voltmeter has a non-inductive resistance of 1000 11 ? (L.U.) 

Ana. 86*6 V. 

14. The impedances of the three phases of a star-connected load (no neutral 
wire) are 5 4- ^20,12 -f jO, and 1 — ^10 in order. The line voltc^e is 400, find the 
line currents. (L.U.) 

Ana. 0*5 - 29*7;, 16*24 - 11*5;, - 16*74 + 41*2;. 

15. Use the method of symmetrical components to show that in the Varley 
phase-sequence test the voltage across the bright lamp is 3*73 times that across 
the dark lamp when the numerical impedances of the three legs of the circuit are 
equal. 

16. In a test to determine the phase sequence of a 415-V, 50-o/s, 3-pha8e 
supply, a non-inductive resistor of 430 H was connected in series with a 5 juF 
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capacitor between two of the line terminals A and B, The voltage between the 
junction of the resistor and the capacitor and the third line terminal 0 was found 
to be 182 V. Draw the vector diagram and determine the phase sequence. If the 
phase sequence is reversed what will be the new reading on the voltmeter ? (L.U.) 

Am. A- C -B, 557 V. 

17. The axes of three identical coils are in the same plane, are 120 degrees apart, 
and meet at a point. The inductance of each coil separately is 0*5 H, and its 
resistance is 200 Q: tho mutual inductance between each pair of coils is 0*2 H. 
What current will how in each coil if the three are connected in star to a 3-phase, 
60-c/b supply at 440 V ? (L.U.) 

Am. M4A. 



CHAPTER 17 


THE TRANSFORMER 


1. Construction. A transformer consists essentially of a magnetic 
circuit linking with two distinct windings, the primary and secondary. 
Fig. 17.1 shows the elementary scheme of a transformer. When the 



Core Type Shell Type 



Berry Type 


Fig. 17.1. Types of Transformbb 


primary is connected to an a.c. 
supply an alternating flux will 
be set up in the core, and this 
flux linking with the secondary 
will induce an alternating e.m.f. 
in the secondary. The opera¬ 
tion can thus be regarded as a 
case of mutual induction. 

There are three main types 


5 


Fig. 17.2. Construction of Joints 


of transformer, the type being decided by the disposition of the core. 
These are— 

1. “Core Type” with single magnetic circuit. 

2. “Shell Type” with double magnetic circuit. 

3. “Berry Type” with distributed magnetic circuit. 

These are shown in Fig. 17.1. The cores are built up of sheet iron, 
or alloyed steel, in order to keep down the eddy-current loss to a 
minimum. Average thicknesses are 0*5 mm for a frequency of 25 c/s 
and 0-35 mm for a frequency of 50 c/s. Fig. 17.2 shows the methods 
of arranging the core strips, and it will be seen that joints in alternate 
layers are staggered, so as to avoid the presence of narrow gaps right 
through the cross section of the core. Such joints are said to be 
“imbricated.” The cross sections of small transformer cores are rec¬ 
tangular, but in large sizes it is common to adopt an approximately 
circular section since this section has the smallest perimeter for a given 
area, and therefore requires less copper than the rectangular section. 
In very large sizes the strips may be arranged in packets, as in armature 
cores, the ducts between them helping with the ventilation. Typical 
cross-sections are shown in Fig. 17.3. 
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The windings can be either of the “cylindrical** or “sandwich** 
type, as illustrated in Fig. 17.4, the former type being used mainly on 
core transformers and the latter qn shell. In elementary diagrams it is 



Fig. 17.3. Typical Cobe Cross-sections for Large Transformers 
{Johnton & PhiUipt) 


necessary to represent the primary and secondary windings as being 
placed on separate limbs, but in an actual transformer primary and 
secondary coils are arranged on each limb in order to keep down 
magnetic leakage.* This is explained more fully on p. 399. 



Fig. 17.4. Transformer Windings 


Transformation Ratio. The ratio 

Secondary induced e.m.f. __ E^ 

Primary applied voltage ”” Fj 

is called the Transformation ratio. 

♦ A lengthy description of the methods of winding and insulating transformers 
is out of place here. For details see S. A. Stigcmt and H. M. Lacey, Tfie Johnson 
and Phillips Transformer Book, Johnson and Phillips, London, and M. G. Say, 
Performance and Design of A,C, Machines, Ch. IV. Pitman, London. 
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Since the flux is alternating it can be written as 
O = Omax sin (ot 

e.m.f. induced in the primary, instantaneous value, 
ej =r — {dOJdt) X Ni volts 

where and are the numbers of turns on primary and secondary 
respectively. 

e ^ = — ^max ^ • COS ( jt)t , N j 
= — 27r<I>max NJ . cos ( Jt)t 
(^i)inax = ^TrOmax ^if 
and the effective value 

JS7i= -(277/V2)4>maxi^i/ 

== — 4-446max volts 

Since the resistance of a transformer winding is very low, the ohmic 
drop is small and the applied primary voltage, has therefore only 
to oppose the induced primary e.m.f. Ei. Hence 

-i7i = 4-440maxi^i/ 

The voltage induced in the secondary on no load is 
•^20 “ ^‘440iiiax ^%f volts 

by the same reasoning, and this is the voltage which 
appears at the secondary terminals on no load, i.e. on no 0 
load ^20 = ^ 2 - 

Hence, no-load transformation ratio ^ 20/^1 “ ^ 2 !^! 

Obviously, the induced voltages Ei and ^20 
phase with one another, and they are therefore opposite 
in phase to the applied primary voltage Kj. Hence Fj 
and J &20 opposite in phase. £; 

Primary No-load Current. On no load, i.e. with no no-load 
current in the secondary winding, the primary carries a Vector 
small current 7^, which has two components— Diagram 

1. A magnetizing component which lags 90° behind 

Fi. This is an idle component and its function is to produce the 
magnetic flux. 

2. A working component /«, which produces the necessary real 
power to supply the hysteresis and eddy-current losses in the iron. 
This component is in phase with Fj. 

The no-load vector diagram is therefore as shown in Fig. 17.6. For 
high efficiency and good regulation 7^ and 7^ must both be small. 
is kept small by using low-loss iron and not working at too high a flux 
density. 7^ is kept small by having a closed magnetic circuit, i.e. one 
without an air gap. If an air gap were cut in the core, then the reluc¬ 
tance would be increased to such an extent that, in order to provide 
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the necessary flux as given by the equation Fj == 4*440niax -^i/> the 
magnetizing component would have to be abnormally large. 

The separate components and can be calculated as follows. 
The magnetizing force produced by is given by 

H = NIJl 

where I is the mean length in metres of the magnetic path. Hence flux 
density 

B = 

Bxaax — ^max/^ 

But Fj = \/2 . TrOmax Nif 

== . TrBm&x AN^f 

where A is the magnetic cross section of the core 
(Fi) max — 277 Bjtl&X an 
-^max = (Filmax/^TT^iV^i/ 

Equating these two expressions for ^max we have 

(*^^)max = (Fx) max 

= V-^l2TTfiix^N-^f (effective values) 

This is only approximate, since it assumes a sinusoidal form of the 
magnetizing component and constant permeability of the iron. Neither 
assumption is correct, as will be shown in Chapter 28, but the equation 
gives a ready means of determining approximately. 

In order to calculate the working component we have 

VJyj = Pft + Pe 

where P/^ = hysteresis loss and P^ — eddy-current loss. 

/. 7, = (P, + P,)/Fi 
For the hysteresis loss, we have 

Ph = watts 

where v is the volume of the iron in cubic metres. An average value for 
rj is 500 for good quality transformer iron, and 191 for alloyed steel 
containing 5 per cent silicon.* , 

* Note on Alternating Magnetization, When the calculation of the losses in iron 
is based on the static hysteresis loop there is considerable discrepancy with respect 
to the measured losses. This is due to (a) the fact that the ratio BJII varies 
throughout the cycle, (6) the peak values of B and H at any finite depth below 
the surface are lower than the surface values and are also displaced in time in 
relation to them. This is due to the effect of eddy currents. It is therefore more 
logical to define the a.c. permeability as the ratio of dB to dH, where these two 
changes take place at the same instant of time. This ratio is called the incremerUal 
permeability. The hysteresis loops traversed by the various particles of iron are 
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In order to calqulate the eddy-current loss imagine a portion of one 
core strip of thickness t metres, as shown in Fig. 17.6. Consider a 
rectangular prism of dimensions t x I X 1. The area of the front face 
is t square metres, and since the flux enters this face at right angles, the 
eddy currents will flow along paths parallel to 
the long sides. Consider two such paths each of 
width dx and distant x from the centre line. 

Area of rectangle enclosed by paths 
= 2x metre^ 

/. Maximum flux entering the rectangle 
= 2-Bmax X lines 

Regarding the rectangle as a single turn, the ^ 
e.m.f. induced in it will be given by the trans¬ 
former equation 

E = 4-44<Dmaxi^/ 



— 4*44 X (2J5ma,x*^) X 1 X 
= 8*88Rmax/^ volts 


Fig. 17.6. Calculation 
OF Eddy-cubbent Loss 


The current set up is confined to the two long sides, the total resistance 
of the path being therefore 

p(lla) = 2pl{dx X 1) = 2pldx 
Hence, eddy-current loss in the two strips 

E^R = [(8*88)2RVaxfa:V2p] dx 
/. Total eddy-current loss in the rectangular prism considered 

- r X 

Jo 

= [(8*88)2i?Wf/48/)] X 

Now the volume of the prism is < X 1 X 1 cubic metres. Hence, 
eddy-current loss per cubic metre 

= [(8*88)25VaxfM8p] X 

Taking p as 12 x 10“® £2-m at a temperature of 50°C the expression 
becomes 


13*6 X lO’jB^max/^^^ watts/cubic metre 
Pg = 13*6 X 10®PVax/^^^«^ watts 


not the same as the static loops having the same Bmax* and, where eddy currents 
are considerable, the loops will be diiferent for different positions in the specimen. 

This problem is still under investigation, and from a great mass of literature 
the following, all of which have extensive bibliographies should be consulted— 
Gall, D. and Sms, L. G. A. Jour. I.E.E. 74 (1934) 463. 

Butler, O. I. and Mang, C. V. Jour. I.E,E. 95 Pt. 2 (1948) 26 ; 95 Pt. 2 (1948) 410. 
Brailsford, F. Jour. I.E.E. 95 Pt. 2 (1948) 38. 

Butler, O. I. and Sarma, M, B. Jour. I.E.E. 98 Pt. 2 (1961) 389, 

Brailsford, F. Magnetic Materials. Methuen. 
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Notice that the eddy-current loss is proportional to the square of 
the thickness of the core strips; hence, the necessity for using thin 
strips. It is to be noticed in passing that whereas the flux in a trans¬ 
former core is a purely alternating one, the flux in armatures is partly 
alternating and partly rotating. The above expression therefore 
requires correcting before it can be used to calculate eddy-current loss 
in armature cores. 

Example 1. A transformer working on a 2000 V, 50 c/s circuit has 
300 primary turns. The core has a mean magnetic path of 100 cm and 
cross section 1000 cm®, the iron having a relative permeability of 
1800. The iron loss is 400 W. Calculate the primary no-load current. 
The magnetizing current 

= Vill2iTfiju^^^Af = 0-31 A 
The working component 

== (iron loss)/(primary volts) == 400/2000 = 0*2 A 
Hence, no-load current 

= ^/(O-SP + 0-2®) = 0*37 A 

Example 2. When a transformer is connected to a 1000 V, 50 c/s 
supply, the core loss is 1000 W, of which 700 are hysteresis and 300 
are eddy-current loss. If the applied voltage is raised to 2000 V and 
the frequency to 100 c/s, find the new core loss. 

The hysteresis loss PJ^ can be written in the form and the 

eddy-current loss P^ in the form P and Q being constants. 

Now from the e.m.f. equation 

V = ^UBraf^xANJ 

we see that J^max ^ VIf 

Hence, we can write for the hysteresis and eddy-current losses 

= P71.6^-0.6. _ QV 2 

where the constants P and Q now have different values. 

From the data given, we have 

700 = P X (1000)i-« X (50)-®*»; 300 = 0 X 1000® 

/. p = 700 X 1000-i-« X 50®-«; g = 300 X 1000"® 

Hence, when the voltage is raised to 2000 V and the frequency to 
100 c/s we have 

Pn = (700 X 1000“i-« X 50o-«) X 2000^-» X lOO”®*® = 1400 W 
P^ = 300 X 1000-® X 2000® = 1200 W 
Total core loss under the new conditions = 2600 W 

Transformer on Load. Consider first of all a non-inductive load 
connected to the secondary terminals; then a secondary current 1 2 
will flow, and 1 2 will be in phase with Pg* secondary ampere-tums 
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jYj/j will tend to produce a secondary flux which, if allowed to exist, 
would disturb the flux conditions existing at no load. .This would alter 
the primary induced e.m.f. E^ and the balance between Fj and E^ 
would no longer exist. The presence of the secondary m.m.f. therefore 
necessitates the production of a primary m.m.f. equal in magnitude but 
opposite in direction. This is provided by a load current which 
flows from the supply through the primary. Since the m.m.f. produced 
by this is equal to the secondary m.m.f., 

X 

The total primary current is therefore the vector sum of and /<,, 
and for all but light loads can be taken as equal to /j'. We thus have 

h = X 1 2 approx, 

or IJI,==NJN, 

The current transformation ratio is thus the inverse of the voltage 
transformation ratio. The vector diagram for the transformer on 
non-inductive load is shown in Fig. 

17.7 (A), A similar action takes place 
if the secondary load has any phase 
angle The indiiced primarycurrent 
is always opposite in phase to the secon¬ 
dary current /g, and since 1^ is small, 
the total primary current is almost 
exactly opposite in phase to /g. (Fig. 

17.7 (B),) 

Since the induced primary and the 
secondary ampere-turns always neut¬ 
ralize one another, the flux on load is 
the same as the flux on no load. Hence, 
the iron losses are constant and are 
independent of the load. 

Effect of Resistance and Reactance in 
the Windings. So far we have assumed 
that the windings have no resistance 
and no reactance. In an actual transformer both are always present, 
the reactance being set up by the leakage fluxes. The paths of these 
fluxes for cylindrical and sandwich windmgs are as shown in Fig. 17.8. 
The primary leakage flux is defined as that fiux which links with the 
primary, but not with the secondary. Similarly, the secondary leakage 
flux is the flux which links with the secondary but not the primary 
winding. Since a leakage flux links with only one winding, it produces 
a self-induced back e.m.f. in that winding, and it is therefore equivalent 
to a small choker in series with that winding. 

The effects of resistance and reactance are best understood by 
considering the case of an ideal transformer having no resistance and 
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reactance of its own, but having separate resistance and reactance coils 
connected in series with each winding, as shown in Fig. 17.9. 



Fig. 17.8. Magnetic Leakage in Transfokmebs 

(a) Cylindrical core-type coils of equal length. (6) Cylindrical core-type coils of unequal 
length, (c) Shell-type transformer with sandwich coils. 

{Performance and Design of A.C. Machines) 



Fig, 17.9. EQUivAiiENT Circuits 


Let R^ = resistance of primary of actual transformer 
R 2 — resistance of secondary of actual transformer 
JTi = reactance of primary of actual transformer 
X 2 — reactance of secondary of actual transformer. 

Represent the applied primary voltage by (Fig. 17.10). Let 01^ 
represent the primary current in phase, lagging any angle behind 
Fj. Then primary resistance drop = Ril\ in phase with /j, and reac¬ 
tance drop = leading by 90°. Represent these drops by OB 
and BC respectively. Then 0(7, the vector sum of OB and BC, is the 
total primary drop. Deducting OC from OA, we obtain CA — the 
voltage across the primary terminals T^T^ of the ideal transformer. 

Drop the perpendicular CD on to OA. Then since in an actual 
transformer OC is small compared with OA we have 

Fj' = Fi — OD, approx. 

= Fi ~ cos <f>^ + sin (f>i) 
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Let K = voltage transformation ratio. 

Then the induced voltage in the secondary, namely, the voltage 
across the terminals T^T^ of the ideal transformer id 

E^' = Kx F/ 

= KVi — K^RJi cos + X^Ii sin (f)^) 

Represent E 2 by the vector OF (in opposition to F^') (Fig. 17.10), 
and draw 01 2 to represent the secon¬ 
dary current /g, lagging behind 
E 2 - Then secondary resistance drop 
= E 2 I 2 in phase with /g, and react¬ 
ance drop = X 2 T 2 leading /g by 90®. 

Represent these drops by 00 and 
OH respectively, then OH is the total 
secondary drop, and HF is the vol¬ 
tage Fg which appears at the actual 
secondary terminals TgTg. Hence, as 
before, 

Fg = E 2 — {R^f^ cos <l >2 + X 2 I 2 sin ^g) 

= ZFj — K(RiIiC 08 (l)i + Zi/isin^i) 

— (JKg/g cos 0g + Zg/g sin ^ 2 ) 

Now and ^g, are as we have seen, 
approximately equal. Replacing them 
by (f>, we have 

Fg = ZFi - {{KRJ^ + i2g/g) cos 
-t-(ZZi/i + Xg/g)sin^} 

Again = A/g approx., 

hence, the expression for the secondary terminal voltage, in terms of 
the applied primary voltage and the load current /g, becomes 

Fg = ZFi - {(K^R^ + R 2 ) cos 0 + (K^X^ + Zg) sin ^}/g 

Now ZFi is the secondary voltage on no load, E 20 and therefore the 
expression 

{{K^Ri -|- J?g) cos (f) -f" {K^Xi + Zg) sin <f>}l 2 

is the drop of volts at the secondary terminals on load. Notice that the 
drop is proportional to the current h, and that it also depends upon 
the power factor, cos of the load. 

If the load is non-inductive, 0 = 0, cos 0 = 1, sin 0 = 0 

/. Drop = I^iK^Ri + R 2 ) 

It is therefore independent of the reactance. 

If the load is purely inductive, 0 = 90°, cos 0 = 0, sin 0 = 1 
Drop = /a(Z2Zi + Zg) 



Fig. 17.10. Complete Vectob 
Diagbam 


14—(T.8i8) 
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In this case the drop is decided by the reactance and is independent 
of the resistance. The same applies when the load is a pure capacitive 
load, except that in this case the drop is negative, i.e. it is a rise of 
voltage. 

Equivalent Resistance and Reactance. The primary resistance 
drop = and this, when referred to the secondary, becomes 

or The secondary resistance drop is and there¬ 

fore, the total resistance drop in terms of /g is 

{K^R^ + i2g)7g 

= {{NJN,rR, + R,}I, 

The quantity in the outer brackets is called the total resistance of the 
transformer referred to the secondary, because when multiplied by the 
secondary current it gives the total resistance drop. If multiplied by 
the square of the current it gives the total copper loss {PR loss) in the 
transformer. 

The total reactance referred to the secondary is given by a similar 
expression. Hence, if Rg and Xg are the total resistance and reactance 
referred to the secondary, and R^ and referred to the primary, we 
have 

R,= R, + {NJN,rR, 

X* = Z, + {NM^X, 

Also Zi* = Rx* + Xi* and = R^* + 

In the above discussion the primary and secondary leakage reactances 
Xi and Xg are treated as though they could exist independently of 
one another, in the sense that R^ and i^g are independent of one 
another. Actually this is not the case, because a leakage reactance can 
only exist physically when there is the appropriate amount of magnetic 
leakage. The primary and secondary magnetic leakages only take 
place when the primary is carrying the primary induced current and 
the secondary is carrying the corresponding output current /g. Now 
the current /g cannot act alone, its condition of existence being that 
there shall be in the primary that induced current I^' which restores 
the main magnetic circuit to the no-load condition. Hence it is not 
possible for the two leakage reactances to act independently of one 
another. 

The total reactance can be measured by short-circuiting one winding 
of the transformer, and applying such a voltage to the other side (which 
for the purpose of the test can be regarded as the primary) that normal 
primary current flows. It then follows that the normal secondary 
current /g will also flow. Since magnetic leakage accompanies the load 
currents, and is not associated with the primary no-load current, the 
equivalent circuit for short-circuit conditions is that of Fig. 17.11. 
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Let Vg be the reduced primary voltage which causes normal current 
to circulate. In the figure the transformer is an ideal transformer 
which can be regarded as having no losses of any kind and therefore 
as having no internal volt , 

drops. Starting from the secon- ^ J} J ? 

dary side, the terminal p.d. | ^ 

must be zero because of the | Zj | o g ^ Short 

short-circuit, and therefore, I/' S S Circuit 

because of the condition of no ? ’ S S 

volt drops, the secondary in- I ? 1 

duced e.m.f. is also zero. Hence *-Jt-J *—“ r 

the primary inducing e.m.f. is f/ t! h 

also zero, and so is the primary 1 , 11 , equivaijint Circuit for 

terminal p.d. Kj , again because the ShobT'Cibcuit Test 

of the conditions of no internal 

volt drop. Consequently the whole of the primary applied voltage Vg 
is utilized in supplying the drop in the total impedance referred to 
the primarj^ which, in the equivalent circuit is represented as being 
external to the transformer. 

Zi = VJh 

X, = V(Zi* - Ri*) 

If the power is measured during the test we have 
P. = RiA* Bi = P./7,* 

If the power factor during the test is cos then we have, alternatively 

Ri = Zi cos 

Example. A transformer has a normal primary voltage of 1000 V 
and on open circuit it takes a current of 0-3 A at a power factor of 0*7. 
When the secondary is short-circuited and a reduced voltage of 60 V 
is applied to the primary, it takes 12 A at a power factor of 0*3. Calcu¬ 
late the efficiency and percentage drop of volts when delivering the 
full output of 10 kVA at a power factor of 0*8. 

Iron losses = open circuit intake = 1000 X 0*3 X 0*7 = 210 W 

The total copper losses corresponding to a primary current of 12 A 
are equal to the intake of true power in the short-circuit test, that is, 
to 50 X 12 X 0*3 = 180 W. The full kVA capacity of the transformer 
is 10, and therefore, the primary current at this load (assuming 100 per 
cent efficiency) is 10 x 1000/1000 = 10 A. The total copper losses at 
this load are therefore 180 x (10/12)2 = 125 W. 

Output in true power = 10 X 0-8 = 8 kW = 8000 W 
. . output 8000 . 

SEE” 8000 + 210 + 125 


Efficiency = 


Again, from the short-circuit test, 

Zi = 50/12 = 4-16 Q 
Bi = Zi cos (f)g 
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where cos is power factor during the short-circuit test (Fig. 17.12) 
= 416 X 0*3 = 1*25 Q 
Xi = v'{(4*16)2 — (1*25)2} = 4*0 £2 approx. 

Hence, since the primary current on ordinary load is 10 A, the 
ohmic and reactive drops referred to the primary are 1*25 x 10 = 12*5, 
and 4 X 10 = 40 V, respectively. If we deduct these drops vectorially 
from the applied primary voltage, the remainder will be the voltage 
available for transformation by the secondary winding. Also, it is not 
necessary to make any calculation for drop in the secondary since this 
is already taken into account by using the equivalent resistance and 


X, 0 

Fio. 17.12 

reactance referred to the primary. The vector diagram is given in 
Fig. 17.13. OA is the remainder of the voltage available for transforma¬ 
tion ; AI represents the phase of the current, this vector being therefore 
inclined at an angle of <f} to OC, where cos (f) = 0*8. ABis the resistance 
drop of 12*6 V, in phase with /, and BC, the reactance drop of 40 V 
in quadrature with /. Hence, OC is the total applied voltage of 1000 V. 

The voltage drop is OG — OA, which is approximately equal to AM, 
But 

AM = AN + NM = ABcos(l> + BCsm(l> 

= (12*5 X 0-8) + (40 X 0-6) = 10 + 24 
= 34 V 

Percentage drop = 3*4 per cent 

Kapp Regulation Diagram. The regulation of a transformer, or an 
alternator, is the change of terminal voltage with load. Thus, if a 
transformer has a secondary induced e.m.f. of E^q on no load and a 
terminal voltage of V 2 on full load, the regulation is [E^q —• V 2 )* The 
percentage regulation is 

(-^20 ^ 2 ) 1^20 ^ 

This varies with the power factor of the load, as we have seen. 

The graphical method of determining the voltage drop in a trans¬ 
former is shown in Fig. 17.14, A vector OA is drawn to represent the 
secondary terminal voltage on load, and OX is drawn inclined at an 
angle ^ to OA, where cos 0 is the power factor of the load. Then OX 
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represents the phase of the secondary current. Draw AB parallel to 
OX and equal to the resistance drop referred to the secondary, namely, 
R*/,; and the perpendicular BC equal to the reactance drop referred 
to the secondary, namely, X 2 / 2 * Then the triangle CAB is the drop 
triangle referred to the secondary, and CA is the total voltage drop. 
Hence 00 is the secondary no-load voltage E 20 , and {OC — OA), 



Fig. 17.14. KLajpp Regulation Diagbam 


arithmetic difference, is the secondary drop from no load to full load. 
Now, if the triangle CAB is transferred to ODE, as shown, then 
DA — OC = E^q. Hence, for a given secondary current, the locus of 
(7 is a circle with centre 0 and radius E^q, while the locus of ^ is a circle 
with centre D and the same radius. In order to find the voltage drop 
on full load at any power factor cos tf), a radius OQS is drawn inclined at 
an angle to OX. If the impedance triangle is drawn in the position 
PQB, then OP = OS, is the no-load secondary voltage, and OQ the 
voltage on load. Hence, the length QS is the voltage drop. It is obvious 
that the triangle PQE need not be drawn, but simply the radius OQS. 
It will be seen that for all phase angles (f) included between XOF 
(which is leading) and /_ GOX (which is lagging), there is a drop of 
volts on load. For phase angles equal to either of these two limits the 
voltage on load is equal to that on no load. For phase angles between 
Z_ GOX and /_ XOF (reckoning in a counter-clockwise direction) there 
is actually a rise of voltage on load. 

The Kapp diagram affords a very convenient means of determining 
the variation of regulation with power factor, but it has the disadvan¬ 
tage that since the lengths of the sides of the impedance triangle are 
small compared with the radius of the circles, the diagram has to be 
drawn to a very large scale if accurate results are to be obtained. 

Equivalent Circuit. On p. 399, the primary and secondary reactances 
were treated as though they had independent existences, like the primary 
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and secondary resistances. Actually this is not the case, because, as 
we have seen, the leakage fluxes responsible for these reactances only 
exist when the windings carry load currents, and as it is impossible to 
have a load current in, say, the secondary without the corresponding 
induced current in the primary, it is equally impossible for one of the 
leakage fluxes to be produced independently of the other. On the 
other hand, the voltage which is actually transformed in the trans¬ 
former is the primary applied voltage less the primary drop. This is 



the voltage which just balances the primary induced voltage F^'. In 
other Words, it is the voltage which is responsible for the iron loss 
current and the magnetizing current /^, and we can therefore 
represent these two components of the no-load current by the current 
taken by a non-inductive resistance By,, and a pure reactance 
having the voltage applied to them, as indicated in Fig. 17.15. The 
rest of the equivalent circuit consists of the secondary resistance and 
reactance referred to the primary, and the primary induced load current 
Ii is taken off at the terminals Now the calculation of the 

regulation from this exact circuit is somewhat cumbersome, and a 
simplification can be made by transferring the resistance By, and reac¬ 
tance to the terminals The error introduced by doing this is, 

for a transformer of normal performance, quite negligible, because the 
currents ly, and 7^ are too small to affect the drop between and 
The simplified circuit is, therefore, as given in Fig. 17.16 {A). 
Now the resistance By, and X^ have no effect at all on the drop in the 
transformer when connected across T^Ty^, so that we can neglect them 
altogether, and we can make the further simplification of substituting 
the actual transformer current ly for the induced current ly. This is 
done in Fig. 17.16 (j5). Alternatively, if the equivalent resistance and 
reactance are referred to the secondary side, we can use the equivalent 
circuit shown in Fig. 17.16 (C). 

It is obvious that the circuits (J5) and [C) lead to vector diagrams 
similar to that given in Fig. 17.13, but we will re-calculate the example 
on p. 403, using the symbolic method. The data are as follows— 

Vy = 1000 V, ly = 10 A, Ri = 1-25, Xy = 4-0 
Denote the voltage Vy (Fig. 17.16 (5)) by 

X + j-0 
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Since the current is at a power factor of 0*8 lagging, we have 
/i = 10 X 0*8 -i X 10-v/(l - (0-8)*) 

= 8-i6 

Impedance referred to primary side 

Zi==l*26+i4 



Drop of volts referred to primary side 

AZi = (8 -i6)(l-26 +i4) 

= 34+j24-5 

Fi = (*+i0) + (34+i24*5) 

= (34 + a;)+i24*5 
But Fi = 1000 

(34 + a:)* + 24*6* = lOOO^ 

X = 966 V, approx. 

Drop of volts referred to primary = 1000 — 966 = 34 
Percentage drop = 3*4, as before 


Percentage Resistance, Reactance, and Impedance. It is usual to 
express the resistance, reactance, and impedance of a transformer as 
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percentages of the normal voltage. This is done in the following 
manner— 

IQGBJIEo = percentage resistance, where E^^ is the normal voltage 
per phase of the winding on which the measure¬ 
ments or calculations are made 

lOOXIlEo = percentage reactance 
and lOOZIfE^ = percentage impedance 

We have seen previously that the percentage drop is given by the 
expression 

Percentage drop = (R/ cos ^ + X/ sin <f>)IEf^ X 100 
so that it can also be written 

(lOOR//^,) cos ^ + (lOOXIjE,) sin <f> 

Denoting the percentage resistance and reactance by and respec¬ 
tively, we have 

Percentage drop = cos (f) + Vg, sin ^ 

The following numerical example will make the method clear. A 
100 kVA single-phase transformer, ratio 10,000/200, 50 c/s, requires 
300 V at the h.t. winding to circulate full-load current with the l.t. 
winding short-circuited. The intake is then 1000 W. Calculate the 
percentage regulation and secondary terminal voltage on full load at 
0-8 power factor lagging. 

Full-load primary current 

11 = 1000 X kVA/Fi == 1000 X 100/10,000 
= 10 A 

Zi = 300/10 = 30 Q 
Rj = 1000/102 = ion 
Xi = V(302 - 102) _ 28-3 Q, 

Vr = (RJilVi) X 100 = 10 X 10 X 100/10,000 = 1 
Vg, = (Xj/i/Fi) X 100 = 28-3 X 10 X 100/10,000 == 2-83 

/. Percentage drop 

= Vf cos (f) Vg. sin <j> 

= 1x0-8 + 2-83 X 0-6 
= 2-5 

Secondary drop = 2-5/100 x 200 = 5 V 
/. F 2 , on load = 200 — 5 = 195 V 

All-day” Efficiency. The ordinary or commercial efficiency is 
defined as the ratio 

Output in watts 
Intake in watts 
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The all-day eflBiciency is the ratio 

Output in kilowatt-hours 
Intake in kilowatt-hours 

This second efficiency is thus measured on an energy basis. The 
reason for the introduction of this efficiency is that transformers used 
for distribution have their primary winding connected to the line for 
24hr/day. The core losses are thus going on for the whole 24 hr, 
whereas the copper losses go on only when the transformer is on load. 
Hence, if the load is not on the transformer for the whole of the time 
it is connected to the line, the all-day efficiency, for a given kVA 
loading, is less than the commercial efficiency. 

Example. A 20 kW lighting transformer of ordinary efficiency 
95 per cent is on full load for 6 hr/day. Find the all-day efficiency if the 
full-load losses are equally divided between copper and iron. 

Total losses on full load = 5 per cent of 20 kW = 1 kW 
/. Iron losses = 0*5 kW, and full-load copper losses = 0*5 kW 
Output of 20 kW for 6 hr/day = 120 kWh 
Copper loss of 0*5 kW for 6 hr/day = 3 kWh 

Iron loss of 0*5 kW for 24 hr/day = 12 kWh 

Energy intake during 24 hr = 135 kWh 

/. All-day efficiency = 120/135 = 89 per cent 

Relation between Copper and Iron Loss. 

Output (watts) == F 2/2 cos <f> 

Primary copper loss = Rili^ 

Secondary copper loss = 

Total copper loss = (R^Ii + 

Iron loss = P^. = a constant 

. output Fo/ocosi 

.. ^ ciency — cos <f> + R 2 l 2 ^ + 

__ Fg cos (f) 

V 2 cos ^ -f* (Rgl 2 

For a given power factor the efficiency is a maximum when the 
expression in brackets is a minimum. Now the product of the two 
terms in the expression is a constant, and therefore, their sum is a 
minimum when they are equal. Hence, for maximum efficiency we 
have 

R,/* = Pilh 

Rj/j* = Pi 
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The efficiency is thus a maximum at that load which makes the 
copper losses equal to the constant iron losses. If a transformer is 
intended to work most of the time on full load, it is designed to have 
the maximum efficiency at full load. If the load is variable it is usual 
to design it to have maximum efficiency at about three-quarters of 
full load. 

Example. A 100 kVA transformer has an iron loss of 1 kW and a 
copper loss on normal output current of 1*5 kW. Calculate the kVA 
loading at which the efficiency is a maximum, and the efficiency at this 
loading (a) at unity power factor, (6) at 0*8 power factor. 

The current, and therefore the copper loss, is proportional to the 
square of the kVA loading. Hence, if the maximum efficiency occurs 
at “m” of full load, then 

X 1-6 = 1 kW 

m = V(l/l-5) = 0-817 

kVA loading for maximum efficiency = 0-817 x 100 = 81-7. 

Total losses at this loading = 2 x iron loss = 2 kW 

(а) unity power factor 

Output = 81-7 kW 
Intake = 83-7 kW 

f] = 100 X (81-7/83-7) = 97-61 per cent 

(б) 0*8 power factor 

Output = 0-8 X 81-7 == 66-36 kW 
Intake = 67-36 kW 

fj = 100 X (65-36/67-36) = 97-03 per cent 

Division of Load between Two Transformers in Parallel. In Fig. 17.17 
two transformers are shown connected in parallel on a pair of bus-bars, 
and their resistances and reactances, referred to the secondary, are, for 
the purposes of calculation, shown external to the secondary windings. 
If the transformation ratios are the same, the voltages across the secon¬ 
dary terminals of the two ideal transformers will be the same, and we 
can therefore imagine these connected to a second pair of bus-bars, as 
shown dotted. The voltage across these bars will not vary with load, 
but will remain constant. The equivalent simple circuit is therefore 
as shown in the second diagram, and the load current / will divide itself 
between the two transformers in the ratio of the branch currents 
and 1 2 in the equivalent circuit. 

Let Zi = V(Ri' + Xi^), and = ^/(Ra^ -f X^^) 

be the equivalent impedances of the two transformers referred to the 
secondaries. If the ratios Ri/X^ and B 2 /X 2 are equal, then the currents 
Zj and Zg will be in phase, and we can write 

IJI 2 = Za/Zi; A -f Za = Z 

/. I, = [Za/(Zi + Za)] X Z, and Z^ = [ZJiZ, + Z.)] X Z 



Ch. 17] THE TRANSFORMER 411 

If the ratios of resistance to reactance are not equal, then the 
graphical construction, as applied to branched circuits, can be used. 



Fig. 17.17. Two Transformebs in Parallel 


Assume any drop OA (Fig. 17.18) between the points P and Q in Fig. 
17.17, and on OA draw a semicircle. Draw chords OB and OC inclined 
at and ^ 2 > where == tan~^ Xj/Ri, and 02 = tan-^ X 2 /B 2 . Then 



Fig. 17.18. Graphical Construction for Division of Load Between 
Two Transformers in Parallel 

these chords represent to scale the respective resistance drops, as before. 
Dividing them by the respective resistances B^ and B 2 » we obtain 
quotients proportional to the currents and /g. Represent these 
quotients graphically by the lengths OD and OE^ and find the resultant 
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OF. Then OF represents the total current delivered to the load. But 
this current is /, which is known. Hence we have 

== (ODIOF) X / and = (OEIOF) x I 

The resistance drop represented by chord OB is then given numerically 
by Ri/i* This gives the scale by which the total drop OA can be 
calculated. 

We are now in a position to draw the complete vector diagram. If 
the load is of power factor cos the total current vector OF will be 
inclined <f> to the direction of the secondary terminal voltage Fg, this 
direction therefore being given by the line O'Fg in Fig. 17.19. With A 



Fig. 17.19. Complete Vector Diagram for Two Transformers 
IN Parallel 

as centre and E^.q, the secondary no-load voltage, as radius, mark off 
AO^ equal to ^ 2.0 J length O'O gives the secondary voltage on 

load, and the voltage regulation of the “bank’' of transformers is given 
by 

[(O'A - 0’0)I0’A] X 100 

As an example consider the case of two transformers in parallel, 
their characteristics being (a) a resistance of 1 per cent, a reactance of 
7 per cent, and a capacity of 500 kVA; (6) a resistance of 2 per cent, 
a reactance of 5 per cent, and a capacity of 400 kVA. The load is one 
of 1000 kVA at a power factor of 0-8 lagging. 

Assume a secondary voltage of 100 V giving full-load secondary 
currents of 5000 and 4000 A respectively. Hence, with this assumption, 
we have for the constants 

Rj = 1/5000 = 2 X 10-^ Xi = 7/5000 = 14 x lO^^ 

Ra = 2/4000 = 5 X 10"^ = 5/4000 = 12-5 x 10-^ 

= tan'i 14/2 = 81° 53' 

02 = tan-i 12*5/5 = 68° 12' 

The drop triangles are drawn to scale in Fig. 17.20, and working 
backwards as explained above, we see that the length OA in volts is 
equal to 6*68 V; with e^^al to 100, this gives 94*5 V for Fg, so that 
the percentage regulation of the bank is 5*5 per cent. 

We also see that the currents and /g are 4940 and 5150 respec¬ 
tively, and the phases of these currents with respect to Fg are ai = 45° 
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and a 2 = 32® respectively. Hence, for the outputs of the two trans¬ 
formers, we have 

Pi = ^ 2^1 cos ai X 10-* = 330 kW 

Pg = F 2/2 cos aa X 10"® = 412 kW 

The sum of and Pg is slightly less than the assumed load of 
1000 kVA, or 800 kW, because the currents are based on a terminal 

voltage of 100 per cent instead of the actual voltage of 94*5 per cent; 

the adjustment is easily made by multiplying each by the ratio ^ 2 . 0 / 
and we then have for the corrected loads Pi = 350 kW and = 
440 kW. The sum is 790, and the slight error is due to the setting oflF 
of the angles by means of a protractor. 

We will now work out the symbolic method of treating this problem. 
Take the vector of secondary terminal voltage F 2 as the reference 
vector, so that 

The total load current can be written 

/ == / cos ^ sin ^ = a — jb, say, 

the minus sign being used because the current is assumed lagging with 
respect to Fg. The symbolic impedances of the two transformers are 

Zi = Rj + jXi; Zg = Rg + JXg 

and the currents and /g can be written 

A = + iViy h = ^2+ iVz 

Since the drops are the same, we have 

(Ri +iXi)(a;i +^2/1) = (Rg • ( 1 ) 

and since the total current is the resultant of the currents in the two 
transformers, we have 

Ii + h = i • . . • (2) 

From (1) and (2) we have 

A = ^(^2 ^^ 2 ) “ {(^ “1“ ^ 2 ) "I" ^ 2 )} 

and Jg = I(Ri + jXi) -i- {(Rj + Rg) + j(Xi + Xg)} 

For the transformers used in the previous graphical construction, we 
have 

Zi = 2 X 10-« + il4 X 10-4 

2 X 10-4 - jl4 X 10-4 _ 2 X 10-4 ' . 14 X 10-4 

■ • • (2 X 10-«)* + (14 X 10-«)» 200 X 10-* 200 X lO"® 

= 10* -jl X 10* 

6 X 10-® -il2-5 X 10-* _ 6 X 10-* . 12-6 x 10-* 

and y, _ g, ^ jQ_8 ^ J 2 . 5 * x 10“* 180 x 10-« ^ 180 x 10"* 

= 2-76 X 10* - j6-9 X 10* 
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Hence, for the whole of the branched circuit 

Y = 10* -p-0 X 10* + 2-76 X .10* -i6-9 X 10* 

= 3-76 X 10* - jl3-9 X 10* 

. 3-76 X 10*+jl3-9 X 10* 

• • 3-76* X 10« + 13-9* X 10« 

= 1-81 X 10-* + i6-69 X 10-* 

Hence, voltage drop along the parallel path 
Z/= (1-81 X 10-* + j6-69 X 10-«) (10,000 X 0-8 -^10,000 X 0-6) 
= 6-47 +i4-26 

But Fj = Fj + j . 0 

••• £*.0= F, + 5-47+i4-26 

+ 5-47)* + 4-26*}* 

But £jj.o = 100 

/. F2 = 94-43 V 

For the calculation of the current carried by the two transformers, 
we have 

= Fj X symbolic voltage drop 
= (10* - j7 X 10*)(5-47 + j4-26) 

= 3-53 X 10* -i3-40 X 10® 

= 10»(3-53* + 3-40*)* 

= 4930 A 

= Fj X symbolic voltage drop 
= (2-76 X 10* -^6-9 X 10*)(5-47 + j4-26) 

= 4-45 X 10* -i2-60 X 10* 

= 10*(4-45* + 2-60*)* 

78 = 5150 A 

As a check I = 8 X 10® — j6 X 10* 

7^ + 72 = 3-53 X 10* -i3-40 X 10* + 4-45 x 10* 

-y2-60 X 10* 

= 7-98 X 10* - j6-03 X 10* 

Effect of an Inequality in the Toma Ratios. If the turns ratios are not 
exactly equal, then, with the primaries paralleled to the same supply, 
the secondary induced e.m.f.s will be unequal. This inequality will 
result in the production of a local, or circulating, current which will 
flow even inside no-load conditions. If, in addition, the transformers 
are sharing a load, then this circulating current will be superposed on 
the load currents. Consider the circuit of Fig. 17.21, and let the 
secondary induced e.m.f.s be E^ and E^, the si^xes referring to the 
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transformer. Also let E-^ > E^y then since E^ and JEg are in time phase, 
both being induced by the same applied primary voltage, the difference 
voltage acting round the local circuit dotted is 

Ec = El — E2 

= {^1 -^ 2 )/(^l + ^ 2 ) 



lagging El by the angle a where 

0L = Un-^[(Xi + X2)l{Ri + R2)] 

With normal ratios of reactance to resistance this will be a large 
angle of the order of 80®, showing that the circulating current is nearly 
a wattless current. Suppose that, apart from this circulating current. 




Fig. 17.22. Effect of Cibculatino Cubbent on the Pebfobmance of 
Tbansfobmebs in Paballel 


the two transformers are sharing a load current of 21 amperes equally, 
and suppose that their ratios of reactance to resistance are equal, then 
the contribution of each is / ampere at the same power factor as the 
load power factor. Fig. 17.22 (A). The circulating current must be 
added vectorially to the load current of No. 1 and deducted vectorially 
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from that of No. 2. This is done in Fig. 17.22 (B), and we see that the 
effect of the circulating current is to reduce the power factor of the 
transformer having the greater no-load induced e.m.f., and to increase 
the power factor of the other.* 

Example. A 100 kVA and a 60kVA transformer are in parallel. 
The no-load secondary e.m.f.s are 1000 and 950 volts respectively; the 
resistances are 1-5 per cent and 2-0 per cent respectively, and the reac¬ 
tances 8 per cent and 6 per cent respectively. Calculate the no-load 
circulating current on the secondary side. 



No. 1. 100 kVA 

No. 2. 60 kVA 

Normal sec. current 

“ Tool, 

Y ^2o^x 

lOO/j 

100.000 _ 

1000 

1000 x 1-6 „ 

■ioox 100 = 

1000 X 8 _ 

100 X 100 “®®“ 

950 

950 X 2 „ ^ 

100 X 62-63 0 36 Q 

950X6 

100 X 62-63 ^ “ 


/. = (1000 - 950)/{(0-15 + 0-36)2 (Q.g + l-08)2}i 

= 35-7 A 

a = tan-i (1-88/0-51) = 74*^ 50' 

The following method of analysis applies whether the transformation 
ratios are equal or not. The circuit is given in Fig. 17.23, where and 



Fig. 17.23. Transfobmers in Parallel 


Zg are the transformer impedances referred to the secondary sides, and 
Z the load impedance. 

El = JiZi + JZ = JiZi + (/i + h)Z \ 

Eg = / 2 Z 2 + /Z = /2^2 + (h + h)Z I 

* A complete discussion of this problem is given by J. E. Parton, “Paralleled 
transformers with unequal ratios.’* Elec, Joum. (Sept. 3rd, 1954). 
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Solving these for and we have 

h = [^1^2 + (El - E,)Z]/[Z,Z, + (Z, + Z^IZ] 

7, = [Z^Zi -- - E^)Z]I[Z^Z^ + (Zi + Z,)Z] 

/. 7 = [£,Z, + E,ZJ/[Z,Z2 + (Z, + Z,)Z] 

Secondary, and load, terminal p.d. 

F = 7Z - [E^Z^ + E,Z,]I(Z,Z,IZ) + Z, + Z,] 

It is clear that if E^ and equal, then the expressions for the 

currents must contain the circulating current. Comparing the expres¬ 
sions for 7i and fg we see that the numerators have terms (JBi — E 2 )Z 
and — (El — Eg)^ respectively, and the circulating current is given by 

I, = (£, - E,)ZI[Z,Z, + (Z, + Z,)Z] 

= (£, - E,)I[Z, + Z, + (ZiZJZ)] 

Under no-load conditions we must take the load impedance Z to be 
infinity, which then gives 

J. = {E, - E,)I{Z, + Z,) 

the expression we obtained previously by a more elementary method. 
We see that the load itself has an effect on the magnitude of because 
of the presence of the term Z^Zg/Z in the denominator. 

The Transformer as a Mutually-inductive Circuit. Since practically 
the whole of the flux produced by a transformer links with both 
primary and secondary windings, the transformer is an appliance with 
very “closely coupled’’ circuits. Each winding has its own separate 
resistance, Ri and jf?g, and each can be considered as having its 
own separate total inductance, Li and Lg, although these arc not 
strictly separable, as has been pointed out before.* The circuit is shown 
in Fig. 17.24, the load resistance and reactance being included in i2g 


/?2 

^2 


and JCg on the secondary side. The applied primary voltage has to do 
two things, viz. overcome the impedance drop in the primary and also 
overcome the mutually-induced primary e.m.f. due to the current 
variations in the secondary. Hence, using the symbolic notation, 

Vi = Ii{Bi+jLj(o)+jMcol2 . . . ( 1 ) 

* This case, however, is not identical with that discussed on p. 402, where the 
flux considered is the leakage flux, not the total flux. 
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The secondary induced e.m.f. is 

E^ — — jMtoIi 

and this has only to supply the total impedance drop in the secondary 
circuit 

/. —jM(oIi = l2(R2+jL^) . . . ( 2 ) 

From equation (2) we have 

hill = —jM(ol{R2+jL^) 

hlh = McoliR^’^ + Wco^)* 

Substituting in equation (1) the value of Jg obtained from (2) we have 

Vi = hiRi +jLia)) + hlMWIiRt + jL^w)] 

= IiliRi+jLiCo) + -jL2P>)l(R2^ + igW)] 

_ 7 fr. T D JifW , • ( T T 

h + Ri 4 . + Jft> L^ 4 , X-gW/l 


Thus the quantity 

f -^1 + 7^2 • 


MW 


Ri + L 2 W 


i) +> ( 


Li 


MW \ 

+ L^co^j 


is the equivalent impedance of the primary circuit, 

'JRi + R^M^o}^l(R^ + L^oy^)\ is the equivalent resistance, 
and ■— is the equivalent inductance 

Denote these by and respectively, then the equivalent primary 
reactance is 


, « ~~ IjO) 

h = EJ(ri + jxj) 

••• h = Filir,^ + xi^)i 
But /g = /j X Jf(w/(i? 2 * + 2/g*tc*)l 

h = [EiKri^ + X [Ma,/(i?g* + L2W)i] 

We see that > Ri and < L^y so that the effect of putting load on 
a transformer is to increase the apparent resistance and to decrease the 
apparent inductance. 

In order to bring out the above property the problem was simplified 
by making the L’s the total inductances, i.e. including both leakage 
flux and mutual flux. We will now give the more complete treatment 
in which the various fluxes are all regarded as quite separate. The 
solution applies to a transformer in which if is a constant, namely an 
air-core transformer. Since we have seen that the total flux of a con¬ 
stant-voltage, constant-frequency transformer is sensibly constant, 
the value of fi the permeability of the iron will be sensibly constant. 
Thus, the treatment applies very approximately to an iron-cored 
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transformer. We will define the mutual inductance of the primary 
with respect to the secondary as and of the secondary with 

respect to the primary as J/g-i* Then a current produces a flux 
through the secondary of Oj 


Similarly 




If we denote the reluctance of the common magnetic circuit by /S, we 
have 


OJA = N,IS 

and OJA = 

Cross multiplying 

or 

., ]\^2’X — '■^^ 1*2 

The various components of the primary applied voltage are therefore 
as follows— 

(a) That to overcome the self-induced e.m.f. due to the true leakage 

reactance namely ^‘co A A* 

(b) That to overcome the induced e.m.f. due to the current change 
in the secondary, namely + jeoifIg. 

(c) The self-induced e.m.f. due to the primary current /j in associa¬ 

tion with the main flux of the transformer. Since the induced e.m.f. 
due to changes in current 1 2 is numerically equal to jcoilfJg, that due to 
changes in current is therefore j(o(Mlp)Ii, where p is the turns 
ratio The sign of this must clearly be taken as positive since 

the applied voltage must have a component whose function it is to 
overcome it. 

Hence for the e.m.f. equation of the primary we have 

The e.m.f. induced in the secondary is 

E 2 = —jcoMIi 

This has to overcome the self-inductance of the secondary jcopiUf A 
the total impedance drop of both secondary and load. Denote the 
total resistance of secondary winding and load by jRg and the sum of 
the secondary leakage reactance and load reactance by Lgcu, then we 
have 

£2 = —jojMI^ = R 2 I 2 +icoZ/2A +jcopMl2 

From the second equation we derive straight away the current 
relationship 

A = — Ijcoilf/(i ?2 + jcoL 2 + j(opM)]Ii 
hlh = p + (-Kg + joyL^IjioM 


or 
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Substituting this in the equation for we have 

1»L, + j«,- + j 

‘r‘+^"r‘+(.j+ R,‘ + ,o‘[L,+pM)> J 


■.] 




+ 


co^M^R, 


*) 


+ a>®(Ir8 + pM)<^) 

, . /^ , M (o^MHL^ + pM) \1 

+ + p i?,* + «,*(£, + pM)») J 


The two terms in the “round” brackets represent the equivalent 
resistance of the whole circuit and the equivalent inductance of the 
whole circuit respectively. 

Example. An iron-cored transformer has 


7?i= ID; 2^1 = 0*00637 H 

=z 50 f2; 2^2 = 0 0795 H (these include the load) 
Jf = 0*5 H 


p = 2 

Vi= 100 V at/= 60 c/s 


The no-load primary current will be given by putting R^ = oo. This 
gives 

100 = IM + 0 +M^i + (MIp)}] 

= 7i.o[l + j314{000637 + {0-5/2)}] 

= /i.o(l -f/80-6) 

40= 100/(1-f/80-6) 

= 100(1 -/80-6)/(l* + 80-6*) 

= 0 0154 -/1-24 
4o=l-24A 

= cos-i(00164/l-24) 

= 89° 17' 


On load we put R^ = 50. Working out the reactances separately we 
have 

wLi = 314 X 0 00637 = 2 Q 
coL^ = 314 X 0 0795 = 26 Q 
(oM = 314 X 0-6 = 167 Q 


Substituting in the expression for 4 we obtain 
100 = Ji(ll-49 + i9-6) 
h = 6-2 -/4-3 
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Ii = 6'76 A, and 
= 39“ 30' 

= [jl57/(50 +^25 +j2 X 157)](5-2 - j4*3) 

= [il57/(50 +i339)](5-9 - j4-3) 

= jl57(5*9 - j4-3)(50 - j339)/(502 + 3392) 

= 2-65 - jl*6 

Of the total secondary impedance, suppose that of the load is (45 + j20), 
then the secondary terminal voltage on load is 

F2=(2-65~-jl-6)(45+j20) 

= 151 - jl9 
/. Fg = 152V 

Testing of Transformers. The various 
transformer tests are as follows— 

(a) Core Loss Tests. The primary 
is connected to a supply of normal 
frequency and voltage, through a watt¬ 
meter W, as shown in Fig. 17.25, and the secondary is left on open 
circuit. Since the core loss is independent of the load, and since the 
primary no-load current is so small that the copper loss due to it can 
be neglected, we have 

Core loss = wattmeter reading = say 
Power factor cos = PijVlf^ 

Working component == cos 

Magnetizing component sin (f>^* 

Since the power factor cos (f)^ will be low, it will be necessary to correct 
the wattmeter reading. {See p. 370.) 

If the dimensions of the core and the 
number of primary turns are known, the 
hysteresis and eddy-currcnt losses can be 
separated in the following way. We have, 
from the transformer e.m.f. equation, 

^max = VI^^UANJ 

The applied voltage V is varied over as 
wide a range as possible, the frequency 
being kept constant at, say, f^. The iron 
loss, as measured by the wattmeter, is then plotted against the calcu¬ 
lated values of Pmax (Fig. 17.26). The test is then made at a second 

* This elementary separation of the two components assumes that the 
current is sinusoidal. In practice this is not the case, see Chap. 28, and the values 
of and I/i so obtained are only approximate. 
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frequency /g, thus giving two curves. For a given value of £max the 
hysteresis loss is proportional to the frequency, and the eddy-current 
loss to the square of the frequency. Hence, we tahe any ordinate 
PQMy we have 

Total loss at frequency 


while total loss at frequency /g 

Pg = A and B being constants 

From these equations A and B can be calculated. The separate losses 
at any frequency, for the value of Pmax eqiud to OM, can then be calcu¬ 
lated. By drawing a series of ordinates and making the above analysis 
for each, the losses at any value of Bmax* ^ well as any value of the 
frequency, can be calculated. 

It is usual to make the above test, not on the actual transformer 
itself, but on a test specimen built up of strips of transformer iron. In 



I 

Fig. 17.27. Epstein’s Ikon-testing Apparatus 

Epstein’s apparatus the specimen is arranged in a square, the standard 
dimensions of a strip being 60 cm X 3 cm. The total weight of strip 
used in building up the specimen is 10 kg. The arrangement of the 
specimen and the magnetizing coils is clearly shown in Fig. 17.27. 

(6) Impedance and Coppeb Loss Tests. The secondary is short- 
circuited by a heavy conductor, as shown in Fig. 17.28, and a low 
voltage applied to the primary, the voltage being adjusted until the 
ammeter A indicates that the full-load current is flowing. The losses 
now taking place will be the full-load copper loss in both primary and 
secondary, and a small amount of iron loss. The voltage applied has to 
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be so small that this iron loss is quite negligible. Hence, if is the 
wattmeter reading, F, the voltage applied, and the current, then 

Full-load copper loss = P, 

Remembering that the copper loss is proportional to the square of the 
current, the copper loss at any load can be calculated. If it is required 

to determine the copper loss only, 
it is not absolutely essential that 
the supply should be of normal 
frequency because the copper loss 
{PR) is independent of frequency. 
If the windings are of very heavy 
section it is preferable that normal 
frequency should be used, because 
eddy currents are set up in such 
windings, and the additional loss 
due to them is a part of the total 
copper loss. 

The impedance of the transformer can also be determined from the 
short-circuit test, but in this case it is imperative that the voltage 
should be of normal frequency. If the voltage is applied to the primary, 

Zi = VJI, 

Also, from cos = PglEJg, we have 

= Zj cos = Z;j^ sm 

Similarly, if the test is made with the primary short-circuited. 

(c) Load Test. The efficiency can be determined with considerable 
accuracy from the results of the 
open- and short-circuit tests, while 
full-load tests are made to deter¬ 
mine the temperature rise. A 
small transformer can be put on 
full load by means of an artificial 
load, say, a water resistance, but 
for large units a regenerative test 
is almost imperative, partly because 
of the saving in energy, but mainly 
because of the difficulty in arran¬ 
ging an artificial load to absorb 
very large amounts of power. The 
regenerative test on two trans¬ 
formers is called the Sumpner 
test, and sometimes the “back- 
to-back” test. Two similar trans¬ 
formers have their primaries connected to a supply of normal voltage 
and frequency as in Fig. 17.29. The wattmeter Wi gives the total 
core losses. The two secondaries are connected together, care being 
taken to have their “polarities” in opposition. This is done as 



Fig. 17.29. Connections fob 
Back-to-back Test 



Fig. 17.28. Connections fob 
Shobt-cibcuit Test 
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follows. Terminals A and C are connected together, and a voltmeter of 
range double the voltage of either transformer is connected across BD, 
If no reading is obtained, the voltages in the two secondaries are in 
opposition, and the terminals BD can be safely connected. If a reading 
is obtained, the voltages are acting in the same direction, so that it will 
be necessary to connect A to D. In the case of high-voltage trans¬ 
formers, it is common practice to use a bank of incandescent lamps in 
series instead of a voltmeter, care being taken, of course, to see that all 
the lamps are sound. If the two secondaries are connected in opposition 
no secondary current will flow, and to produce this current it is necessary 
to inject an e.m.f. into the secondary circuit by means of a regulating 
transformer. This injected voltage is adjusted until full-load secondary 
current is flowing. This will induce full-load currents in the primaries, 
but the primary currents will circulate through the bus-bars, as shown 
by the dotted path, and the reading of will be unaffected. The watt¬ 
meter Tf 2 will glv® l^li® total copper losses, and thus, knowing both iron 
and copper losses, the efficiencies can be calculated. The advantage 
of the test is that two large transformers can be put under full-load 
conditions for several hours, so that the temperature rise can be 
measured, with an expenditure of energy equal to that required by the 
losses only. 

The Sumpner test thus necessitates two transformers, and these are 
not always available. If a single transformer is to be tested, then pro¬ 
vided another transformer of the same voltage and the same, or 
greater, capacity is available, the test can be carried out. Failing this, 
the single transformer can be tested as follows. One side is short- 
circuited and a voltage applied to the other side of such value that the 
transformer intake is equal to the sum of the normal copper and iron 
losses. It is obvious that with this method the losses are almost 
entirely copper losses, with the result that the temperature rise of the 
copper will be greater than normal, and that of the iron less than normal. 
On the other hand, the temperature rise of the oil in which the trans¬ 
former is immersed will be of normal value, the test thus being sufficient 
for the checking of a specification giving a figure for the temperature 
rise of the oil, as is usual. 

Other tests which can only be applied to three-phase transformers 
are described on p. 438. 

Methods of Cooling Transformers. Since there are no rotating parts 
which induce a ventilating draught, transformers are more difficult to 
cool than rotating electrical machines. For small outputs, up to, say, 
20 kW, the external surface is sufficient to enable the heat produced 
by the losses to be dissipated by radiation, but for larger sizes additional 
means of carrying away the heat have to be provided. The various 
methods are iUustrated in Fig. 17.30. For outputs up to 500 kW it is 
sufficient to place the transformer in a tank of oil, and to provide as 
large a cooling surface as possible by (a) corrugating the sides of the 
taidc, or (6) using a boiler-plate tai^ provided with external tubes. 
This second method is being used very extensively at the present time. 
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For still larger outputs the above method would necessitate a very 
large tank, and so it is common to use a small tank with a worm tube 
immersed in the oil, through which cooling water is passed. The disad¬ 
vantage of this is that the water is under pressure, and if any flaws 
develop in the worm, water will find its way to the oil. It is therefore 
preferable to have the oil at higher pressure than the water, as in the 



Fio. 17.30. Methods of Cooling Transfobmers 

i l) Tank with external tubes (natural cooling). 

2) Water cooling. 

3) Air-blast cooling. 

case of the external oil cooler. The oil is pumped through a cooler very 
similar to a condenser, and is cooled by low-pressure water. Where a 
cheap water supply is not available, as is often the case in substations, 
the transformer can be cooled by an air blast (c). In such a case it is 
necessary to filter the air, or dust particles will in time clog up the 
ventilating ducts. The main disadvantage in air-blast cooling is that 
the very valuable increase in insulation strength due to immersion in 
oil is lost.* 

Heating-time Curve. With very large transformers a very long time 
is required for the temperature to attain its final value, and it is not 
convenient to leave the transformer on test for the whole of this time. 
If the temperature is taken at regular intervals for a few hours, then 
the final temperature can be calculated from the initial rate of rise so 
determined. 

Let P = full-load losses in copper and iron (watts) 

H = amount of energy in joules required to raise the tempera¬ 
ture of the whole transformer by 1°C 

♦ For more complete information see R. O. Kapp, Transformers, Pitman, 
London; M. G. Say, Performance and Design of A,C. Machines, Pitman, London); 
S. A. Stigant and H. M. Lacey, The J, and P, Transformer Book, Johnson and 
Phillips, Ltd., London. 
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K = watts dissipated by the transformer and its cooling 
appliances per degree rise in temperatuire 

Ojn == final temperature rise attained 
Then P = KO^n by Newton’s law of cooling 

Now at any temperature rise d, 

(Rate of production of heat) = (Rate of storage of heat) 

+ (Rate of dissipation of heat) 

/. P = H(dOldt) + KO 

the solution of which is 


e = P/Z + A, e~E 

where ^ is a constant and t is the time in seconds. 

Now when 

0 = 0 , < = 0 , ^ - PIK 

d = (P/Z)(i -e“i) 
where B = HJK 

B is called the ‘^temperature-time” constant. Its components H and K 
can be calculated from the data of the transformer, and therefore, B 
is known. The equation for 0 shows that the curve of 6 against < is an 



exponential curve as shown in Fig. 17.31. The final temperature is 
theoretically attained when t = oo. We therefore have 

K = PIK 

Differentiating the equation for 6 with respect to t we have 

ddldt = {PIKB)e~' h 

/. Initial rate of rise of temperature 

(d6ldt)o = P/KB when t == 0 
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/. From = PIK 

We have 6^ = B x {ddldt)^ 

= (Temp.-time constant) X (Initial rate of rise of temperature) 

If, after attaining its final temperature, the transformer is allowed 
to cool down, the curve of fall of temperature is complementary to the 
curve of rise of temperature. We then have 

fi = (P/Z)e“F 

Now, when carrying out a heat run on a small machine, the final 
temperature will be attained in a comparatively short time, say five 
or six hours, but in the case of a very large machine twenty-four hours. 



Fig. 17.32 

or even longer, may be required. In such a case it is desirable to be 
able to determine the final temperature from the results of a run of 
short duration. One method of doing this is as follows. We have seen 
that 

P = H{dOldt) + KO 
ddldt = PjH - {KIH)d 
= (KIH)(PIK ~ 0) 

= (KIH)(e^ - 0 ) 

oc (0^ - 0) 

In other words, the slope of the curve at any instant is proportional 
to the difference between the actual temperature at that instant and 
the final temperature. Thus, in Fig. 17.32, the point P is taken at a 
temperature rise equal to half the final rise, and Q is taken at three- 
quarters of the final rise. The point 0 is at the commencement, for 
which there is no temperature rise. Hence, the slope of the tangent at 
0 is proportional to the final rise 0^, the slope of the tangent at P is 
proportional to J0^, and that at Q is proportional to J0^. The procedure 
is therefore as follows. Observe the initial rate of rise from the results 
of the test of short duration, and determine the slope at successive 
periods until a point is reached at which the slope is half the initial 
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slope. Then the final rise of temperature is twice the rise of temperature 
reached at that point. As a check on the accuracy of thjs determination 
of the slopes at various instants, the curve of (0 — ddjdt) can be plotted 
against time, and this should be a straight line. 

Example. A 100 kVA transformer has a temperature-time constant 
of one hour. The ratio of iron loss to copper loss at full-load current is 

1 to 2, and the temperature rise on normal full load is 50®C. What 
overload will produce a temperature rise of 60®C at the end of a run of 

2 hr, starting from cold ? 

We have 6 = OjiX — e”" js) 

Hence under overload conditions 

_ 120 

6O = 0Jl-e 60 ) 

= 0,^(1 - e - 2 ) 

= 0*8650^ 

Qrn = 60/0-865 == 69-4"C 

But = P/Z 

showing that is proportional to the total loss 

. Total loss on overload 69*4 
Total loss on normal load 50 

= 1-39 

Denote the full load by unity and the total load at overload by 
also let Pi = iron loss. 

Then 2P,- = copper loss on normal load 

and 2P,. x = copper loss on overload 

/. (P, + 2P,)/(P, + 2P, X x2) = 1 / 1.39 
3/(1 + 2x2) ^ 1 / 1.39 
which gives x = 1-26 

Hence a 26 per cent overload will give a temperature rise of 60°C in 
2 hr. 

The Auto-Transformer. An auto-transformer has one winding only 
as shown in Fig. 17.33, the secondary voltage being obtained by 
tapping off at any convenient point. As in the ordinary transformer, 
the no-load transformation ratio is equal to the turns ratio 

For the same capacity and voltage ratio the auto-transformer 
requires less copper than an ordinary transformer. The cross section 
of a conductor is proportional to the current carried, and the length of 
conductor in a winding is proportional to the number of turns. Hence, 
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weight of copper in a winding is proportional to the product of the 
current and the number of turns. 

(а) Ordinary Transformer 

Weight of copper on primary cx: N^I^^ 

Weight of copper on secondary oc NJi^ 

Total weight of copper oc {N^I^ + 

(б) Auto-Transformer 

The bottom section of turns carries current 

/. Weight of copper in this section oc {N-^ — N^I^ 

The top section of turns carries a current of — /i) because of the 
opposition of primary and secondary currents. 

Weight of copper in top section oc N^il^ 

Total copper in auto-transformer oc 

{N^ - N^)h + N^iU - h). oc {N^ - 2N^)I, + NJ[^ 

Weight of copper on auto-transformer _ {N^ — + N^I^ 

Weight of copper on ordinary transformer ~~ Nyl^ + -^ 2^2 

_ - 2 + / ,//, 

NJN, + 7 / 7 , 

Now N 1 IN 2 == l 2 l^i = ®^y» where m = IjK 

Ratio of weight of copper = (2m — 2)/2m = (m — l)/m 

= l-K 

The current supplied to the load can be regarded as made up of two 
parts (a) that via the turns (N^ — Ng) without transformation, and (6) 
that due to transformation in the upper N 2 turns. The gain in the 
autotransformer follows from the fact that only a portion of the 
secondary output is the result of transformation. 

Because of the saving of copper, auto-transformers are occasionally 
used where a transformation ratio not very different from unity is 
required; but where one side is at very high tension compared with 
the other, it is preferable to have the two sides electrically separate and 
to use ordinary transformers. Auto-transformers therefore have the 
biggest sphere of usefulness as regulating transformers. They are also 
sometimes used as boosters to raise the voltage in an alternating-current 
feeder. 

The vector diagram of the auto-transformer is derived as follows— 

Let the positive direction of the applied p.d. Fj be upwards, that is 
from a to c: then the positive direction of round the primary circuit 
is counter-clockwise, and that of /g round the load circuit is also 
counter-clockwise. The positive directions of the induced voltage are 
downwards, that is from c to 6 and from b to a. The applied p.d. Fj 
is balanced by the induced voltage in these two sections, plus the volt 
drops in them. The vector diagram is best started from the secondary 
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side. First draw OA downwards, Fig. 17.33, to represent the secondary 
terminal p.d. on load, Fg. Then draw OB to represent the load current 
lagging Fs by the load angle (f>. The winding current in the section 
cb is given by 


= [(^ — (namely /g — /j) 

c L 



Fig. 17 . 33 . Auro-TBANsroRMBR and Vector Diagram 


and it is marked off as OC, The secondary volt drop triangle is ADE 
where 

AD = ~ ^2^eb 

The induced e.m.f. ^n the section cb is therefore given by the vector 
OE, 

The induced e.m.f. in section ab is 

Eta = EJ^m - 1 ) 

and therefore the component of the applied p.d., Fj to balance this is 
^ob = = — FJjn — 1) 

This is represented by 00, coUinear with OE. The current is in phase 
opposition to and is equal to 

h = - ■?*/»» 
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It is represented by OF, The drop triangle for the section ab is therefore 
OHK where 

OH = HK == Xi/i 

The p.d. Fob, across the section ab is therefore the vector sum of the 
e.m.f. 00, and the drop OK : it is therefore represented by OK, Finally, 
the applied p.d. F^ is the vector sum of Vgb and F^c, that is, F^b plus 
where V,c =-V^=- V,. This is given by the vector OL, 

Use of Transformers with Measuring Instruments, (a) When 
measuring large currents in a direct current circuit it is usual to pass 
the current through a shunt, and to measure the p.d. across the shunt 
by means of a millivoltmeter. This is not convenient with alternating 
current instruments, except hot-wire instruments, and it is therefore 
usual to pass the current to be measured through the primary of a 
‘‘current” transformer, the secondary being connected to the ammeter 
(Fig. 17.34). Since ammeters are of very low resistance it will be seen 



Fig. 17.34 Fig. 17.35 

that a current transformer normally works short-circuited, and if for 
any reason the ammeter is taken from the circuit the secondary 
terminals must be short-circuited. If this is not done the primary 
winding will act like a choke connected in series with the line. The 
m.m.f. of the primary current will be unopposed and the core will carry 
an abnormally high flux, thus inducing high e.m.f.s in both primary and 
secondary windings. For the measurement of the very heavy currents 
carried by bus-bars or feeders the conductor itself constitutes the 
primary, as shown in Fig. 17.35.* 

The ratio of a current transformer will not be exactly the inverse of 
the turns ratio, largely because of the effect of the magnetizing current. 
The primary current can be regarded as being made up of two 
components, the first of these being in exact phase opposition to the 
secondary current /g, in order that the primary and secondary ampere 
turns may balance; the second being the magnetizing component /q. 
The current vector diagram is therefore as shown in Fig. 17.36, in which 
a one-to-one ratio is assumed, since the balancing component of the 
primary current is — /g. The component Iq, besides being responsible 
for a slight error in the current ratio, is al^ responsible for a phase 

♦ The theory and use of instrument transformers are treated exhaustively in 
Instrument Transformers, by B. Hague. Pitman, London. 



THE TRANSFORMER 


Ch. 17] 

shift /?, which is called the phase angle of the transformer. We have 
already seen that the phase angle between voltage and current in a 
wattmeter introduces errors in the reading. If the wattmeter is used 
in conjunction with a current transformer, as explained in section (c) 
then, in order to reduce such errors to a minimum the angle /5 must be 



Fig. 17.36. Current Vector Diagram op Current Transformer 

very small. Thus a current transformer which may be suitable for use 
with an ammeter may be quite unsuitable for use with a wattmeter, 
particularly at low power-factors. 

(b) When measuring very high voltages, the voltage is stepped down 
by means of a “potential” transformer, the low-tension secondary of 
which is connected to the voltmeter. For switchboard use a voltmeter 
works practically all the time on one part of the scale, and if the trans¬ 
former gives the correct ratio at this point, a variation of the ratio at 
other points is not of much account. On the other hand an ammeter 
has to be correct at all points on the scale, and therefore, the current 
ratio of a current transformer must be the same at all loads. 



Fig. 17.37. TYPiOAii Connection Scheme for Instrument Transformers 
IN A Single -PHASE Circuit 


(c) When measuring power on a high-voltage system both current 
and potential transformers are used, the way in which they are 
connected in the circuit being illustrated in Fig. 17.37. It is usual to 
ground (i.e. connect to earth) each transformer at one point. 

Transformation from Three to Two Phase. Scott’s Method. In 
some cases it is desirable to work with two-phase current: examples 
are to supply electric furnaces, and the provision of low-voltage 
single-phase supplies in rural areas where the primary supply is derived 

I5~*{T.8i8) 
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from a three-phase medium voltage distributor. The method was first 
used for transformation from two-phase to three-phase at the first 
Niagara Falls power station, the generator then being two-phase. At 


Three-phase Supply 




VoUage Diagram 



Fig. 17.38. Scheme or Scott Connections with Voltage and 
C uKRENT Diagrams 


the present time bulk supplies are invariably three phase, and it is 
therefore necessary to convert from three to two phase in such cases. 
This can be done by means of two single-phase transformers connected 
in “T,” as in Fig. 17.38. 
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Let the positive directions of the e.m.f.s E^^, Ecd, Azid Efg be as indi¬ 
cated. Then considering the line voltage this has to be balanced 
by the voltages induced in cd and fg and therefore on traversing the 
circuit d'dcfgg* we see that the positive directions of Efg and Eg^ are in 
opposition so that we have 

V^g> = Efg — Eg^ 

Similarly F^V = — Efg -- Egx, 

and Ffl'^ = Eg^ + Eg^ 

Since cb is the mid point of the winding ad we have Eg^ = Eg^y and 
therefore since the line voltage triangle is an equilateral triangle we see 
that the e.m.f. Efg is in quadrature leading Eg^ and Eg^, If the two 
secondary windings have equal numbers of turns, then in order that the 
induced e.m.f.s in them may be equal it is necessary that the number of 
turns in the winding fg shall be 0*866 of the turns in the complete 
winding ad. The transformer ad is usually called the main transformer 
and fg the teaser transformer. 

In order to deduce the current relationship it is convenient to start 
with the primary side. With balanced conditions, and at unity power- 
factor the three line currents will be Ig^y and Ifgy as shown. For 
simplicity, let each secondary phase have as many turns as the primary 
ad of the main transformer. Then for the balance of m.m.f.s in the 
teaser transformer we have 


= 0 * 866 /,^ 

The currents in the two halves of the main transformer have a phase 
angle of 30°, as shown, and therefore since each half has half as many 
turns as the secondary, the m.m.f. balance is given by the relationship 

/g = 0*5(/c<i + f&o reversed) 

= 0*6 X 2 X 0*866/ctf 

= 0 * 866 /,^ 

= numerically 


and is in quadrature with I^, Hence if the loadings on the two phases 
of the secondary are balanced, that on the three-phase side is balanced 
also. 

If the two transformers are identical, then because of the 0*866 
tapping on the teaser its output is only 0*866 of its rating. Because of 
the 30° phase angle, the output of the main transformer is also 0*866 of 
its rating so that, for the Scott-connected pair 


Output 

Bating 


= 0*866 


Obviously there is no point in providing the teaser transformer with 
turns which will not be used, and if it has 0*866 as many turns as the 
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main transformer then its rating will be 0*866 that of the main trans¬ 
former. We then have for the pair 

Output ^ 2 X 0*866 _ ^ 

Rating 1 + 0*866 

Three-phase Transformation. The ordinary transformation of three- 
phase current at one voltage to three-phase current at another voltage 
can be effected either by means of a single three-phase transformer, or 
by three separate single-phase transformers, as shown in Fig. 17.39. 

HI. 


LI. 

Phases A Connected Phases A Connected 





Th ree-phase Transformer 
Fig. 17.39. Three-phase Transformer 

The advantage of using three separate single-phase transformers is that 
only one-third of the total output need be kept as spare, an equal 
single-phase transformer being substituted for a faulty one, in the case 
of breakdown. With a three-phase transformer it is necessary to have 
another three-phase transformer of full output as a spare. If the three 
single-phase transformers are mesh connected, then, in the event of a 
fault developing in one of them, it can be removed from service, the 
two remaining transformers supplying the load in what is called “open 
delta*’ connection. This does not apply to the three single-phase 
transformers connected in star. 

With one three-phase transformer, or a “bank” of three single¬ 
phase transformers, the primary may be star connected and the 
secondary mesh, or vice versa. If a number of three-phase transformers, 
or a number of banks of single-phase transformers, are worked in 
parallel, then there are certain methods of connection which cannot be 
employed. A few arrangements are tabulated below— 

1st Transformer. Primary A, Secondary A 1 ^ 

} Impossible 

2nd Transformer. Primary A, Secondary A j 
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1st Transformer. 
2nd Transformer. 
1st Transformer. 
2nd Transformer. 


Primary A, 
Primary A, 
Primary A, 
Primary A, 


Secondary A 1 
Secondary A / 
Secondary A \ 
Secondary A / 


Possible 

Possible 


Consider for example a A — A transformer and a A — A transformer 
with their primary windings supplied from the same source. Let the 



Pnmary 


No2 



Fig. 17.40. Voltage Diagbams for A — A and A — A Tbanseormebs 
Connected to the Same Sxtpply 


transformation ratios be equal, so that the voltage between any pair 
of secondary terminals of No. 1 is numerically equal to that between 
any pair of secondary terminals of No. 2. The connection scheme is 
indicated in Fig. 17.40. The corresponding phase voltages in the two 
primaries are identical, and therefore the corresponding phase voltage 
in the two secondaries are in phase with one another, thus Ei,^ with 
^ 2 *i> *^ 1-2 with E 2 - 2 y j&j.g with ^ 2 * 3 - The terminal voltages of trans¬ 
former No. 1 are obtained by joining the ends of the three phase vectors 
as shown, the magnitude of the terminal voltage being, of course, y/Z 
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times the magnitude of the phase voltage. In transformer No. 2 the 
terminal voltages are numerically equal to the phase voltages because 
of the mesh connection, and therefore to obtain a terminal voltage 
diagram comparable with that of No. 1 we rearrange the three vectors 
in the form of a triangle. The line secondary voltages of No. 2 are \/3 
a p times the secondary phase voltage of 

No. 1, so that the two voltage triangles 
/ formed have sides of equal len^h. 

/ We see from the figure that the orien- 

/ 30 \ tations in space of the two voltage 

/ \ triangles are different, and it is for this 

/ reason that parallel connection of the 

^ secondaries is not practicable. 

Suppose, for example, that we join 

Fio. 17.41. Effect of Coekec P, ^ “ sho^ by 

TING Together Secondary the dotted connection, this will brmg 
Terminals a and p the corresponding points of the two 

voltage triangles together, as shown 
in Fig. 17.41. Hence between terminals b and q there will be a p.d. 
represented by the length of the line joining b and g, while between 
terminals c and r there will be a p.d. represented by the line cv. Thus 
parallel connection of the two secondary s-^PhaseSupply 

sides will result in short-circuit. j | 

This discussion indicates a method ^ 

‘‘phasing out” two transformers. Two ter- V (v) @ t 

minals such as a and p are joined and 

voltages measured between the other term- I 

inals taken in pairs. If two zero readings -^ | 

are obtained, then the two secondaries can L , _ I . 

be parallel in the corresponding manner. If |[\ " 

zero readings cannot be obtained then 
parallel connection is not possible. [ i—111— 




Path of 

Tests on Three-pbase Transformers. The I / I / \Cup^t 

determination of the core loss and magnet- ^ ^ » 

izing current is made by means of an open- 1 
circuit test as in the case of single-phase 

transformers. The power can be measured - 

by the two-wattmeter or the three-wattmeter y ^ 

method, or, alternatively, a single wattmeter J ^ » 

used in conjunction with a transfer switch i-Phase Supply 
can be used. If the reader will work out Fig. 17.42. Connections 
the vector diagrams for the two-wattmeter Delta-delta Run 

and three-wattmeter methods, he will find 

that, owing to the low transformer power factor on open circuit, 
the meter power factor will be lower in the three-wattmeter than in the 
two-wattmeter method, and consequently the latter method is 
preferable. 

The short-circuit test is also carried out by the two-wattmeter 
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method, and the resistance, reactance, and impedance are worked out 
per phase. ^ 

For the purpose of a heat run the short-circuit test can also be used, 
the applied voltage being increased so that the transformer intake is 
equal to the sum of the normal iron and copper losses. As indicated 
in the section dealing with single-phase transformers, this method 
has the defect that the temperature rises of the iron and copper are not 



9~Phaae 

Supply 

S-Phase Boost 




Supply 

Sln^e-Phase Boost 


Fig. 17.43. Alternative Connections fob Regenerative Test on 
T wo Three-phase Transformers 


normal. This difficulty can be overcome in the case of three-phase 
transformers by what is called a delta-delta run. Whatever the normal 
connections of the phases, both primary and secondary phases are 
connected in delta, and the iron losses are supplied from a three-phase 
supply of normal phase voltage and frequency, while the copper losses 
are derived from a single-phase supply. The connections for the test 
are shown in Fig. 17.42. Since the three-phase supply is at correct 
voltage and frequency, the sum of the wattmeter readings, Wi and W 2 , 
will be the iron loss. The high-tension winding is connected in open 
delta, and is connected to a single-phase supply, whose voltage, to 
produce normal full-load current, must be equal to three times the 
impedance voltage per phase referred to the high-tension side. The 
ammeter in this circuit will then indicate full-load current, and this 
current will induce full-load current in the low-tension winding, this 
induced current being a circulating current, as indicated by the dotted 
path, and therefore not affecting the readings of wattmeters Wi and W 2 » 
Hence, wattmeter W 2 will indicate the total copper loss. This test is 
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suitable for low-reactance transformers, but not for high-reactance 
transformers, because the single-phase loading will set up abnormal 
leakage fluxes, which, in turn, will set up additional losses due to 
abnormal eddy currents in the windings, ironwork, and tank. 

When two three-phase transformers are available, the Sumpner test 
can be carried out as with two single-phase transformers, the iron loss is 
supplied to one side, usually the low-tension, while the copper loss is 
supplied to the other side by means of a boosting transformer. In the 
three-phase case this boost can be carried out either single-phase or 
three-phase, the connections for both tests being given in Fig. 17.43. 
The single-phase boost is, of course, the simpler, but it should only be 
used with transformers of low impedance, or with banks of three 
single-phase transformers, for the reasons given in connection with the 
delta-delta run. 
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Examples on Chapter 17 

1. A transformer has its primary winding connected with mains whose voltage 
varies according to a sine law, the frequency being 50 c/s. The secondary coil has 
60 turns and gives 100 V on open circuit. The section of the transformer core is 
20 in.* Determine the maximum value of the induction density in the core. 
Prove the formula used. (L.U.) 

Ans. 0-706 Wb/m.* 

2. A 100 kVA transformer with a secondary voltage of 400 V has a resistance 
referred to the secondary of 0-016 fl, the iron loss of 1000 W. Plot its efficiency 
against secondary current for power factors of 1*0 and 0-8 lagging. Calculate the 
secondary current at which the efficiency is a maximum. 

Ans. 250 A. 

3. A 100 kVA transformer stepping down from 2000 to 400 V has a primary 
resistance of 0*17 Q and a secondary resistance of 0*0068 D; the reactances are 
0-26 D and 0*01 respectively. Calculate the resistance, reactance, and impe¬ 
dance referred to the secondary, and hence find the per cent regulation on full 
secondary load of 250 A at a power factor of 0-8 lagging. Check the regulation 
bv the Kapp diacram. 

Ans, 0-0136 Q, 0-02 O, 0-024 D, 1-43 per cent. 

4. Give the theory of the open- and short-circuit method of testing a trans¬ 
former, and show how from the measurement taken it is possible to calculate the 
efficiency and percentage drop of secondary voltage for a load of known magnitude 
and power factor. 

A transformer to convert 10 kW from 2000 to 100 V when tested by the 
above method showed losses which for the open-circuit test at normal voltage 
were 200 W at power factor 0*7, and which, for the short-circuit test at full-lo^ 
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current, were 260 W at power factor 0-25. Calculate the efficiency, of the trans¬ 
former for an output consisting of a full-load secondary current (lagging) at power 
factor 0-6. (L.U.) 

Ana, 92*8 per cent. 

5. Calculate the percentage regulation of the transformer in question 4 when 
working on the stated load. 

Ana, 9*3 per cent. 

6. Two 100 kW single-phase transformers are connected in parallel both on 
the primary and secondary. One transformer has an ohmic drop of J per cent 
at full load and an inductive drop of 8 per cent at full-load current. The other 
has an ohmic drop of f per cent and an inductive drop of 4 per cent. Show how 
they will share the following loads: (a) 180 kW at 0*9 power factor; (b) 120 kW 
at 0*6 power factor. (C. and G.) 

Ana. 62*8 and 117*2 kW; (6) 44*8 and 76*2 kW. 

7. A system supplies a load which varies in a period of 24 hr as follows: 6 a.m. 
to 12 noon, 1000 kW; 12 noon to 1p.m., 100 kW; 1p.m. to 6 p.m., 100 kW; 
6 p.m. to 6 a.m., 300 kW. Energy is transmitted over a line in which the losses 
at full load are 5000 W, and is transformed by a transformer having a no-load loss 
of 6000 W, and a full-load copper loss of 8000 W. Calculate the total losses in 
transmission and conversion during the 24 hr. (C. and G.) 

Ana, 301*2 kWh. 

8. A 1000 kVA and a 600 kVA single-phase transformer are connected to the 
same bus-bars on the primary side. The secondary pressures at no load are 600 
and 610 V respectively. The impedance voltage of the first transformer is 3*4 per 
cent and of the second 6 per cent. What cross current will pass between them 
when the secondaries are connected together in parallel ? Assuming that the ratio 
of resistance to reactance is the same in each, what currents will flow in the 
secondary windings of the transformers when supplying a total load of 1200 kVA ? 
(C. and G.) 

Ana. 294, 1750, and 730 A (assuming a load of unity power factor). 

9. Two electric furnaces are supplied with single-phase current at 80 V from 
a three-phase 11,000 V system by means of two single-phase Scott connected 
transformers, with similar secondary windings. When the load on one trans¬ 
former is 500 kW and on the other, 800 kW, what current will flow in each of the 
three-phase lines (1) at unity power factor; (2) at 0*5 power factor? Neglect 
phaae displacement in, and efficiency of, the transformers. (C. and G.) 

Ana. (1) 78, 78 and 63 A; (2) 166, 166 and 105 A. 

10. Two transformers A and B are joined in parallel to the same loa.d. Deter¬ 
mine the current delivered by each transformer, given: open-circuit e.m.f. 
6,600 V for A and 6,400 V for B. Equivalent leakagei mpedance in terms of the 
secondary =» 0*3 + for A, and 0*2 -f- jl for B. The load impedance is 8 -}- ^6. 
(L.U.) 

Ana. A, 196 A; B, 422 A. 

11. Two 260 kVA transformers supplying a network are connected in parallel 
on both primary and secondary sides. Their voltage ratios are the same, the 
resistance drops are 1*6 and 0*9 per cent and their reactance drops 3*33 and 4 per 
cent respectively. Calculate the kVA loading of each transformer and its power- 
factor when the total! oad on the transformer is 500 kVA at 0*707 lagging power- 
factor. (C. and G.) 

Ana. 263 kVA at 0*77 p.f.; 237 kVA at 0*63 p.f. 

12. Two single-phase transformers rated at 600 kVA and 400 kVA respec¬ 
tively, are connected in parallel to supply a load of 1,000 kVA at 0*8 lagging 
power-factor. The resistance and reactance of the first transformer are 2*6 and 
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6 per cent respectively, and of the second transformer 1'6 and 7 per cent respec¬ 
tively. Calciilate the kVA loading and the power-factor at which each 
transformer operates. (C. and G.) 

Ans. 683 kVA at 0*84 p.f.; 417 kVA at 0-74 p.f. 

13. Determine the kW output and the power-factor of the load on each of two 
transformers, A and B, operating in parallel on a load of 500 A at 0*8 power-factor, 
lagging. 

No-load test, 11,000/3,000 V for each transformer 

Short-circuit test with primary short-circuited 
Transformer A, 160 V, 200 A, 10 kW 
Transformer B, 160 V, 300 A, 12 kW (L.U.) 

Arw. A, 498 kW at 0-83 p.f.; B, 702 kW at 0*78 p.f. 

14. A three-phase transformer A, rated at 1,000 kVA, 33/11 kV, is connected 
in parallel with a similar transformer B, rated at 1,600 kVA, to supply a load of 
2,000 kVA at 0*8 power-factor lagging at full-load the equivalent voltage drops 
per phase, referred to the secondary, due to resistance and leakage reactance are 
2 and 6 per cent respectively for transformer A, and 1*7 and 6 per cent respectively 
for tran^ormer B. Calculate the load on each transformer and the power-factor 
at which it operates. (I.E.E.) 

Ana. A, 866 kVA at 0*83 p.f.; B, 1,135 kVA at 0*76 p.f. 
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ROTATING MAGNETIC FIELDS 

An alternating magnetic field is one which acts along a fixed axis, 
but whose direction of acting is alternatively positive and negative, and 
whose magnitude varies in a periodic manner. For example the field 
inside a solenoid excited by alternating current is an alternating field. 
A rotating magnetic field is one whose magnitude is constant but whose 
axis of direction rotaiea in space, A rotating field can be visualized very 
simply in terms of a field system with salient poles excited by direct 
current, for example, the field system of a d.c. machine. With a stationary 
field system the magnetic field is stationary in space, but if the field 
system can be rotated at a certain speed then its magnetic field will 
rotate with it at the same speed. In the alternator and synchronous 
motor we shall see that this is accomplished by making the field system 
the internal, rotating, member, the poles therefore projecting outwards 
instead of inwards. What corresponds to the armature, and carries the 
winding in which the e.m.f.s are induced, is the outer stationary 
member. This stationary member is called 
the stator, and the rotating member the 
rotor. 

An important problem in the design of 
alternating-current machinery is the pro¬ 
duction of a rotating magnetic field by 
means of altemi^ting currents fiowing in 
the windings of the stator. We shall see 
that this necessitates polyphase currents. 

Ferraries Principle. If single-phase current 
is supplied to the stator Tt produces an 
alternating magnetic field which, by Ferrari’s principle, can be split up 
into two rotating fields of half its amplitude^ and travelling in opposite 
directions at synchronous speed. For, consider two such rotating fields 
both starting from the X axis atzero ^me, and rotating with~angular 
velocity tt) 18.1). Then, after any time t 

X component of No. I = H cos cot 

X component of No. 2 = H cos cot 

Total X component = 2H cos cot 

Y component of No. I = H sin cot 

Y component of No. 2 = — H sin 
/. Total Y component = 0 

Hence, the two rotating fields resolve into an alternating field, 
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2H cos cc<, of twice their amplitude. Conversely, an alternating field 
can be resolv^ into-two rotating fields traveHmg in opposite dire^ons 
at synchronous speed. 

Two-phase Supply. Consider two coils placed 90° apart and connected, 
one to each phase of a two-phase supply, as in Fig. 18.2. Each coil sets 
up an alternating magnetic field along its own axis, and each of these 
fields can be split up into forward and backward travelling components, 
having an angular velocity of a>, where o> = 27r/. Consider the instant 
the current in coil I is a maximum. Then its magnetic field is a maxi- 


B 



Fig. 18.2, Production of a Fig. 18.3. Production of a 

Rotating Magnetic Field by Rotating Magnetic Field by 

Two -PHASE Currents Three-phase Currents 


mum and in consequence the two rotating components, 1 and 2, are 
each directed along OX, At the same instant the current in coil II is 
90° behind its maximum, so that its component fields, 3 and 4, have 
each to travel 90° before they point together along OY, Hence, they 
are along OX, but pointing in opposite directions. Now components 2 
and 4 are both travelling in a clockwise direction with the same angular 
velocity. They are thus always opposed, and neutralize each other at 
every instant. 

We are thus left with components 1 and 3, which combine together 
to produce a pure rotating field. It will thus be seen that the direction 
of rotation of the resulting field is the same as the direction of phase 
sequence in the two coils; in fact, the resulting field points along the 
axis of any coil at the instant the current in that coil is a maximum. 
Thus, to reverse the direction of the field, it is necessary to reverse the 
phase sequence, which can be done by reversing the connections to one 
of the coils. 

Three-phase Supply. Now consider three coils arranged 120° apart, 
each supplied from one phase of a three-phase supply, as in Fig. 18.3. 
Consider the instant the current in coil I is a maximum. Then its two 
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rotating fields, 1 and 2, will at that instant be directed along the axis 
OA, The current in coil II is 120° behind its maximum/value, and there¬ 
fore, each of its component rotating fields, 3 and 4, has to travel 120° 
before they point together along the axis OB, Hence, one of them will 
at that instant point along OA, and the other along OG, as shown. 
Similarly, the rotating fields 5 and 6, due to the current in coil III, 
have each to travel 240° before they point together along OC, Hence, 
field 5 is along OA, and 6 along OB, 

Collecting the clockwise fields we see that these are 120° apart, and 
therefore neutralize one another at every instant. The counter-clockwise 
fields all point in the same direction and they therefore combine to 
produce a pure rotating field. 

In this case also, the direction of rotation is the same as the direction 
of phase sequence, first coil I has its maximum current, then II, and 
then III. Thus, to reverse the direction of rotation of the field the phase 
sequence must be reversed. The three coils will be either star or mesh 
connected, and all that is necessary is to reverse two of the connections 
to the three terminals. 

The above fields are bi-polar fields, that is, they have one N. and one 
S. pole. In a pol 3 q)hase armature winding the various phases are 
separated by an angular distance in space equal to the electrical phase 
difference between the currents in them, so that such windings, when 
traversed by polyphase currents, produce a rotating field. In this case 
the rotating field has as many poles as the machines for which the wind¬ 
ing is designed. It will thus be seen that the armature reaction in 
polyphase alternators consists of a rotating magnetic field which keeps 
pace with the poles of the rotor. The armature reaction is therefore 
uniform, instead of pulsating as in a single-phase alternator. Similarly, 
the torque produced by a polyphase synchronous motor is uniform, 
because the pure rotating field set up by the polyphase armature currents 
has no backward rotating component. This property of the motor 
enables it to be rendered self-starting by means of the dampers on the 
pole faces, the action of which in this connection is explained fully in 
Chapter 21. 

Let each of the coils in Fig. 18.3 produce an alternating field of 
maximum strength H along its axes then, as with alternating current 
and voltage, we have the fundamental equation giving the instanta¬ 
neous value with respect to time 

h = H sin (ot 

Take as zero time the instant that the rotating vector giving the field 
Hi is directed along OA, then we have 

hi = Hi sin (ot \ 

Ag = H^ sin {(ot — 120°) | 

^3 = Hg sin (cot — 240°) j 
hi = Hi sin (ot 

^2 = — H 2 [^ sin (ot + (\^SI2) cos (of] 
h^ *■” JE^gl''^ sm coi (*^^3^2) cos co^] 


or 
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Now resolve these along OA and a perpendicular axis, and denote by 
i and T the total components in these two directions. Then 

i = hi + h 2 cos 120® 4“ ^3 cos 240° 

? = 0 + Aj 120° + A 3 sin 240° 

Now put Hi = H 2 =^ H^ = Hy and we have 
jf = (3/2)H sin (ot 
f = - (3/2)H cos (ot 

Hence, for the resultant field, we have 

Hr = {X^ + ?2)i 
= 3/2H 

showing that the field is of constant strength, since its magnitude is 
independent of time. 

For its direction 6 with respect to the OA axis, we have 
tan 0 == TfX = — cos (ot/sin a>t = tan {cot — 90°) 

/. e = (ot- 90° 


In other words, the angle 6 is proportional to the time, and therefore 
the resultant field H^ must rotate in space with a uniform angular 
velocity of m. In the example taken the direction of rotation of this 
field is counter-clockwise, because the sequence with which the com¬ 
ponent alternating fields go through their changes in magnitude is of 
order I, II, III. If it is required to reverse the direction of rotation in 
the field it is necessary to reverse this sequence, e.g. to change it to 
I, III, II. This is very easily accomplished by changing over two of 
the connections to the coils. Thus, if the coils are star connected, the 
leads to coils B and C can be changed over. 

Rotating Field of a Three-phase Machine. So far we have dealt with 
the rotating fields produced by suitably disposed coils, arrangements 
which are sometimes employed in polyphase instruments. The dispo¬ 
sition of the conductors in the stator winding of a polyphase machine 
is entirely different and therefore the field production by such a winding 
necessitates a separate description. Consider a simple two-pole three- 
phase machine, the stator winding of which consists of three coils 
disposed in space with the necessary angular spacing of 120°. A section 
of the machine is given in Fig. 18.4, the coils each having two conduc¬ 
tors, or coil sides, A A' for phase I, BB' for phase II and CC' for phase 
III. Let these coils be supplied from a three-phase source, and consider 
first of all, the instant at which the current in phase I is zero. Then, 
with current vectors representing the maximum values of the phase 
currents, the diagram, at the instant considered will be oriented so that 
the vector points along OX, Projecting the other vectors on to 0 7 
we see that the instantaneous currents are 

M = 0 ; ^2 negative; positive; (2 == numerically 
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Adopt the convention that a current is positive when it flows inwards 
in conductors A, B, and C, and outwards in A\ and (7', and vice versa. 
Then at the instant considered the current { 2 , being negative, flows 
inwards in conductor B' end outwards in conductor B, The current 
t 3 , being positive, flows inwards in conductor C and outwards in C\ 
These d^ections are inserted in flgure (a), and as far as the production 
of an m.m.f. is concerned we can imagine that the winding consists of 
a two-tum coil made up of turns B*C* and JBO, as shown by the dotted 
connectors. This coil produces an m.m.f. which acts verticaUy down- 



Fig. 18.4. pBODUoriON or Rotating M.M.F. by Thbee-fhase 
Stator Winding 


wards, from -4 to and therefore the flux set up will be a two-pole 
flux with the north pole (where the lines of force leave the stator) 
centred at A, and the south pole (where the lines of force enter the 
stator) centred at A'. 

One third of a cycle later the vector diagram will have rotated 120® 
in a counterclockwise direction so that for the instantaneous currents 

ig = 0; i’l positive; negative 

Inserting the current directions as before and reducing the winding 
to the equivalent two-turn solenoid we obtain figure (6). The flux is 
again a two-pole flux but the m.m.f. now acts from B to B\ 

After another one-third period we have 

4 = h negative; positive 

and the m.m.f. acts from C to C", as shown in figure (c). 

After still another one-third period, that is, one period altogether 
from the commencement the conditions are again those of figure (a) 
showing that during one complete cycle the two-pole field has made 
one complete revolution. 
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/, Speed of a two-pole field = one revolution in one periodic time 

== one revolution in 1//second 
= / revolutions per second 
= 60/ revolutions per minute 
= 120//2 revolutions per minute 

Now consider a four-pole field. The simple armature will now have 
six coils, each coil will have an angular width of 90° instead of 180°, 
and opposite coils will be connected in pairs to form a phase. The 
figure corresponding to that of Fig. 18.4 is given in Fig. 18.5 and 



Fig. 18.5. Pboduction of a 4-PoiiE M.M.F. 

currents and m.m.f.s are drawn for instant 1 only, that is with = 0; 
ig negative; positive. There are, at this instant, eight conductors 
altogether which are carrying current and these can be regarded as 
making up two separate two-turn solenoids, one at the top, and one at 
the bottom, as indicated by the imaginary dotted connectors. We see 
from the current directions that the m.m.f. due to the top solenoid 
acts vertically downwards, while that due to the bottom solenoid acts 
vertically upwards. It follows that the fluxes set up by these m.m.f.s 
meet at the centre of the winding and are then diverted to either side, 
thus setting up a four-pole field. 

Now after one complete cycle the distribution in space of both 
currents and fluxes must be the same as in Fig. 18.5, but this only 
necessitates that the flux shall rotate through one-half of a revolution. 
Obviously it cannot rotate through one whole revolution in this time 
otherwise there would be a repetition of the flux distribution after only 
one-half of a cycle, at which instant there could not be a repetition of the 
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current distribution. Hence the speed of a 4-pole field is one-half of 
that of a 2-pole; the speed of a 6-pole field is one-third, and so on. 
Hence, in general the speed of a p-pole field is 2/p of that of a 2-pole 
field 

Speed of p-pole field = 2//p revolutions per second 

= 120//p revolutions per minute 

The direction of rotation corresponds to the electrical phase sequence. 
We considered an electrical phase sequence in the order 1—2—3, and on 
proceeding round the windings in this order we have to progress in a 
clockwise direction, the same as the direction of rotation of the field. 

The Three-phase Power-factor Meter. This instrument is an applica¬ 
tion of the principle of the rotating field, one form of the instrument 
being shown in Fig. 18.6. Three fixed coils are arranged radially, each 

0 



coil being connected to one line conductor, if necessary, through 
current transformers. The currents flowing through these coils produce 
a rotating magnetic field, say, in a clockwise direction. Inside the fixed 
coils, and free to rotate, is a similar set of high-resistance pressure 
coils connected, each across one pair of lines, through a series resistance, 
or, if necessary, through a pressure transformer. The pressure coils 
also set up a rotating field which is in the same direction as the field 
produced by the fixed coils. Now if the pressure coils were clamped in 
the position in which they are drawn in the figure, there would be an 
angular distance between the two rotating fields equal to the angle of 
lag of the current. As the pressure coils are free to move, the two fields 
come into line, thus turning the pressure coils through an angle equal 


450 


ELECTRICAL TECHNOLOGY 


[Ch. 18 

to the angle of lag of the current. If the current is leading, then the 
pressure coils will be turned in the opposite direction. If the current 
is in phase with the voltage, then, with the pressure coils in the position 
shown, the two rotating fields are already in phase, and there is no 
couple set up on the moving system, which remains in this position. 
Hence, the dial is graduated as shown. 

A disadvantage of the instrument just described is that the ligament 
necessary for the leading of the current to the moving coils limits the 



Fig. 18.7. Pbinciplb or the Ockbnden Moving-iron 
POWEB-FACTOB MeTEB 

deflection to about 300 degrees, instead of giving perfect freedom of 
rotation. This difficulty has been overcome in the moving-iron power- 
factor meters in which, as the name implies, the moving system 
consists of iron vanes. In the Ockenden instrument, as manufactured 
by Messrs. Everett Edgcumbe & Co., Ltd., the rotating field principle 
is retained, the principle of the instrument being indicated by Fig. 
18.7. Cj, Cg and C^ are the fixed current coils which, in virtue of their 
geometrical spacing, produce a rotating magnetic field as shown 
previously. The pressure coils are flat, fixed coils arranged in a stack 
with their axis perpendicular to the view of Fig. 18.7, so that in plan 
they appear as a circle, as shown. Each phase comprises two of these 
coils placed close together, and in the gap an iron vane can rotate. 
The pair of coils is wound so that like poles come together, the vane 
thus moving in an intense radial field. The result of this is that 
magnetic interference, both from neighbouring coils in the same instru¬ 
ment and also from external bodies, is eliminated. 



Pressure 
Coils " 





CHAPTER 19 


THE ALTERNATOR 

Ai^y heteropolar rotating machine, that is, a machine with alternate 
north and south poles, is inherently an alternator, in the sense that the 
e.m.f. induced in each armature conductor is an alternating e.m.f. 
Thus the d.c. machine is an alternator in this sense, but since the field 
system is stationary in space, so also is the distribution of potential 
round the armature, with the result that fixed brushes which make 
contact with successive conductors in turn have between them a 
unidirectional p.d. corresponding to the angular positions of the brush 
axis with respect to the fixed potential distribution. If brushes are 
connected to points which are fixed with respect to the winding, and 
which therefore rotate with the winding, then, in a sense, the brush axis 
is rotating with respect to the fixed potential distribution, and the p.d. 
between the brushes is an alternating one. Thus two machines with 
identical field and armature systems can function, one as a d.c. 
machine if the armature winding is fitted with a commutator, the other 
as an alternator if tappings from fixed points on the armature winding 
are connected to slip-rings. 

An alternator of this type is called a rotating-armature alternator: 
the construction is quite suitable for small outputs, but not for the very 
large outputs associated with alternators in modern power stations. 
With these the capacity of a single machine may be as high as 
200,000 kVA, and obviously such an output could not be taken from 
rotating members such as slip-rings. Again, the terminal voltages of 
alternators range from 6600 to 33,000 volts, these values being quite 
unsuited to anything but terminals taken directly to the windings 
themselves, i.e. without the intermediary of rubbing contacts. Thus 
the only practicable construction for all but very small, low-voltage 
alternators, is the rotating-field, fixed-armature construction. The 
alternator of this type has a field system excited by direct current, 
and rotating inside a stator which carries the armature winding. 

The Stator. The stator consists of (a) the iron core which carries the 
magnetic fiux and (6) the stator winding which is housed in slots 
situated at the inner periphery of the stator. Since there is relative 
motion of fiux to stator core, each particle of iron undergoes cycles of 
magnetization as in the case of the armature core of a-^Lor-machine, 
and consequently the core has to be laminated. For purposgs of 
ventilation the core is arranged to have a series of radial ventilating 
ducts, say one duct 1*5 cm wide to each 7 cm of core length. This 
simple method of ventilation is suitable for slow and medium-speed 
machines, say up to 750 r.p.m., for which the ratio of core lengtix to 
pole pitch Js of the order of unity. The peripheral speeds are of the 
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order 28 to 35 m/sec for slow speed, i.e. direct-coupled to reciprocating 
engines, 40 m/sec for medium speed, and as high as 150 m/sec for 
machines driven by turbines. The construction of a typical medium- 
speed machine is illustrated in Fig. 19.1. 

The above simple ventilation scheme is not suitable for a turbo¬ 
alternator because of the great length of the core. Consider, for example 
a 50,000 kVA machine, speed 3000 r.p.m. Then for a rotor diameter 
of D metres, peripheral speed 

V = ttDNI^O metres/second 
Put V = 150 metres/second 

/. D 0*95 metre, or 95 cms 

The output of an electrical machine can be expressed in the form 
kVA = X D^Ln X 10’^ 

where (r is a constant for the particular type of machine under con¬ 
sideration and for the 50,000 kVA machine a suitable value is 24, 
when D and L are in centimetres, and n in r.p.s. The length of the 
core thus becomes 

L = 50,000 X 105 X 60/(24 x 95^ x 3000) = 460 cm 

With axial lengths of this, and greater, orders forced ventilation is 
essential. There are several alternative systems, and Fig. 19.2 shows 
the radial-axial system in which the radial ducts are intersected by 
axial ducts, and cooling air is forced into the machine from both ends, 
a system suitable for outputs up to 10,000 kVA at 3000 r.p.m.* 

FreQuency. Before considering the stator winding consider the 
frequency of the induced e.m.f. When a conductor is opposite the 
neutral plane, as at .4, (7 and E (Fig. 19.3), its induced e.m.f. is zero. 
Opposite the middle of a pole, as at 8, D, F, its induced e.m.f. is a 
maximum, its direction depending on the name of the pole influencing 
the conductor at any given instant. The e.m.f. induced in a conductor 
therefore goes through one complete cycle in an angular distance 
equal to twice the pole pitch. 

No. of cycles per revolution = p/2 where p — No. of poles 
Let N = r.p.m. 

NfdO = r.p.s. 

Frequency in cycles per second 

/= (f/2) X (N/60) = Np/120 
Converting this equation to the form 

N — 120//p r.p.m. or 2//p r.p.s. 

we see that the speed is the same as that of a rotating field produced in 
a p-pole winding by polyphase currents of frequency /. Hence, if the 

♦ For very large turbo-alternators hydrogen is frequently used as the cooling 
medium (^ee p. 468). 




{Courtesy Metropolitan Vickers Electrical Co., 
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speed and frequency are specified, the number of poles required is fixedR 
In a d.c. generator designed to a given specification the number of 
poles is not fixed, and it would be possible to design, say, 10 and 12 
pole machines of equally good performance to the same specification. 
This definite relationship between/, p, and N has an important bearing 
on the choice of speed of an alternator. Thus if / == 50, then for p = 2, 
N — SOOOr.p.m., while for p = 4, N = IfiOOr.p.m., and speeds 
intermediate between 3000 and 1500 are inadmissible. 

The possible speeds of alternators working on a frequency of 60 c/s 
are, therefore, as given in the following table. These are also the speeds 



at which synchronous motors run, and are slightly greater than the 
speeds of induction motors running without any speed-regulating 
plant in circuit. 


No. of poles = p 

a - 

p p 

Successive 

differences 

2 

3000 

1500 

4 

1600 

500 

6 

1000 

250 

8 

750 

160 

10 

600 

100 

12 

500 

72 

14 

428 

53 

16 

375 

42 

18 

333 

33 

20 

300 

27 

22 

273 

23 

24 

250 



It will be seen that when p is large the successive differences are so 
small that they are of little consequence, but when p is so small as to 
bring the speed within the range of turbo speeds, the successive 
differences are very large.* 

Stator Windings—Single Phase. Most alternator windings are modi¬ 
fications of the simple wave windings, several of these being shown in 

♦ This is a disadvantage of a.c. working, since it is usual to adopt a high speed 
whenever possible. Thus a small 50-cycle alternator caimot run at a greater speed 
than 3000 r.p.m. and it may be necessary to interpose gearing so that the turbine 
driving it may run at a much higher speed. 
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Fig. 19.4. No. I is the simplest possible winding and can be referred 
to as a “skeleton” wave winding. In winding II, th^ single-turn coUs 
of the skeleton winding are replaced by multi-turn coils, so that a higher 
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I. 

SkeietohWave 


Hemitropic or 
Half-coiled 



Distributed 
Winding with 
Spiral Coils 


t: 

Distributed 
Winding With 
Lap Coils 


VL. 

Distributed 

WaveWindir^ 


Fig. 19 . 4 . Single-phase Stator Winding 



e.m.f. can be obtained from the winding. This winding is called 
“hemitropic,” or half-coiled, because the coils only cover one-half of 
the armature periphery. In winding III, the coils are distributed over 
the whole of the periphery, the winding therefore being called whole- 
coiled. All the above windings are “concentrated,” because there is 
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only one slot per pole. Concentrated windings give the maximum 
voltage for a given number of conductors, but the waveform of the 
voltage departs considerably from the desired sinusoidal form. Better 
waveform, at the sacrifice of a certain amount of output, is obtained 



Fig. 19 . 6 . Polyphase Windings 


by distributing the winding in several slots per pole. The windings IV, 
V, and VI are distributed windings, IV and V having spiral and lap 
coils respectively: VI is carried out in wave fashion throughout 
The above windings are ‘‘single-layer” windings, because each slot 
contains one coil side only. Two-layer windings arranged with two 
coil sides per slot, exactly like d.c. armature windings are frequently 
used in pol3q)hase machines. 
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Polsrphase Windings. These windings are arranged similarly to single¬ 
phase windings, the only dilFerence being that in a two-phase alternator 
there are two separate single-phase windings, and in a three-phase 
alternator there are three separate windings. In a two-phase alternator 
the separate windings are 90 electrical degrees apart, thus giving the 
required phase difference. A skeleton two-phase winding is shewn in 
Fig. 19.6. In a three-phase winding the individual windings ^are 
arranged 60® apart for convenience, so that the actual phase difference 
in the induced e.m.f.s are, between phases I and II, ; between IL 
and III, 60°; between III and I, 240°. The second phase is therefore 
reversed when connected to the terminals, the correct phase relations 
in the external circuit being thus 
obtained. Several types of concen¬ 
trated and distributed winding are 
illustrated in Fig. 19.5, their arrange¬ 
ments being the same as for the 
single-phase windings. 

One of the most commonly used 
windings is the hemitropic winding 



Straight Cot! Crank-ended Coif 


Core 



^^Coif ends 

IZ 



Fig. 19 . 6 . Arrangement of 
Coils 


Fig. 19 . 7 . Winding with 
Skew Coil 


with spiral coils, as shown in the last example in Fig. 19.5. Two shapes 
of coil are required to carry out this winding, a plane coil and a crank- 
ended coil, as in Fig. 19.6. The coil ends for this winding are in two 
“ranges” to prevent fouling. If this winding is used with an alternator 
having an odd number of pairs of poles, then one of the coils has to be 
“ske^^ shaped, that is, one side straight and the other crank-ended. 
This is easily proved by tracing out the ends of the coils (Fig. 19.7}. 

A winding of this type can be used either as a three-phase or a 
two-phase winding. Consider the winding in Fig. 19.8, If the coil 
width is equal to the pole pitch, the winding is three-phase, each phase 
consisting of straight and crank-ended coils alternately. Suppose that 
the pole pitch is increased to 1J the coil width. Then all the straight 
coils can be joined together in one phase, and all the crank-ended ceils, 
joined together in a second phase. If we consider any two consecutive 
coils in one phase, e.g. A and jB, the e.m.f.s in them are not in phase, 
but since they are joined in series they combine to give an e.m.f. in 
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phaae with that which would be induced in a conductor placed in the 
position X, Similarly, the coils 0 and D in the second phase give 
together an e.m.f. in phase with that which would be induced in a 
conductor placed at Y. But Y is 90 electrical degrees from X, and 
therefore, the winding is a true two-phase winding. 

At one time alternator windings were almost invariably of the 



.— If 2 — ff 2 

- j 

Fig. 19 . 8 . Winding arranged for Either Two- or 
Three-phase working 

single-layer t 3 rpe, i.e. with one coil side per slot. At the present time 
two-layer windings are commonly used in cases where there are only 
a few conductors per slot. Fig. 19.9 shows such a winding in an 
elementary form. 

The third winding of Fig. 19.5 is important as it is particularly 
suited to two-pole machines. Fig. 19.10 shows a two-pole whole-coiled 



Fig. 19 . 9 . Two-layer Winding 

winding arranged in 24 slots, that is four slots per pole per phase. 
Actually the adjacent coil sides of a coil group occupy only two slots 
so that the winding is really a six-phase winding, the beginnings of the 
six phases being indicated by the terminals Ag, . . . and their 
“ends’* by ... Be* order to obtain a three-phase arrange¬ 

ment, opposite phases can be connected in either series or parallel, 
according to the voltage required, as indicated by the vector diagrams. 
In general it can be said that the single-layer windings are suited to 
high voltages because of the ease with which a large number of turns 
per coil can be secured. The winding of Fig. 19.9 is very suitable for 
medium-output turbo-alternators and high-speed, high-voltage induc¬ 
tion motors. 
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Fractional Fitch Winding. All the windings considered so far are 
integral pitch windings, in that the number of slots pfer pole per phase 
is a whole number. With two-layer windings it is common to use a 
fractional number. We shall see that the use of a large number of slots 
per pole per phase tends towards a sinusoidal waveform of the terminal 
voltage—at a certain expense of output; a similar result can be 
obtained by the use of fractional pitches. With integral pitch windings 
the winding repeats itself after two poles, but with fractional-pitch 



arrangements several poles have to be passed over until the winding 
repeats. To understand this point it is a good plan to set out the coil 
ends. Consider first of all an integral-pitch winding with two slots per 
pole per phase, and let the coils be chorded by one slot, that is, the coil 
width less than the pole pitch by one slot pitch. Each coil spans five 
slots as shown in Fig. 19.11, and it will be seen that when two poles 
have been passed over, the winding repeats itself and has exactly the 
same dispositions with respect to the poles, so that we need consider 
two pole pitches only. Now if a winding could be distributed over an 
infinite number of slots the vector diagram for the conductors under 
two poles would be a circle. With distribution over a finite number of 
slots the phase and voltage of the e.m.f. induced in a coil is given by 
the length of the chord to the circle subtending at the centre an angle 
equal to the width of the coil in electrical degrees. Hence to obtain the 
vector diagram of the winding of Fig. 19.11, we draw a circle and mark 
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off twelve equidistJint pDints to represent the twelve slots per pole pair 
(Fig. 19.12). The four coil “throws” for phase I are represented by the 
chords joining a to /, 6 to gr, g to Z, and h to a. The resultant of these 
four e.m.f.s is acting in the direction g to a. Similarly we obtain 
vectors E^ and E^ for the e.m.f.s induced per pair of poles in the other 

a b c d e f g h i J k I cl 

1 3 S 7 9 11 13 IS 17 19 21 23 7 .^ 


Bottom 

2 4 6 8 10 12 14 16 18 20 22 24 

Fig. 19.11. Thbee-phase, Two-laybb Winding with Chordbd Coils 

two phases. Now it is easy to see that the vector E^ is equal to the sum 
of the four parallel chords obtained by joining 6/, ag, ag, and Ih (ag 
being reckoned twice), and similarly with the other vectors, and so we 
obtain the simplified diagram of Fig. 19.12 (j5). 

Now consider a fractional pitch winding having IJ slots per pole 
per phase, the number of slots per pole thus being 3 X li = 3f for a 



Fig. 19.12. Vector Diagram for Winding of Fig. 19.11 


three-phase winding. The coil ends are drawn as before, Fig. 19.13, a 
coil throw of three slots being taken. We see now that we have to 
cover four pole-pitches before the winding repeats itself, showing 
straight away that such a winding can only be used for a pole number 
which is a multiple of four. The number of slots to four poles is 15 and 
so we divide the circle into 15 equal parts. The coil ends are drawn for 
a winding with each phase having two coils in a group, followed by 
three single coils, this being necessary to fill all the slots and retain 
three-phase symmetry. Each phase e.m.f. is given by the resultant of 
five parallel chords, one in each phase (dh, for phase one) being reckoned 
twice. 

In some cases a winding does not repeat until many poles have been 
passed over. Consider, for example, 2f slots per pole per phase. The 
slots per pole for a three-phase machine is 

2f X 3 = 48/7 
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Hence, seven poles must be passed over to give a whole number of 
slots, but since a winding can oidy repeat with an even number of poles, 
the smallest number that can be used is 14.* 


The e.m.f. Egiuation. Consider again Fig. 6.28, which can apply 
equally well to a rotating armature alternator as to a d.c. machine. Let 
there be Z' conductors per pole, as before, then there are Z'I2 turns 


a h c d e f g h x j klmnoabcd 

1 3 5 7 9 11 13 15 n 19 21 23 25 27 29 1 3 5 1 



Fig. 19.13. Fbactionaii-pitoh Two-layeb Winding 


per pole. Considering, first of all, a concentrated winding, the flux 
linking with a coil of angular width tt electrical radians will be, at any 
angular position a, 2F(a). Now let the flux distribution be sinusoidal 
in space, then 

2F(a) = 2 X 0/2 X sin a 
= O sin 

Again, for a concentrated winding, the e.m.f. in all the Z'\2 turns are 
in time phase, the total e.m.f. thus being 

e = (Z 72 ). O . djdt (sin cot) 

neglecting the minus sign, since we are concerned with the magnitude 
only 

/, e = (Z'I2 ). Oco cos cot 
= (Z'I2) (S>co cos a 

♦ An example of a fractional pitch winding is considered in detail on p. 466. 
For a very complete exposition see S. P. Smith, The Theory of ArmaXure Windings, 
J.I.E.E. 59 (1916) 18. See also J. M. Bryant and E. W. Johnson Alternating 
Current Machinery, Chap. XIII, (McGraw Hill, New York, 1939), and C. C. 
Hawkins, S. P. Smith, and S. Neville, Papers on the Design of Alternating Current 
Machinery, Parts I and II, Pitman, 1919. 
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Hence for the r.m.s. value of this voltage 

E' = (Z72) <D(w 1 cos* a daj * 

also CO = 27r/ 

E' = (tt/V2)<I>Z7 
= 2*22 OZ'/ 

Hence if there are conductors in series per phase the induced e.m.f. 
per phase is 

E,n = 2-22 (!>Z,J 

If there are NJ,J^ turns in series per phase then 

E,, = 4*44 


an expression similar to that giving the e.m.f. of a transformer winding. 
In practice there are three corrections to be made to the above 
simple expression— 

(а) The coefficient 4*44 is in reality 4 X 1-11, where 
1*11 is the form factor of the space distribution of flux, 
assumed sinusoidal. If it is not sinusoidal, then the 1-11 
must be replaced by the actual form factor k^y provided 
that a very slight error in the calculated e.m.f. is accept¬ 
able. For a more accurate analysis the value must be 
kept at 1*11 and the fundamental and the various 
harmonics calculated separately.* 

(б) Effect of distribution. With a distributed winding 
the e.m.f.s induced in the various coils constituting a 
group of coils are not in phase, so that the total e.m.f. 

A is less than that due to a concentrated winding. It is 

Fig. 19.14. therefore necessary to introduce a correcting factor 
Calculation which is less than unity. Fig. 19.14 gives the vector 
OF Breadth diagram for a coil group of four coils with a consecutive 
Factor displacement of yj electrical degrees. The coil group 
e.m.f. is the closing side AB of the polygon formed by 
the e.m.f.s of the individual coils. Let a group consist of m sections, 
and let E^, be the e.m.f. per coil, then the e.m.f. per group is 

sin (my/2) 
sin (y/2) 





X 


If the coil e.m.f.s had all been in phase the group e.m.f. would have been 
mEc\ hence by distributing the winding the e.m.f. is reduced in the 
ratio 

, _ sin (my/2) 

* m sin (y/2) 

This ratio is called the “breadth factor” or “distribution factor.” 

♦ See Chap. 28. 
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(c) EflFect of coil throw. We have seen that it is possible to construct 
a winding with a coil width less than the pole pitch. shall see that 
this can have the eiffect of reducing harmonics in the voltage wave, and 
it also gives a saving in the amount of copper in the overhang. Such 
coils are said to be chorded, and they are commonly used, particularly 
with two-layer windings. In such a coil the e.m.f.s induced in the two 



Degrees 

Fio. 19.15. Calculation of Chobding Factob 

coil sides are not in phase. Fig. 19.16 shows a coil chorded by 0 degrees. 
With an e.m.f. of E^s per coil side the coil e.m.f. is 

E^ = cos (0/2) 

whereas it is 2Ecs for a full-pitch coil. Hence there is another correcting 
factor, the “chording factor’* of magnitude 

= cos (0/2) 

The final expression for the induced voltage per phase, that is the 
r.m.s. value of the fundamental and all the harmonics is, very nearly 

For extreme accuracy the sinusoidal components, i.e. the fundamental 
and the various harmonics, are calculated separately so that the value 
of O must be appropriate to the component being calculated, and so 
also must the values of Ajg and ; ki is then 1-11. 

Example. A six-pole alternator rotating at 1000 r.p.m. has a single¬ 
phase winding housed in three slots per pole, the slots in groups of three 
being 20° apart. If each slot contains 10 conductors, and the fiux per 
pole is 2 X 10^* wb, calculate the e.m.f. generated, assuming a sinu¬ 
soidal fiux form. 

O = 2 X 10~2 Z = 18 X 10 = 180 conductors 
/ = NplUO = 1000 X 6/120 = 60 
ki= 1-11 for a sinusoidal field form • 

i where m = 3 and = 20 

^ w sm (y;/2) ^ 
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/. = sin 30/3 sin 10 = 0*96 

/. Eo = 1-11 X 0*96 X 2 X 2 X 10“2 X 180 x 50 
= 382V 

Notes on the Choice of Stator Winding. We have seen that a stator 
winding can be characterized by (a) single layer or two layer (6) 
integral or fractional number of slots per pole per phase, (c) full-pitch 
or chorded coils. The way in which these are introduced is illustrated 
by the following examples, although it is to be realized that the decision 
Is not quite so clear cut as in the case of d.c. armature windings. 

“Example 1. 750 kVA, 2200 V, 500r.p.m., 50 cycle, three-phase 
star-connected alternator, with 2) = 1*45 m, J = 0*4 m. 

No. of poles = 120 X 50/500 = 12 
Flux per pole of the order of 0*07 weber on no load 
Phase voltage Ej^^ — 2200/^3 = 1270 V 
Phase current 7^;^ = 750,000/(\/3 X 2200) = 197 A 

Giving the product k^kjc^ the provisional value unity we have 

= 1270/(2 X 0*07 X 50) = 180, about 

/. The total conductors = 3 X 180 = 540, about 

For a salient pole machine, if less than 1000 kVA, it is desirable that 
the ampere-conductors per slot shall be less than 1000. 

Slots < 540 X 197/1000 < 106 
Slots per pole per phase 

< 106/(12 X 3) < 2*94 

Thus 3 would be suitable, giving in all 108 slots and 540/108 = 5 con¬ 
ductors per slot. Thus a single-layer winding like the bottom winding 
of Fig. 19.5 would be suitable: there would be no skew coil because the 
number of pairs of poles, six, is even. 

If the number of conductors per slot had been an even number then 
a two-layer winding would have been possible. The voltage, 2200 V, 
is comparatively low, and the conductor current of about 200 A gives 
such a winding decided advantages from the constructional point of 
view. On the other hand, the two-layer winding is admirably suited to 
fractional pitches, and the following reasoning shows that in a 12-pole 
machine the main advantage of fractional pitches cannot be realized. 
For the suppression of harmonics it is desirable that coil sides which are 
consecutive in the scheme of the winding shall not occur in the same 
positions in the fields in which they lie, but that these positions shall 
change progressively round the winding. Suppose that the same 
positions are not to recur in P' pole pairs, where P' > P, then, since 




Platl II. Kotok Slot and Ieeth or a Tuebo alternator 
WITH Hollow Conductors 
(O E C.) 


(T.818) 
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PL4TE III ExGLI'sH ELtCTRir loo AIW Tl RBO \LrFRN4TOU 
Ihe end co\ ers aie remo\ed showing the passages foi direct hydrogen cooling of the stator windings Ihis alteinatoi 
is now installed in the ilhngton 4” Power Station of the Central Electricit\ Geneiatmg Board 

(The English Electric C o Ltd ) 

(TSi8) 4 
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the angular displacements of the adjacent phases of a three-phase 
machine are 27r/3 electrical radians, the condition to be fulfilled is 

27rP73 = ± 27r/3 

This is possible when 

P' = (3w dz 1) 

where n can have any but fractional values, including zero. Hence the 
foDowing number of pole pairs can have a three-phase winding in which 
the positions of the coil sides in the field never recur* 

P' == (3n db 1) = 1, 2, 4, 5, 7, 8, 10, 11, 13, 14, 16, etc. 


In the present case P = 6, which is not included in the above series. 

Example 2. 2650 kVA, 3300 V, 187*5 r.p.m., 50 cycle, three-phase 
star-connected alternator, with D — 2*5 m, Z = 0*4 m, and 4> of the order 
of 0*0845 weber per pole on no load. 

p = 120 X 50/187*5 == 32 poles 
== 3300/^3 = 1905 V 
= 2650 X 1000/( V3 X 3300) = 463 A 

- 1905/(2 x 0*0845 x 50) - 235 

Total conductors 

- 3 X 235 - 705 


Suppose we try an integral number of slots per pole per phase, say 3, 
then 


Slots = 3 X 3 X 32 = 288 
Conductors per slot ci 705/288 2*45 

This is just about midway between 2 and 3, the percentage change in 
both cases being so great that the flux per pole would be modified too 
much if either were used. This case is therefore one for a fractional 
pitch winding, and we can decrease the conductors per slot to 2, thus 
giving a two-layer winding. 

/. Slots 705/2 - 352 

/. Slots per pole per phase 352/3 X 32 3*66 

A suitable number is therefore 3*5, so that there will be 336 slots 
altogether, each with 2 conductors per slot. The slot loading is thus 
2 X 463 = 926 A which is suitable. The number of pole-pairs, 16, is 
included in the above series, showing the pole number to be suitable 
for a fractional pitch winding. If chorded coils are used then there is a 
further improvement in the magnitude of harmonic content and further¬ 
more there will be a saving in the amount of copper in the overhang. 
Actually the current of 463 is rather high for a single-circuit winding, 
so that two circuits per phase, with 4 conductors per slot would be 
preferable. This, however, does not modify the scheme of the winding. 
♦ See S. P, Smith, loc, cit. 


x6-(T.8x8) 



466 


ELECTRICAL TECHNOLOGY 


[Ch. 19 


With 10^ slots per pole a full-pitch coil is impossible and a coil width of 
9 slots, i.e. a throw of 1-10 will be suitable. The winding scheme and the 
vector diagram for one phase are given in Fig. 19.16a. Since there are 
21 slots per pole pair the slot pitch is 360/21 = 17^ electrical degrees. 
The second vector diagram, in which the vectors are replaced by parallel 


I / 2 3 A S 6 1 8 S 10 n 12 B 14 15 16 n Id 19 20 2h 



12 11 72 7 / 

Fig. 19.16a. Coil Abbanoement and Vectob Diagbams fob SI-slot 

PEB-POLE-PEB-PHASE ThBEE-PHASB WINDING 


chords, shows how the product Icjc^ can be determined in one operation. 
It is 

= (sin 51f + sin 68| + 2 sin 85iJ + 2 sin 11\ + sin 60)/7 
= 0*931 

The m.m.f. analysis for this alternator is discussed on p. 481, and 
Fig. 19.16b shows how the ordinates for the stepped m.m.f. wave are 
obtained. 

Example 3. The turbo-alternator. A small machine will illustrate 
the problems encountered. 1250 kVA, 2750 V, 3000 r.p.m., 50 c/s, flux 
per pole of the order of 0*27 webers. 

No. of poles = 120 x 50/3000 = 2 
E^^ = 2750/V3 = 1590 V 

= 1250 X 1000/( V3 X 2750) = 263 A 

- EJ2^f - 1590/(2 x 0*27 X 50) - 59 

Total conductors 

- 3 X 59 - 177 

With a turbo-alternator the slot loading can be greater than 1000 A, 
even in a small machine, because of the very efficient cooling, and this is 
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desirable because of the saving in insulation resulting from the reduced 
slots. With 263 A per conductor, 4 conductors per slot wiQ give 1052 A, 
and 6 conductors per slot 1598 A. Taking the latter figure the number 
of slots becomes 

177/6, say 30 

which gives 5 slots per pole per phase. The single-layer winding of 
Fig. 19.10, with groups of five concentric coils per group, is smtable, 
or alternatively the winding can be two-layer, because of the even 
number of slots per pole. The second alternative is probably preferable 
(a) because of its mechanical simplicity, (6) because of the possibility of 
reducing copper in the overhang by chording. 

An interesting problem in the turbo-alternator is the calculation of 
the ampere-turns per pole, since the rotor winding is distributed in 
slots. It is common with a two-layer stator winding to omit one 
conductor per phase, the number thus being 59 (not 60), the reason 
being that the starts are at one end of the machine and the finishes at 
the other, a device which simplifies the arrangement, and mechanical 
clamping, of the various connections. The distributed rotor winding 
gives = 1*11, while for five slots per pole per phase = 0-914. 
Hence, assuming full-pitch coils, with ifc, = 1, we have 

O = 1590/(2 X Ml X 0-914 x 59 X 50) = 0-266 weber 

The core length is Z = 0-76 metre and mean gap diameter 0-508 metre, 
the pole pitch thus being 


7 = 77- X 0-508/2 = 0-798 m 
.’. ^mean = 0-266/(0-76 X 0-798) = 0-44 weber/m^ 

An approximate method of calculating the ampere-turns per pole 
is to assume a sinusoidal flux distribution of mean value equal to 
^mean, that is, to 0-44 weber/m^ in the present case. 

-Smax = (7r/2) X 0-44 = 0-69 weber/m^ 


The rotor has twenty slots altogether the angular distances being 
adjusted to give an m.m.f. as nearly sinusoidal as possible. These 
distances are given in Fig. 19.17. If the angular distance between the 
slot centres on either side of the wide central tooth is 2a, this tooth will 
carry the flux corresponding to the width 2a, and the average flux over 
this angle is 


aJo a 


sin 28° 


The angular width of this central tooth is 49-3°, so that the modified 
value of the average flux density is, approximately 

[56 X 2/(56 + 49-3)] X 0-664 = 0-705 


This central tooth can now be regarded as a salient pole and contraction 
coefficients calculated as for a d.c. machine. These coefficients are 
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1-06 for stator teeth, l-OS for stator ducts, and 1-02 for rotor ducts. 
Hence, using the method to extend the gap length, the actual length 
being 0-89 X 10“® metre 

l„' = 0-89 X 10-* X 1-06 X 105 X 102 
= 105 X 10-* m 

Hence, ampere-tums per rotor pole for the gap 
AT, = H,i; 

= {BM' 

= [0-705/(4w X 10-’)] X 1-05 X 10-* = 5900 

The Cooling of a Very Large Turbo-alternator. We have seen that 
for a given speed, the output of a rotating dynamo-electric machine is 



Fig. 19.17. Angular Position of Slots in 1260 kva Two-pole 
Turbo - Alternator 

proportional to DH, where D is the air-gap diameter and I the length. 
In the case of slow and medium-speed machines the division of DH 
into its components is decided by what experience has proved to be 
good proportions, as decided by manufacturing costs and desirable 
operating characteristics. In the case of the turbo-alternator, D is 
fixed by the allowable peripheral velocity, and with present-day 
materials this value is 150 m/sec. Hence the output is proportional to 
the length, and as output of single units increases, so the length 
increases. Thus the length of a 100,000 kVA (lOOMVA) machine is 
about 5-6 m, and that of a 200 MVA machine about 7-5 m. With such 
great lengths the difficulty of removing the heat generated by the 
losses, particularly the slot losses, is so great that the methods of 
cooling adopted for machines of shorter length are quite inadequate. 
With air as the cooling medium, and with orthodox methods of con¬ 
struction of the windings, the upper limit of output for a single machine 
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is 100 MVA. To increase this output two main modifications have been 
adopted (a) structural, (6) a change in cooling medium. 

The structural change is the provision of a ventilating duct through 
the middle of each rotor and stator slot. The great^t difficulty is 
presented by the rotor slots, partly because of their great radial depth, 
and partly because there are so few, relative to the stator, that the 
ampere-conductors per slot and therefore the heat generated per slot 
are much greater than in the stator. If we assume for simplicity a 



Hydrogen pressure Kg . cm* 

Fig. 19.18. Vabiations in Rblation to the Pbbssuke of 
Hydbooen of the Vabious Factobs Whose Combined Total 
IS Equal to the Temfebatube Rise of the Copfeb of the 
Winding 
(A.C,E,C.) 

radial heat flow, all the heat generated in the copper must first pass 
through the slot insulation, then through the surroimding metal, and 
finally to the heat dissipating surface where it has to traverse a gas 
film of poor conductivity before it is taken up by the main mass of the 
cooling medium. Thus the ideal solution is to evacuate the heat from 
the region where it is generated, usually inside the main conductor 
insulation, and this necessitates, either a single large vent duct serving 
the whole of the slot, or a separate duct to each conductor. Plate II 
(facing p. 464) shows the conductor arrangement in a rotor slot of this 
type.* The conductors are hard-drawn tubes of electrolytic copper 
alloyed with a small proportion of silver in order to improve the 
mechancial properties at elevated temperatures. For the main in¬ 
sulation, the traditional material, micanite, has been replace by a 

♦ Easton, V., “The design of large turbo-alternators.** 0,E.C, Joum, 
(July, 1955). 
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synthetic resin bonded glass cloth laminate. It is able to withstand the 
electrical, mechanical and thermal stresses set up in operation, and also 
has a hard smooth surface able to withstand any frictional forces, as 
for example when fitting the conductor tightly into the slot. 

The removal of heat from the stator slots is not so difficult as in the 
case of the rotor, and one large duct serves for the whole of the slot. 
A view of a stator winding having hollow conductors is given in Plate 
III (facing p. 465). 

The cooling medium used with very large machines is hydrogen, its 
heat conductivity being 7 times that of air. The efficiency of the 
medium depends very largely on the pressure, as is well illustrated by 
Fig. 19.18 which shows the variations in relation to pressure of hydrogen 
of the different factors whose combined total is equal to the tem¬ 
perature rise of the copper. The variation in gas temperature rise is 
very significant, indicating that the tubular construction is essential if 
the full benefit is to be obtained from the emplojnnent of hydrogen as 
the cooling medium. The main temperature rise factor of a winding 
with hollow conductors corresponds to the temperature rise of the 
cooling medium during its passage through the tube and, for a given 
copper section, the current in both rotor and stator coils can be several 
times as high as in a conventional machine. The present practice is a 
pressure of about 2 kg/cm^, and an alternator can run continuously at 
15 per cent overload if the pressure is varied to 3 kg/cm®. For purely 
experimental purposes machines have been run without troubles at a 
pressure of 6 kg/cm^. 
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Examples on Chapter 19 

1. If a single-phase alternator has 8 slots per pole uniformly spaced, but the 
winding is arranged with the middle two left empty, find the breadth coefficient. 

Ans. 0*53. 

2. A single-phase alternator of P poles has a large number slots per pole, 
each containing one conductor. If the r.m.s. value of the e.m.f. induced in each 
conductor is 10 V, what is the total voltage induced ? 

Ans, (20/7r) SP. 

3. A single-phase alternator has an armature resistance of 0*1 Q. When 
excited to give 50 V and then short-circuited, the short-circuit current is 200 A. 
To what induced voltage must the alternator be excited if it is to deliver 100 A 
at a power fa^ctor 0*8 lagging, with a terminal voltage of 200 V ? 

Ans, 222 V. 


4. A single-phase alternator is excited to 1000 V at a frequency of 60 c/s. Its 
armature resistance is 0*8 Q, and synchronous reactance, 3 fl. Calculate what 
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length of unloaded cable, of capacitance ^ //F/mile, must be connected to it 
terminals to produce resonance. Calculate the terminal voltage when this occurs 
If the flux per pole is 0*01 Wb, and the product of form factor and breadth factor 
1-0, calculate the number of armature conductors. 

.43200 miles; 3760 V; 1000 conductors. 

6. The fleld form of an alternator measured from the neutral plane to the 
middle of a pole is as shown in the table. It is symmetrical about the centre. 


Distance in m 

0 

0*01 

0*02 

0*03 

0*04 

006-0*1 

Induction in gap, Wb/m* 

0 

0*04 

0*21 

0*45 

0*66 

0*80 


The active length of conductor is 0‘4m. All the 2000 conductors are housed in 
equally spaced slots 4 per pole, all the slots being filled. If the frequency is 60 c/s, 
find the induced e.m.f. 

Ana, 8400 V. 

6. The resultant air-gap flux of a 16-pole, 3-phase alternator is 6 X 10“® webers 
per pole and is distributed sinusoidally over the pole. The stator has 2 slots per 
pole per phase, and 4 conductors per slot accommodated in two layers. The coil 
span is 160 electrical degrees. Calculate the e.m.f. generated in each phase when 
the machine runs at 376 r.p.m. (L.U.) 

Ana, 796 V. 

7. Derive an expression for the voltage induced in an alternator winding consist¬ 
ing of a number of similar full-pitch coils joined in series, the air-gap flux having 
sine distribution. Calculate the reduced voltage of a 6-pole, single-phase alter¬ 
nator running at 1200 r.p.m. The machine has 108 slots of which two-thirds are 
wound with full-pitch coils of 20 turns each; the field per pole is 6 X 10~* wb. 
(C. & G.) 

Ana, 7920 V. 


8. The rotor of a 3-phase alternator has 16 poles and rims at 375 r.p.m. The 
flux distribution in the air-gap is symmetrical about the centre line of the pole, 
the values over half a pole pitch being as follows— 


Angles (electrical 
degrees). 

0 

15 

30 

45 

60 

75 

90 

B wb/m* . 

0 

0*226 

0*586 

0*790 

0*880 

0*9000 

0*9000 


The axial length of the stator core is 0*36 m, and the internal diameter 1*8 m. 
Determine the flux per pole. Plot to scale the e.m.f. waveform in a single-turn, 
full-pitch coil on the stator, and determine the frequency and r.m.s. value of this 
e.m.f. (L.U.) 


Ans. 8 X 10-2 Wb, 18 6 V, 60 c/s. 
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THE ALTERNATOR ON LOAD 

The d.c. machine on load experiences a change in flux owing to the 
efiFect of armature reaction, and an internal drop in volts due to the 
armature resistance. It is usual to keep the brush axis fixed and there¬ 
fore the axis of the armature m.m.f., being coincident with the brush 
axis, is also fixed. If the brush axis were rotated with the machine 
under load, then the armature m.m.f. axis would conform to this. In 
the alternator with fixed armature winding the position in space of the 
armature reaction m.m.f. axis, at any particular instant in the voltage 
cycle is decided by the power factor. With an internal power factor 
of unity, that is, with the current in phase with the induced e.m.f., the 
space distribution of currents in the conductors is similar to that of 
e.m.f. induced in the conductors. If the power factor is altered, for 
example, if the current lags the induced voltage by y electrical degrees 
then the armature will have to advance with respect to the field 
before the m.m.f. axis is in the same position in space, as for internal 
unity power factor operation. With a rotating field machine this means 
that the field will have advanced ahead of the position corresponding 
to unity power factor. Similarly, with a leading internal power factor 
of cos y the field will be in retard of the position at unity power factor 
by the angle y°, at the instant the armature m.m.f. axis is in the same 
direction as for unity power factor operation. Thus if we could 
imagine the power factor of an alternator to be varied progressively 
from unity to zero, this would be similar to a gradual shift of brush axis 
in a d.c. machine through 90 electrical degrees, the direction of shift 
being decided by the lag or lead of the current. 

The internal volt drop in the alternator has two components, namely 
that due to the resistance of the winding and that due to the leakage 
reactance. 

Rotating Field Produced by a Polyphase Winding. _^ce the total 
m.m.f. of a three-phase winding is made up of the separate effects of 
each of the phases,it is necessary to consider, first of all, one phase by 
itself. Fig. 20.1 (a) shows three conductors of a single-phase concen¬ 
trated winding having one slot per pole. Any point between conductors 
A and B is enclosed within a single turn and therefore the m.m.f. of the 
winding is constant from A to B, Similarly the m.m.f. is constant from 
B to C, of the same magnitude as before, but opposite in sign. Hence 
the m.m.f. of a single-phase concentrated windhig has a rectangular 
distribution, as shown in the figure. It can thus be regarded as a rec¬ 
tangular wave, but it is a stationary wave because its position is.Jixed 
in space with respect to the winding itself. On the other hand, its 
amplitude varies sinusoidally with respect to time because the m.m.f. 
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at aiiyiiistai]iLis-pix)poiiional to the magnitude of the current at that 
instant. 

Fig. 20.1 (6) shows a single-phase winding distributed over two slots 
per pole. The winding consisting of conductors A, J5, and C will produce 
the rectangular m.m.f. wave No. 1, while that consisting of conductors 




Fig. 20.1. M.M.F. of a Single-phase Winding 


A\ and C' will produce the m.m.f. wave No. 2. Adding the waves 
1 and 2 together we obtain No. 3 for the total m.m.f. wave of the distri¬ 
buted winding. We see that the effect of distribution is to change the 
shape of the m.m.f. wave from rectangular to stepped. 

In the case of a three-phase winding it is necessary to consider the 
state of affairs at several instants during one cycle, and we will now 





Fig. 20.2 


choose as the first of these instants that at which the current in phase I 
is a maximum. Then, since we obtain the instantaneous value of a 
vector by projecting on to the OY axis, the vector of will be directed 
along OF, the diagram therefore being as in Fig. 20.2 {A), Suppose 
we call the maximum value of the current 100 per cent then, for the 
instantaneous current in the three phases we have 

ii = -f- 100,1*2 = ~ 50, ig = —- 50 

Fig. 20.2 {B) shows the state of affairs one-third of a period later. 
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during which interval the vector diagram has rotated 120 degrees. At 
this instant we have 

— 50, = + 100, ig = — 60 

After another one-third period, we have, from Fig. 20.2 (C) 

= — 50, ig = — 50, ^3 = + 100 

Now consider an actual three-phase winding. Fig. 20.3 (1) shows 
a four-pole three-phase winding with two slots per pole per phase. For 
convenience in drawing the diagram diamond-shaped coils are used, 
but the argument applies to any three-phase winding having a coil 
width equal to the pole pitch, i.e. having full pitch coils. The starts of 
the three windings are represented hy A, B, and C, and the ends by 
a, h, and c. We will now adopt the convention that a current is positive 
when it enters a winding at the start, and leaves it at the end. With this 
convention we have at instant 1 a current of 100 A entering at A and 
leaving at a, a current of 50 A entering at h and leaving at B, and a 
current of 50 A entering at c and leaving at C, These currents are 
indicated by arrows in the winding diagram, and by the conventional 
crosses and dots in the sectional diagram of Fig. 20.3 (2). Considering 
the phases separately we use the method of Fig. 20.1 (b) to draw the 
three m.m.f. waves, these being shown in Fig. 20.3 (3). Adding these 
together we obtain for the total m.m.f. at the instant considered the wave 
shown in Fig. 20.3 (4). We see that this m.m.f. is not sinusoidal but 
that it is stepped, and a little reflection will show that the greater the 
number of slots per pole per phase, the less important will be the 
individual steps. 

Now consider instant 2. At this instant a current of 50 A is flowing 
into phase / at a and out at a current of 100 A is flowing in at B 
and out at 6, and a current of 50 A in at c and out at C. The cross- 
section of the winding for this instant is given in Fig. 20.3 (6), and 
comparing it with Fig. 20.3 (2) we see that the current distribution is 
exactly the same except that it has been displaced to the right by 120 
electrical degrees, or two-thirds of a pole pitch. Since the m.m.f. 
distribution is produced by the current distribution it is clear that at 
instant 2 the m.m.f. wave will be identical in shape with that of Fig. 
20.3 (4), and that it will have moved two-thirds of a pole pitch. Similarly 
at instant 3 the m.m.f. wave will have moved another two-thirds of a 
pole pitch. 

After still another one-third of a period, that is, one complete 
period from instant 1, the m.m.f. wave will have advanced altogether 
six-thirds of a pole pitch, or two pole pitches. From p. 452 we have seen 
that this is the same as the speed of rotation of the rotor of the 
alternator, and this shows that the speed of the m.m.f. wave in space 
is the same as the speed of rotation of the rotor. Another way of 
expressing this fact is to say that the m.m.f. wave rotates at 
synchronous speed. 

At the three intervals considered the current distributions in the 
conductors are identical and the m.m.f. waves therefore identical in 
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Fig. 20.3. M.M.F. Wave of a Three-phase Machine 
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shape. At intermediate instants there are different current ^tribu- 
tions, and these cause a difference in the m.m.f. wave, but this difference 
is small, as will be shown in the next section. 

Non-stepped Distribution. With a machine having a number 

of slots per pole per phase greater than, say three, a considerable 
simplification is effected by neglecting the steps, the m.m.f. component 
of any one phase then being trapezoidal in shape, as shown in Fig. 20.4. 
In a three-phase winding there will be three such trapezoidal m.m.f. 
distributions having relative space displacements of tt/S electrical 
radians. At the same time the currents have time phase differences 



Fig. 20.4. Tbapbzoidal M.M.F. Distbibtttion due to One Phase of a 
Distributed Three-phase Winding with Phase Beets op tt/S 
Electrical Radians 

corresponding to these geometrical displacements. In order to deter¬ 
mine the resulting m.m.f. it is necessary to consider the state of the 
system at different instants of time, for the actual distribution changes 
between two extreme values every one-twelfth of a cycle. One extreme 
corresponds to the instant the current in one phase is a maximum, 
the other to the instant the same current has fallen to the value 
corresponding to the rotation of the vector through 
360/12 = 30 degrees 

that is, to \/3/2 of the maximum value. These two extreme cases are 
illustrated in Ilg. 20.5. In the first case 

= Iimax» ^2 ~ ^3 = ^famax 

the amplitudes of the waves of m.m.f .2 and m.m.f .3 thus being, at this 
instant, one-half of that of m.m.f.^. In the second case we have 

ii == 0*866/imax» ^2 ~ ^3 ~ — 0’866/2max 

In the first case the total m.m.f. distribution is a peaked wave whose 
centre coincides in space position with that of m.m.f.i. In the second 
case the resultant is a fiat-topped wave whose centre has advanced in 
space a distance of F/ 6 ; in other words, the effect of the three com¬ 
ponent stationary waves is to produce a rotating m.m.f. wave which 
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advances one-sizth of a pole-pitch in one-twelfth of a period, and there¬ 
fore advances two pole-pitches in one period. This wave thus travels 
at s 3 nichronous speed, keeping pace with the rotor. 

Let g denote the number of slots per pole per phase, and u the number 
of conductors (carrying full phase current) per slot. Then the height 



of the m.m.f. wave due to one phase, at the instant the current in that 
phase is a maximum is ^ X 2gulm&x- Let AT^ be the average value 
of the armature m.m.f. per pole at this instant, then from Fig. 20.6 (top), 
we have at this instant 

ATa X y = ^ . ^gulmd.x X 2 X y/6 + + 17^-^max) 

X 2 X 7/3 
= (7/12)^t4/max 7 

/. AT^^{ll\2)guI max 

In the other extreme case. Fig. 20.6 {bottom), we have 

X 7 = X (V3/2)/max X 2 X 7/3 + (V3/2)(7l^/max X 7/3 
= (l/\/3)gfttJmaz 7 
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— (l/'v/3)^/niax 

The mean value for these two extremes is thus 

AT, = (m + llV^)guI max 

= 0*58 grw/max 



Fig. 20.6 


In terms of the r.m.s. current per conductor this becomes 
AT, = 0-82 gul 

If we replace the actual distribution by a sinusoidal distribution of 
the same average value we have 

■^^max ~ X 0'S2i gul 
— 1*29 gul 

Fourier Analysis of the m.m.f. Wave. For the trapezoidal wave of 
Fig. 20.7, the analysis into sinusoidal components gives, for the m.m.f. 
at any position 6 with respect to 0 

^ 4 rn.rn.f.max 
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For an armature winding with full-pitch coils, having a phase spread 
of 7r/3 electrical radians, the angle a for Fig. 20.6 (bottom) is tt/S, so that 


m.m.f.0 


4 3\/3 y^/ma x 

77 ’ 277 


f-v/S 


sin 6 


2 ‘ 




sin50 + . 


. V3 1 . 


those terms in which n is a multiple of 3 disappearing. The above 
expression reduces to 

9/1 1 

m.m.f.0 = —2 gulmnn I sin 0 — ~ sin 56 + • • • H—5 sin w0 

77 ^ \ Zo 



In terms of /(r.m.s.) this becomes 

m.m.f.fl = gul (sin 0 — sin 56 + . . . + -4 sin 716 
77^ \ 25 

= 1-29 gul ^sin 0 — ~ sin 50 + . . . + ^ sin 710^ 


For the peaked m.m.f. waves of Fig. 20.6 (a) the Fourier analysis 
gives 

m.m.f.o = 1*29 grw/^sin 0 + ~ sin 50 — ^ sin 76 + . . . 

The fundamental, namely 1*29 gul sin 0, is the same in both cases and 
we see that it is, very approximately, the same as the sinusoidal 
distribution derived in a more elementary manner above. The har¬ 
monics decrease rapidly as n increases, and, in practice, it is usually 
sufficient to assume that the m.m.f. wave of a three-phase armature is 
of constant amplitude and rotates S37nchronously with the field system. 

Now consider a single-phase winding. There is no gain in filling the 
whole of the periphery with conductors because of the very small 
increase in e.m.f. Suppose, for example, there is room in the pole-pitch 
for six equally spaced slots. The angular slot pitch is 77/6 and therefore 
the vector polygon for a winding occupying all the slots is a six-sided 



480 


ELECTRICAL TECHNOLOGY 


[Ch. 20 

polygon whose closing side is the diameter OA of the enclosing circle 
(Fig. 20.8). If one slot per pole is left empty the vector polygon for a 
coil group has five sides and the e.m.f. is OB. The ratio OBjOA is 
0 *866, showing that filling six slots instead of five increases the e.m.f. 
by 0-134 in 0-866, that is by 16-5 per cent, for a 20 per cent increase in 
copper. Thus there is little gain in making the group width more than 
f of the pole pitch. The usual practice is to use a three-phase stator 
and house the winding in two-thirds of the slots. 

Let the coil spread be a and let the symbol g now denote the number 
of slots within this range. Then when the current has its maximum 

A 


0 

Fig. 20.8. E.M.F. or a 
Coil Gboup or a 

SiKGLE-FHASE WiKDINQ 

value /max th© m.m.f. distribution will be the trapezoid of Fig. 20.9, the 
amplitude being Js^w/max, or 0-707 guL The analysis of this gives 

- 4 0*707 gul / . -/j.l o • oa \ \ 

m.m.f.^ = - .- - — I sm a sm 0 + - sm 3a sin 30 + . . .1 

TT a \ y / 

The term in which n is a multiple of 3 will only disappear for a == 7r/3 
or a = 27 t/ 3 , the former value being too small for a practicable winding, 
but the latter value possible. The amplitude of the fundamental is 

(4/7r)[(0-707 sin a)/a] gul 

and this is now a stationary wave, as indeed are all the harmonics. 
The fundamental can be resolved, by Ferrari’s principle, into forward 
and backward travelling components, each of amplitude 
(2/7r)[(0-707 sin a)/a] gul 

One of these travels synchronously with the field system, and, in its 
effect on the performance under load of the machine, can be treated 
exactly like the m.m.f. wave of a three-phase machine. The backward 
component has a relative speed of twice synchronous speed with respect 
to the field system and its effect is to induce even harmonics in the e.m.f. 
In view of the amplitude of this backward-travelling component it is 
essential that it shall not penetrate the main field system, but shall be 
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utilized in a manner which can do no harm. This is effected by pro¬ 
viding the pole faces of single-phase alternators with a short-circuit 
“damping” winding. Under steady conditions the relative speed of 
this to the forward-travelling component is zero, so that no current is 
induced by this component. The backward component induces currents 
of twice normal frequency in the damping winding and the back 
m.m.f. set up by transformer action thus tends to neutralize the 
inducing m.m.f. The construction and disposition of the damping 
winding is illustrated in Fig. 20.9. This t 3 q)e of pole face winding is also 
supplied to three-phase alternators which are synchronized auto¬ 
matically, as well as to alternators driven by internal-combustion 
engines. 

M.M.F. of a Fractional Pitch Winding. The exact analysis of the 
m.m.f. of such a winding is something in the nature of a mathematical 
recreation since it is doubtful if it could be used in actual alternator 
design. A very good method is to sot out the coil ends, insert all the 
currents for some particular instant of time and then construct the 
stepped distribution. Consider, for example, the 2650 kVA alternator 
of p. 465. There are 32 poles, 336 slots each with two conductors 
carrying 463 A; slots per pole per phase 3J. The coil ends have been 
set out in Fig. 19.16 b. The maximum value of the full-load current is 

/max == \/2 X 463 = 652 

Taking the instant the current is a maximum and denoting this 
value by unity, the instantaneous phase currents are = -f 1, 
1*2 == — ^3 = These are indicated in the end-connections in 

Fig. 19.16b (facing p. 466). Summing the vertical columns we obtain 
ordinates for the stepped m.m.f. wave, the maximum values of which 
are — 6, or 6 X 652 = 3912, and + 6^, or 6-5 x 652 = 4238. 

Let the value of P be 0*715. 

Then slots per pole = 0*715 X 10*5 = 7*5 

Area of positive half-wave under pole shoe 

= (6i X 2) + X 2) + (44 X 2) + (3 X 1*5) 

= 37*5 

Area of negative half-wave under pole shoe 

= (6 X 3) + (5 X 2) + (4 X 2) + (24 x 0*5) 

= 37*25 

Mean == 37*375 

/. AT a = 37*375 X 652/7*5 = 3250 

Effect of the Rotor Construction, (a) Machine with cylindrical rotor, 
such as a turbo-alternator or synchronous-induction motor. The whole of 
the armature ampere-turns per pole, namely 0*82 gul, are available if 
the rotor is uniformly wound. With a turbo-alternator there is an 

17—(T.8i8) 
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unwound portion at the middle of each pole, so that the field m.m.f. 
distribution with d.c. excitations is trapezoidal, of constant amplitude. 
This is illustrated in Fig. 20.10, in which 

a = (wound part of pole pitch)/(pole pitch) 

Let AT’ be the number of ampere-turns required on each pole to 
neutralize the armature m.m.f. The average value of these will be 
given by 

Y X AT\y = 2(i X \aY x AT) + F(1 - o)Ar 
= (1 - \G)Ar 

Hence the additional ampere-turns per pole required to overcome the 




Fig. 20.10. RoTOK M.M.F. DiSTBIBUTION fob TUBBO-AIiTEBNATOB 

armature ampere-turns when these latter are directly demagnetizing, 
that is, at zero power-factor lagging, 

AT ==m2l(\^\a)]gul 

(6) SalienUpole machine. The interpolar gaps interpose so much 
reluctance that, for all practical purposes, they (jan be regarded as 
cutting oflF those portions of the m.m.f. wave which project beyond the 
pole faces. It is now necessary to resolve the m.m.f. wave into direct 
and cross-magnetizing components, the simplest method being to 
work in terms of the fundamental sinusoidal component. We have 
seen that the average m.m.f. reckoned over the whole pole pitch is 
given by 

AT^=^ 0 * 82 grw/ 

If we replace this by an equivalent sinusoidal distribution the maximum 
value will be 

= (^/2) X 0-82 gul = 1-29 gul 

The position of the crest of this travelling wave with respect to the 
polar axis is fixed by the internal phase angle y. When y is zero the 
crest is at the middle of the interpolar gap, and therefore for any 
finite angle y the crest will be displaced y electrical degrees from this 
position, as shown in Fig. 20.11. This sinusoidal distribution can be 
resolved into two sinusoidal components having their crest values 7r/2 
electrical radians apart, so that if one of these has its crest at the polar 
axis the other wiU have its crest at the middle of the interpolar gap. 
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The former is the direct magnetizing component, the latter the cross- 
magnetizing component. The crest values are 
Direct component 1'29 gul sin y 
Cross-magnetizing component 1-29 gul cos y 

We now take the pole span into account by calculating the area of 
each component curve which lies directly under the pole face. The two 



Fig. 20.11. The Two Components of the Aematuhe M.M.F. 



Fig. 20.12. Effective Positions of Abmature M.M.F. Components 

IN A SAIilENT-POLB MACHINE 


cases are illustrated in Fig. 20.12. Taking as origin the centre of the 
pole face, the direct component at any angular position 0, is 
1*29 gul sin y cos B 

Denoting the ratio pole span to pole-pitch by ^0, we average this expres¬ 
sion between the limits — and + giving 

1 

AT^ = 1-29 gul sin y x ^ cos BdB 
= 1-29 gul sin y X — 
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Take as representative average value ^ = f, then 

sin (/g 77 / 2 ) ^ sin (tt/S) X 3 ^ ^ ^^7 

^ 77/2 77 

Hence direct component of the armature ampere-turns per pole 
AT^= 1*29 X 0*827 gul sin y 
= 1*06 gul sin y 

On zero power-factor lagging, for example if the alternator is directly 
short-circuited y = 77 / 2 , AT^ becomes \‘{)^gul being directly 
demagnetizing. 

For the cross-magnetizing component, again taking the origin at the 
polar axis, the magnitude at any angle d is 

1*29 gul cos y sin 0 

Therefore the average value between the limits 0 and is 

2 

ATc— 1*29 gul cos y x ^ sin QdO 

Jo 

= 1*29 gul cos y X (2//?77)[l — cos (i87T/2)] 

If we imagine these ampere-turns as setting up a separate cross-flux, 
the path of this flux will be as indicated by the dotted path of Fig. 
20.12. Neglecting the reluctance of the iron path we see that the above 
m.m.f. acts across one-half of the air gap, and in addition, each group 
of lines of force (assumed to have a separate existence) crosses two 
air-gaps in series. The m.m.f. per unit length of path is AT Jig 

Mean flux density = /u^ATcjlg 

If Ag is the corrected area of the air-gap per pole the corresponding 
value of the flux per pole is 

— Mo • 

This will induce an e.m.f. in each phase of magnitude 

Calculation of Leakage Reactance. In an alternating-current 
machine any flux set up by the load current which does not contribute 
to the useful flux of the machine is a leakage flux. We have already 
seen that such leakage flux exists in the static transformer, and that 
its effect is to set up a self-induced e.m.f. in the windings, thereby 
imparting leakage reactance to them. Similarly with an alternator. 
The leakage fluxes can be classified under four headings, the first three 
of which are indicated in Fig. 20.13. 

(1) The slot leakage flux across the winding space: the lines of 
force, in general, link with part of the winding only. 

(2) The slot leakage flux above the conductors: the whole of this 
flux links with the windings. 



THE ALTERNATOR ON LOAD 


485 


Ch. 20] 

(3) The tooth head leakage. 

(4) The coil-end, or overhang leakage. 

The slot leakage fluxes and the overhang leakage flux take paths 
somewhat as indicated in Fig. 20.14, which shows a single coil of a 



Fig. 20.13. Components of Armature Leakage Flux 

single-layer winding. The determination of the overhang leakage flux 
presents an extremely complex problem and is beyond the scope of 
this book.* The calculation of the various components of the slot 



Fig. 20.14. Single Armature Coil Showing Paths of Leakage Flux 

leakage flux affords a useful example in the application of first principles. 

Consider first of all the slot leakage across the winding space: each 
line of force will cross g slots and will then pass through the iron below 

* See A. Gray, Electrical Machine Design, p. 217. McGraw Hill, New York; 
H. Vickers, The Induction Motor, Pitman, London; P. L. Alger, “The calcula¬ 
tion of the armature reactance of synchronous machines,” Trans, A,I,E,E, 47, 
No. 2 (1928) 493; L. A. Kilgore, “Calculation of synchronous machine constants,” 
Trans, A,I.E,E, 60, No. 4 (1931) 1201. 

A useful empirical formula based on the results of tests is given by C. C. Hawkins, 
S. P. Smith and S. Neville, Papers on the Design of A,C, Machinery, p. 45. Pitman, 
London. 



486 


ELECTRICAL TECHNOLOGY 


[Ch. 20 


the slots, so that if we neglect the reluctance of all the iron paths, the 
permeance (inverse of reluctance) of an elementary path of depth dx 
will be 


|-6- 


(jbtQ X area)/Iength = 

the various slot dimensions being indicated in Fig, 20.15, and Z, being 
the net iron length of the core. Now the line of force situated at a dis¬ 
tance X from the bottom edge of the conductors only links with xjh^ 

of the total conductor section, so that 
the m.m.f. per ampere acting on this 
line of force is 

gu(xlht) 

The flux per ampere through the ele¬ 
mentary strip is therefore 

gu(xlh^)(/ioKdxlgw,) 

Multiplying this again by guxlh^ we 
obtain for the linkages per ampere 





f 


xHx 


= jUoguH^hJStv, 

Above the conductors the m.m.f. is constant and equal to gu per 
ampere. The space consists of three portions of heights Aj, and h^. 

For the first, permeance of g slots = f^oh^ih'^o 

For the second, permeance of g slots == X ^hjgiw^ w^) 

For the third, permeance of g slots = 

The total flux per ampere across the top of the slots is therefore 

+ ^hJiwQ + w,) + hjiv,] 


Hence for the total linkage per ampere we have 

+ w,) + hjw, + hJ3w,] 

The total slot inductance per g slots per pole per phase is thus 
L, = 2/Li^u%[hJwo + 2h2l(wQ -f w,) + hjw, + hJ3w,] H 

the coefficient 2 being introduced because each coil has two coil sides. 

For the tooth-head leakage and overhang leakage we will assume 
recognized formulae. For the tooth-head leakage (Fig. 20.16) 

A.A = /Vo( 2 - 3 / 77 )i 4249 log (7/2y,) 

+ 3 log {l + (7rw;>o)} + 2-l]H 

Finally, if we denote the inductance per phase due to the overhang 
leakage by Lq, we have for the reactance voltage per phase for a winding 
with n coils per phase 

Ejc — 27r/w(Z/g -h L Lq)I volts 
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Example. A 750 kVA, 2200 V, 500 r.p.m., 50 cycle, star-connected 
alternator. EJ,J^ = 1270 V, = 197 A. 

Number of Poles: 12 

Winding: single-layer with overhang in two ranges: 3 slots per pole 
per phase, 5 conductors per slot. 

Dimensions: 

Main Dimensions Slots {See Pig. 20*17) 

D = 1*45 m hi = 18*8 mm Wq = Wg= 18 mm 

I = 0*4 m ^2 = 0 Wf — 23*7 mm 

li = 0*245 m ^3 = 0 Vs = 41-7 mm 

Y = 0*379 m h^ = 29*9 mm 




Fig. 20.16. Tooth-head 
Leakage 


Fig. 20.17. Slot Pabticulars for 
Alternator Discussed in Text 


Stator resistance per pole 5*5 X 10"* Cl 
Stator reactance per phase 

(a) L, = 2fj,ffu%(hJwo + 2hJ{Wo + w,) + hjw, + hjSw,} 

= 2 X 477 X 10-’ X 3 X 26 X 0-246(18-8/18 + 29-9/3 X 18) 
= 14-8 X 10-® 

{b) X 

[91cg(|;) + 31.g{l + (^')) + 2.l] 

0,0 

= 477 X 10-’ X — X 0-246 X 25 

= 6-7 X 10-5 H 


(c) The inductance due to overhang leakage is 
L„ = 7-4 X 10-» H 
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(d) Reactance voltage. With a 12-pole machine there are w = 6 
coils per phase 

E^ = 27r X 50 X 6(14*8 + 5*7 + 7*4) x x 197 
= 104 V 

= 8*1 per cent of the phase voltage 

(e) Armature reaction m.m.f. 

The direct component at zero power factor is 

1*06 gul = 1*06 X 3 X 5 X 197 
= 3140 AT/pole 

Predetennination of Voltage Regulation, (a) The e.m.f. diagram. 



Fio. 20.18. Voltage Diagram for a Three-phase Alternator on Load 

The complete voltage diagram for a three-pliase alternator on load is 
shown in Fig. 20.18. In this diagram 

OA = Vph* terminal p.d. per phase 

AB — the armature resistance drop per phase 

BC = E^y the leakage reactance drop per phase 

CD = Ec, the e.m.f. which would be induced by the cross flux per 
phase if this flux had a separate existence* 

DE = E^y the e.m.f. which would be induced by the direct com¬ 
ponent of the armature reaction per phase, if this could set 
up a separate flux 

OE = Ejyy^y the total induced e.m.f. per phase 

(f) = external phase angle between and V,n 

y = internal phase angle between and E^^y^ 

♦ Note that in Figs. 20.18, 20.19, and 20.21 (a), the angle at D is in each case 
a right angle. 
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There is generally little difference between ^ and y, so tjiat it can be 
assumed that is equal to its projection on OE. We then have, for an 
alternator which is excited to give EpJ^ volts per phase on no load 

Volt drop per phase = Ej,j^ — 

— Ea + Ef COB <f> + sin tf) 
Percentage regulation up, that is, in terms of 
100 X [(E^^ - Fpft)/F,»] = 100 X [{Ea + E^ cos <f> + E„^ ^)/FrtJ 
To construct the diagram it is necessary to know Ec, the expression for 



Fig. 20.19. Construction of Voltage Diagram 


which contains the angle y, which is initially unknown. The difficulty 
IS overcome as follows— 

— 2k^hJc^Z X {Agjlg) X 1*29 gul cos y 

X (2//97t)(1 — cos i^TT) X flo 
/. EJcos y = x (Agjlg) X 1-29 gul 

X (2lp7T)(l — cos J/Stt) X JLLq 

The vector BC (Fig. 20.18) is extended to 0, as in Fig. 20.19, the 
length CO being made equal to EJeos y. 00 is joined and the intersec¬ 
tion of 00 with the semicircle on OG as diameter gives the point D. 
The length OD is the actual voltage E' which is induced per phase. 
The usual method of allowing for the direct component of the armature 
reaction is therefore to calculate the field ampere-tums necessary to 
induce the voltage E\ and then add additional ampere-tums per pole 
equal to 

AI^ = 1*06 gul sin y 

It is to be noted that the regulation of an alternator can be expressed 
in two ways, namely, the percentage rise in voltage when full-load is 
thrown off, or the percentage drop in voltage when full-load is thrown 
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on. The first is called ''regulation up,” and is more commonly used, 
the second is called "regulation down.” Fig. 20.20 shows that the 
magnitudes of the two are different because, in each case, the initial 
voltage is the normal voltage. 

(6) Synchronous Impedance Method. When an alternator is short- 
circuited the terminal voltage is zero and the vector diagram reduces 
to the form of Fig. 20.21 (a). Again, the resistance is so small in 
comparison with the leakage reactance that the angle y is almost 90° 
and the cross-magnetizing component of the armature reaction 
negligibly small. This further simplifies the diagram to Fig. 20.21 (6), 
showingthatundershort-circuit ^ 

conditions the whole of the 
armature reaction m.m.f. is 
directly demagnetizing. The 
actual induced e.m.f. E\ or the 
air-gap e.m.f. as it is sometimes 
called, is therefore equal to 
AC^ and the field ampere-tums 





(«> 


(b) 


Fio. 20.20. Diffebbnce 
BETWEEN “Regulation Up” 
AND “Regulation Down” 


Fig. 20.21. Vector Diagrams for 
Short-circuit Conditions 


have (a) to produce the fiux which induces the e.m.f. E\ and (6) 
to overcome the whole of the armature ampere-turns which, if they 
could act alone and produce a flux would set up an e.m.f. equal and 
opposite to Ea- Denoting the short-circuit current by 7^^, we have 

E' = Ea + Igc^a 

where is the true impedance of the armature winding per phase. 

If the excitation during short circuit is kept small enough to limit 
Igc to the order of the normal current then the total m.m.f. will be very 
small and the iron paths unsaturated, so that we can write, in terms of 
the field ampere-tums ATf 

E' = k^ATf where is a constant 
kyATf = E^-{- I^c^a 

E^ = k^I^cy whore ifcg another constant 
I,c^AT,[k,l(k,+ Z,)] 


But 
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Thus the short-circuit current is, over the working range, pro¬ 
portional to the field ampere-tums, showing that the ‘‘short-circuit 
characteristic,*’ the graph of 7,^ against is a straight line through 
the origin. JVom the vector diagram of Fig. 20.21 we see that the 
voltage Ea and E' are in phase with one another and therefore, since y 
is nearly a right angle and E^ are very nearly in phase with one 
another. Hence if we imagine the true leakage reactance to be increased 
to such a value that the reactive drop is (E^. + E^), and if we also 
neglect the effect of armature reaction, then, under short-circuit 
conditions this fictitious machine will have the same performance as 
the actual machine. The reac¬ 
tance expressed by 

X, = {E, + £,)//„ 

is called the synchronous 
reactance, and the impedance 

Zs = VW + 

the synchronous impedance. 

The voltage regulation can 
be predetermined experimen¬ 
tally, one method being to 
determine the open-circuit N Exciia.tion 

characteristic of induced volts pio. 20.22. Alternator Characteristics 
against exciting current, or 

excitation ampere-turns, and the short-circuit characteristic of short- 
circuit current against exciting current. For this latter characteristic 
the terminals are short-circuited, one short circuit being through an 
ammeter, the machine run at normal speed and the excitation gradually 
increased until the stator current is, say 50 per cent above normal. 
Graphs similar to those of Fig. 20.22 are then obtained, the dotted line 
showing how the experimental characteristic has to be projected into 
the normal region. For any point P, we have 

Zg = PNjQN, where PN is in volts and QN in amperes 

where is now a combined effect called, at one time, the s 3 nichronous 
impedance. 

This is the basis of the Behn-Eschenberg method of pre-determining 
the voltage regulation from the results of open-circuit and short-circuit 
tests. Draw a vector OA to represent the terminal p.d. on load (Fig. 
20.23). Draw AI to represent the phase of the load current, 7,,;^, the 
load power factor being cos^. Hence mark off AB = RJvn- Erect 
BC — to represent the drop due to the synchronous reactance. 

Then OC represents the induced e.m.f. per phase, and 

Percentage regulation up = 100 X (OC — OA)lOA'\ 

This simple method has several serious disadvantages— 

(1) The armature reaction m.m.f. is only completely direct at zero 
power-factor. If the power-factor is gradually increased to unity the 




492 ELECTRICAL TECHNOLOGY [Ch. 20 

direct component decreases gradually to zero while the cross-mag¬ 
netizing component increases gradually from zero. Thus the magnitude 
of Z, is only correct under the experimental condition of its 
determination. 

(2) During the short-circuit test the iron paths are unsaturated, but 
under normal operating conditions much of the iron will be worked 
beyond the knee of the magnetization curve.* 

Nevertheless, the conception of a constant impedance is valuable 



for the elucidation of certain operating characteristics. From Fig. 20.23 
we have 

_ 2V^n X cos [180 ^ ^ c^)] 

In general Z^ is so nearly equal to that the resistance drop AB, can 
be neglected, the equation simplifying to 

E^n^ = 2F^, X Z/^, cos (90 + 0) 

“ ^vt? ^ 

Now == ZJ,, 

where is the short-circuit current with normal excitation 

“ yVh {^S^vhY + sin 0 

/. 1 = (yjE,,f + 2(VJE,^)(1JI,,) sin^ + 

The variables in this equation are F^^^, and and by taking 
different values for a family of y^nllph curves can be drawn, each 
curve corresponding to a different value of It will be seen that 
whatever the value of <f> all the curves will have the same intercept on 
the voltage axis, namely Ej,j^, and the same intercept on the current 

♦ Harrison and Jones have shown that it is possible to run an alternator at 
low speeds under such conditions that the and flux distributions of a given 

full-load case are reproduced exactly. (D. Harrison and C. V. Jones. “A new 
method of predetermining the regulation of alternators at unity and lagging 
power factors.*’ J.IM.E. 95, Pt. II, (1948) 374.) 
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axis, namely 7^^ the short-circuit current. A typical family of such 
voltage characteristics is given in Fig. 20.24, and we see that the 
terminal volt drop depends on ^ as well as the magnitude of 

(c) The m.m.f. Method, Like the synchronous impedance method, 
this method necessitates the determination of the open-circuit and 



s.c. oc 



short-circuit characteristics. From Fig. 20.25 the m.m.f. per pole 
required to produce normal voltage on open circuit is m.m.f.i, while 
that required to produce normal current on short-circuit is m.m.f.g. 
This latter m.m.f. has to induce the impedance drop in the armature 
and also neutralize the armature reaction m.m.f. The m.m.f.g is in 
quadrature leading the induced voltage during the s.c. test. The two 
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components of m.m.f.g are as follows, (i) The component which 
produces the flux necessary to induce the impedance drop Eg^ (neglecting 
the armature resistance drop) in quadrature, leading, with this drop. 
But Egg is also in quadrature leading with so that this component of 
m.m.f.gis in phase opposition to 7,,;^, as indicated by OA in Fig. 20.26. 
(ii) The component neutralizing the armature reaction is in opposition 
to the armature m.m.f., and therefore in opposition to 7^;^, as indicated 
by AB, Thus the vector OB is equal to m.m.f.g. Hence, if the m.m.f. 



Fig. 20.26. Vkctor Diagram for 
M.M.F, Method 


triangle OCD is constructed with 
OC — ni.m.f.i, CD — m.m.f.g, and 
angle OCD — (90 + ^), the third 
side will give the total m.m.f. 
required to give normal terminal 
voltage when delivering current 
at a power-factor of cos 0. 
This assumes that the effective 
value of an m.m.f. is dependent 
on the current only, and not on 
(j), so that it assumes a cylindrical 
rotor. 

The above discussion neglects 
the resistance drop in the arma¬ 
ture, and this is usually permis¬ 
sible. A convenient modification 
of the m.m.f. method is due to 
Miles Walker.* 


The open-circuit and short-circuit characteristics are determined, 
as in the Behn-Eschenberg method. Next a small portion of the wattless 
load characteristic is then determined, or, since the method only 
requires one point on this curve, the wattless load can be adjusted to 
give normal full-load current at normal voltage. This point is repre¬ 
sented by the point P in Fig. 20.27. Mark off OB equal to the current 
flowing in the wattless load test, draw the horizontal BC, and then the 
perpendicular CD. Then OD represents the excitation required to 
produce this current on short-circuit, and since the short-circuit 
current is very nearly wattless, the point D is on the zero power-factor 
characteristic for this particular current, as shown dotted. From P 
mark off PF equal to OD, and then draw FO parallel to the tangent 
at the origin to the open-circuit characteristic, to cut this characteristic 
at 0. Then draw the perpendicular GU. The length PH is the demag¬ 
netizing ampere-turns due to a wattless load of amperage equal to that 
in the wattless current test, while GH is the reactance drop per phase 
in the armature. Hence, GII measured in volts, divided by the current, 
gives the reactance per phase of the machine. The excitation for the 
same current loading during short-circuit is OD, hence PH subtracted 
from OD (= FH) gives the excitation required to supply the reactance 
drop in the machine on short-circuit. The regulation is now determined 


* Specification and Design of Dynamo-electric Machinery, p. 287, Longmans, 
London, 1917. 
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as follows. Draw OA, Fig, 20.28, to represent the normal voltage per 
phase, and set off AB equal to the reactance drop, and inclined <f> to the 
perpendicular to OA ; cos </> is the power factor of the load at which 



the regulation is required. Next set off the perpendicular BC equal to 
the resistance drop per phase. Joining OC we obtain the e.m.f. generated 
per phase and, referring back to the open-circuit characteristic, we 
obtain the excitation required to generate this voltage. Mark this 



excitation off along the direction of OC; let it be OD. Then mark off 
OF equal to the demagnetizing ampere-turns, or the equivalent 
exciting current (whichever is plotted in Fig. 20.27) as shown, and 
complete the triangle OFD, Then FD is the excitation required to 
maintain the normal terminal voltage at the load current used in the 
construction, and at a power factor equal to cos Referring back to 
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the open-circuit characteristic, the voltage corresponding to this 
excitation is read off. Calling this E^j we have for the regulation up 

Percentage regulation up = [(Eq — E)IE’\ X 100 

It is very common practice to use a calculated, instead of a measured, 
value of the demagnetizing ampere-tums. As an example of the 
method, consider a 600-kVA, 3300 V, 3-pha8e, 50 c/s alternator whose 
open-circuit and short-circuit characteristics are given in Fig. 20.29. 



The calculated value of the demagnetizing ampcrc-tums/pole at 
full-load current and zero power factor is 2780, and the stator resistance 
per phase is 0127 il. 

Full-load current = 600 X 1000/(\/3 X 3300) = 105 A 

and on referring to the short-circuit characteristic, we see that the 
excitation on short-circuit to give this current is 3080 ampere-turns/ 
pole. Now the armature reaction has been shown to be almost 
entirely demagnetizing during short-circuit conditions, so that the 
excitation to generate the armature voltage required to overcome the 
reactance drop is (3080 — 2780) = 300 ampere-turns/pole. Referring 
this to the open-circuit characteristic, we see that the reactance drop 
per phase at full-load current is 133 V. Also 

Resistance drop per phase = 105 X 0*127 = 13*3 V 
and normal terminal volts per phase = 3300/\/3 = 1910 V 

There is now sufficient data to make use of the construction of 
Fig. 20.28. The combined voltage and ampere-turn diagram is drawn 
to scale in Fig. 20.30 for a load current of the normal value of 105 A/ 
phase, at a power factor of 0*8 lagging. 

/. = cos'^ 0*8 = 37° (very approx.) 
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The diagram gives a generated voltage of 1990V/phase, which by 
reference to the open-circuit characteristic, requires an excitation of 
5100 ampere-turns. The demagnetizing ampere-tums of 2780 are set 
off along OFf as explained previously, the resultant excitation therefore 
being 7240 ampere-tums/pole. This corresponds to a voltage per phase 
of2240 V when the load is thrown off, the regulation up, therefore, being 


2240 - 1910 
1910 


X 100 = 17-3 per cent 


Separation of Armature Reaction and Leakage Reactance Effects. 

This experimental method, due to Potier. necessitates the determination 


! 



Fig. 20.30 


of the open-circuit characteristic, and also the wattless load charac¬ 
teristic. This latter is the curve of terminal volts against excitation 
when the armature is delivering full-load current at zero power factor. 
Actually, this characteristic is very close to the characteristic for very 
low power factor, say not greater than 0*2, so that in practice the 
machine can be loaded by means of reactors with air gaps in the 
magnetic circuit so as to make the magnetizing current as large as 
possible. An alternative method is to supply an idle running synchro¬ 
nous motor whose excitation is reduced to as low a value as possible, 
without the machine actually falling out of step. 

The vector diagram for wattless load conditions is shown in Fig. 
20.31. The current I lags the terminal p.d, V by an angle (f> nearly 
equal to 90®. Adding the resistance drop and reactance drop to this 
we obtain E the total e.m.f. per phase, and since <f> is very nearly equal 
to 90® we have 

E :^V + XJ 

From the m.m.f. triangle OCD, we have 

m.m.f.^ m.m.f.i + m.m.f.g 

where m.m.f.i is that required to induce the terminal voltage F, and 
m.m.f .2 that required to induce the drop X^/. Now in both the o.c. 
and wattless-current characteristics volts are plotted as ordinates and 
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excitation (m.m.f.) as abscissae. It therefore follows that two points 
P and Q on the o.c. and wattless load characteristics respectively for 
which the induced e.m.f. is the same will be so related that their 


D 



Fig, 20.31. Vector Diagram for Wattless Load 


horizontal displacement is equal to the armature reaction m.m.f.^ and 
their vertical displacement the leakage reactance drop. Thus, in Fig. 
20.32, RQ is the armature reaction m.m.f. and PR the reactance drop. 



FlO. 20.32. iLLXrSTBATINO THE PoTIER METHOD OF SEPARATING LEAKAGE 
Reactance and Armature Reaction Effects 

If a parallel FQ' is drawn in any position, the new triangle FFQ' is 
equal to PRQ. In particular, if is drawn parallel to PQ and the 
perpendicular dropped from B on to the excitation axis, we have 
CA = RQy and BC = PR, and therefore, smce point A is given by the 
field m.m.f. required to circulate full-load current when l£e armature 
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is short-circuited (since the terminal p.d. is zero), the triangle PRQ 
can be constructed from the determination of a single point Q on the 
wattless current curve. The procedure is as follows: From Q draw 
a horizontal Q8 = AO, and from S draw SP parallel to the initial 
portion OB of the o.c. characteristic. This gives P, from which the 
triangle PRQ can immediately be drawn. The reactance drop PR 
divided by the current flowing during the wattless-current test gives 
the leakage reactance per phase. 

Transient Reactance of Synchronous Machines. We have seen that 
during normal steady-state operation there is an m.m.f. balance between 
the field m.m.f., demagnetizing component of the armature reaction 
m.m.f., and cross-magnetizing component. In addition there is ar 
e.m.f. balance between the induced e.m.f., the terminal p.d. and the 
volt drops due to resistance and leakage reactance. If the impedance 
of the load is gradually ^^educed then there will bo time for both of 
these balances to be maintained. If the machine is finally short-circuited 
the whole of the effective armature m.m.f. will be directly demagnetizing 
and the resultant m.m.f. will induce an e.m.f. equal to the internal 
voltage drop. Now suppose that a short-circuit is applied suddenly, 
then the armature m.m.f. will increase suddenly and, as the short- 
circuited armature is in the nature of a highly inductive circuit, this 
m.m.f. will be almost entirely demagnetizing. Owing to the very high 
inductance of the field winding, and its high ratio LjR, which in a large 
alternator may be of the order of 5 to 10, the armature m.m.f. cannot 
cause a sudden reduction in flux, but can only bring this about 
gradually. Hence, initially the short-circuit current is limited mainly 
by the leakage reactance. What the armature m.m.f. does do is to force 
more of the main flux to take field leakage paths (not to be confused 
with the paths of the armature leakage fluxes) so that there is a certain 
reduction in the induced e.m.f. with consequent reduction in the 
initial value of the short-circuit current. If the pole faces have damping 
windings, or if the poles are solid, the transformer action due to the 
rapid flux changes will tend to delay these changes and so to prolong 
the high initial value of the current. 

Just as the effect of armature reaction and true leakage reactance 
can be combined to give the synchronous reactance, so also the effects of 
armature leakage flux and increased field leakage flux can be combined 
to give what is called the transient reactance.* 

We have seen that the initial establishment of the current in an 
inductive circuit is associated with a rapidly diminishing d.c. com¬ 
ponent whose initial value is only zero if the circuit is closed at the 
instant the e.m.f. is a maximum. If a fully-excited alternator is short- 
circuited at the corresponding instant, then, owing to the above 

* 8ee R. H. Park and B. L. Robertson, “The reactances of synchronous 
machines,** Trans, AJ,E,E,, 47, No. 2 (1928) 514; B. Adkins, “Transient theory 
of synchronous generators connected to power systems,** 98, Pt. II (1951) 

510; R. £. Doherty and 0. E. Shirley, “Reactance of ssn^hronous machines and 
its applications,** Trans, A,I,E,E,, 87, Pt. 11 (1918) 1209; L. A. Kilgore, loe. cU. 
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phenomenon, the current rises suddenly to a high value and then dies 
down progressively to the value it would have if the machine were 
short-circuited gradually. The comparison of the two cases is illus¬ 
trated in Fig. 20.33. If the envelopes of the curves, as determined by 
oscillographs, are drawn, it will be found that smooth curves will give 
intercepts OAy OA, but that the decrement of the first two, or perhaps 



three, cycles is so high that these require separate initial envelopes, as 
shown dotted, giving intercepts OB, OB, The ratio 


Max. value of excitation e.m.f. 


and 


OA (amperes) 

Max. value of excitation e.m.f. 
OB (amperes) 


= Transient Reactance 


= Sub-transient Reactance 


The sub-transient reactance is due to closed field circuits such as 
damping windings and, in fact, any metal subjected to the effect of the 
field flux. This effect dies away rapidly, and the rest of the charac¬ 
teristic is due to the gradual reduction of main flux to that correspond¬ 
ing to the sustained steady conditions. It is for such reasons that the 
appropriate reactance has to be used in the calculation of the various 
symmetrical components of a short-circuit current. 
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Examples on Chapter 20 

1. A 3-phase sjmchronous machine, 2000 kVA, 11,000 V, has a two-layer 

wmdmg housed in 6 slots per pole, 2 conductors per slot, with full pitch coils. 
The rotor is cylindrical. Draw the armature m.m.f. waves for the mstants at 
which the crest value has its greatest and best values. Hence calculate the 
armature ampere-tums per pole at full load. Ans, 553 AT/pole. 

2. A 750 kVA, 5000 V, 60 c/s, 3-phase, 260 r.p.m. alternator, has the following 

particulars: armature diameter, 230 cm; iron length of armature core, 55 cm; 
slot dimensions, = 0, = 0 4 cm, ^3 = 03 cm, — 3*8 cm, ^ w, ^ 

2*0 cm; slot pitch = 6-02 cm. Slots per pole per phase = 2; conductors per 
slot = 10 (smgle circuit wmdmg). Calculate the mductance per phase due to 
(a) slot leakage, (6) tooth head leakage. 

Ans. {a) 2 72 X lO'^H; (6) 2-6 X 10-*H. 

3. Given that the mductance of the machine m question 2 due to overhang 

leakage is 1 2 X 10“* H per phase, calculate the reactive drop per phase at full¬ 
load current. Ans, 166 V. 


4. The open-circuit characteristic of a 3-pha&e, 50 c/s synchronous machme is 
given by— 


Excitmg current (amperes). 

20 

40 

60 

84 

105 

123 

Terminal e.m f. (volts) 

860 

1700 

2460 

3000 

3300 

3600 


Determme the excitation necessary for full-load operation at 0 9 power factor, 
leadmg, on a 3000 V supply. When short-circuited and diivon at normal speed 
an excitation of 60 amperes gives normal full-load stator current. The resistemce 
drop is 2 per cent and the leakage reactance drop 16 per cent. (L.U.) 

Ans. 76 A. 

6. Deduce the excitmg current for a 3-phase, 3300-V generator when supplymg 
1000 kW at 0 8 power factor, lagging, given the magnetization curve as open 
circuit— 


Lme voltage 

3300 

3600 

3900 

Exciting current (amperes) 

80 

96 

118 


There are 16 poles, 144 slots, 5 conductors per slot, single circuit full-pitched 
wmdmg, star-connected. The stator wmdmg has a resistance per phase of 0 16 
ohm, and a leakage reactance of 1 2 Q. The held coils have each 108 turns. (L.U.) 

Ans. 124 A. 


6. The following figures give the open circuit and full-load zero power factor 
saturation curves for a 16,000 kVA, 11,000 V, 3-phase, 50 c/s, star connected 
turbo -alternator— 


Field ampere turns m 10®. 

10 

18 

24 

30 

40 

45 

50 

O.C. lme kilovolts . 

49 

8-4 

10 1 

11 6 

12-8 

13 3 

13-66 

Zero p f. full-load Line 








kilovolts 

— 

0 

— 

— 

— 

10-2 

— 


Find the armature reaction, the armature reactance, and the synchronous 
reactance. Deduce the pegulRtion for full-load at 0 8 power factor lagging. {I.E.E.) 

Ans. 15,700 AT, 0 81 Q, 6 16 Q, 18 8 per cent. 
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THE STNCHBONOUS MOTOR 

We have seen that a d.c. machine can function as a generator or as a 
motor. Imagine such a machine connected to a supply of voltage F. 
If the induced e.m.f. JB7, is greater than F, then the resultant e.m.f. in 
the armature circuit will be 

^ - F 

and the armature current 

Ia = (E- V)IR, 

its direction in the armature corresponding to the direction of E. If 
E is less than F, we have 

E, = E ^ F, and == (E - F)/7i*„ 

as before, but the numerator will be negative, and the current therefore 
reversed, so that, in the armature circuit it is now in opposition to E, 



Fio. 21.1. Vkctor Diagrams of Synchronous Machines 
( a) Generating. (6) Motoring. 

Thus, in general, a d.c. machine functions as a motor when the armature 
current flows in opposition to the induced e.m.f. 

In the case of the a.c. synchronous machine, that is the machine 
with d.c. excitation of the rotor we have seen that the phase of th^ 
current can vary with respect to that of the induced e.m.f. If the current 
has a component in phase with the e.m.f. then the machine generates, 
but if it has a component in opposition, then the machine acts as a 
motor. Consider the vector diagrams of Fig. 22.1. Diagram (a) is the 
Behn-Eschenberg regulation diagram we have used before. For motor 
action, and for the same power factor the current vector is reversed, 
giving diagram (6). In the generator case the internal phase angle 
y < 7r/2, in the motor case it is > 7r/2, and therefore if we reverse the 
current vector, the phase of this with respect to — is y' > 7r/2. We 
can use this diagram to determine the nature of the space distribution 

602 
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of current with respect to that of air-gap flux in the two cases. Pig. 
21.2 (a) shows a rotating armature machine: irrespective of whether 
the regime is generating or motoring, motion of the conductors to the 
right will lead to induced e.m.f.s acting inwards with conductors under 
a north pole. Hence in the belt of conductors AB the induced e.m.f.s, 
at the instant shown, will all be inwards. For generator action the 
current lags the induced e.m.f. by the angle y and therefore this same 
belt of conductors must advance to the position A'B\ y degrees in 
front of ABy before the current distribution in them corresponds to the 
e.m.f. distribution in Fig. 21.2 (a). Thus the current distribution in 
space is in advance of the e.m.f. distribution in space. Using the 
left-hand rule, as though the conductors were actually exposed to the 
main flux, as in a smooth-cored machine, we see that the tangential 
forces acting on the conductors are in opposition to motion in the case 
of those which carry inward current, and in the same direction as 
motion in the case of those which carry outward current. The former 
predominate and we have the expected result that the resultant torque 
acts in opposition to motion. To convert the conditions to those of a 
rotating field machine suppose an equal and opposite motion to the 
left, the field then moving to the left at synchronous speed but the 
armature being stationary. The relative motion is identical and there¬ 
fore the field m.m.f. of a rotating field machine leads the armature 
m.m.f. by the angle ( 77/2 — y). 

Now consider the motoring case: the reversed current leads the 
induced voltage by the angle y' and therefore we reverse the armature 
current distribution and displace it y' with respect to the induced 
e.m.f. distribution. This gives Fig. 21.2 (c) from which we see that the 
attraction between main field and armature now results in a torque in 
the same direction as motion, that is, a motoring torque. This is also 
shown by the contributions of the individual conductors, the greater 
of the two opposing torques being in the same direction as rotation. 
Using the same artifice to simulate the conditions of a rotating field 
machine we see that in the motor the field m.m.f. lags the armature 
m.m.f. with respect to motion by the angle ( 77/2 y'). 

We can thus draw gap fiux diagrams similar to those used for d.c. 
machines to demonstrate the differences between the two cases. This 
is done in Fig. 21.3. 

Torque—Single-phase Machine. Consider first of all a single-phase 
machine, and let the field be rotating. Some of the rotor periphery may 
be left unfilled by conductors, so that the armature current distribution 
will be a rectangular block for each pole, the width of the block being 
fixed by the number of unfilled slots. This is illustrated in Fig. 21.4. 
As the field rotates this distribution will remain stationary in space, 
but the amplitude will vary sinusoidally with respect to time, the 
current distribution thus being in the nature of a stationary wave of 
rectangular shape. By Fourier analysis we can determine the sinu¬ 
soidal components of this, and we will consider the fundamental only. 
This is a stationary wave of sinusoidal shape and amplitude 



One Pole Pitch 



Fig, 21 . 2 . Modes of Operation of the Synchronous Machine 
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4/max COS a/TT. By Ferrari’s principle we can resolve this into two 
traveUing waves, each of constant amplitude 2/inax cos a/7r, but rotating 
in opposite directions at synchronous speed. 

The fundamental action of all dynamo-electric machines is the 
reaction of the_magnetic flux set up by the field system on the current 



Rotaiing Armature Machine 
Motion of Armature to Right. 

Rotating Field Machine 
Motion of Field to Left. 

Fig. 21.3. Flux Distortion in a Synchronous Machine in Relation 
TO its Mode of Operation 

distribution in the armature winding. This reaction takes the form of 
a torque which must be unidirectional and this requires that the 
magnetic field and the armature current distribution must rotate in 
the same direction and at exactly the same speed, that is, they must keep 

Hole 



Fig. 21.4. Current Distribution of Single-phase Armature at 
Moment of Maximum Current 

pace with one another. In the d.c. machine with its fixed field system 
it happens that speed of rotation of both magnetic field and armature 
current distribution is zero. This requirement indicates two things: (a) 
the backward rotating component of the current distribution does not 
set up the working torque, (6) the rotor must travel at exactly the same 
speed as the forward travelling component, that is, at synchronous 
speed. Consider then the forward-travelling component: the current 
distribution of this component (but not of the actual winding) is sinu¬ 
soidal. Let the flux-density distribution be sinusoidal also, then, for 
unity power factor these two distributions will be in space phase, as 
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shown in Fig. 21.6. Let angular distance be reckoned from the pole 
centre, then we can write 

JB = BjnsifX ^ 
and ^ ~ max cos 6 

where !'ma.x = ^max cos a/7r 



Fig. 21.6. Flux and Cubbbnt Relationship at Unity PowEB-rAcroR 

The torque due to a conductor at angular position 0, in a machine of 
conductor length I and radius r metres is 

= Bilr newton-metres 
= Bm&xl^ COS* 0 
== ^J5niax /'maxir(l + cos 20 ) 

The average of this is 

T’ccav) = i^max/'maxlr newton-metres 

so that for a total of Z conductors in series, the total torque is 

T = iSmax/'max^lr newton-metres 

This is a unidirectional torque which does not fluctuate with ^pect 
to time because the flux and current distributions keep pace with one 
another and the angle 0 is a space relationship only. Considering now 
the hackward-travelling component, this rotates at twice synchronous 
speed with respect to the flux and consequently it will up ^ 
alternating torque of maximum value T and frequency 2/. The total 
torque thus varies with time in accordance with the expression 

T = |5max/'m8xZlr(l + COS 2cot) 

This shows that in the single-phase machine the torque fluctuates with 
a frequency of twice the supply frequency, and that periodically it falls 
to zero In this respect the torque of a single-phase synchronous 
motor operating at unity power factor is analogous to the power m a 
single-phase circuit at unity power factor. _ .. 4 . 

In the general case of an internal phase angle y, laggmg, the two 
components of the current distribution have a space phase of y, with 
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respect to the stationary wave, Fig. 21.6, so that, considering the 
forward component alone we have 

Tc == cos 0 . cos (0 — y) 

= \BmKxl'ms.xlr [cos y + COS (20 — y)] 

The average of this over a pole pitch is 

^c(av) = COS y 

Hence for Z conductors in series 

T — ^-Bmax^'max Zlr COS y newton-metres 

Combining this with the torque due to the backward-travelling com- 
ponent we have for the total torque with respect to time 

T = J^max^'max^i^ COS y [1 + COS {2(ot — y)] 

Thus in the general case the torque of a single-phase motor is analogous 
to the power in a single-phase 
circuit at a power factor of cos y. 

Three-phase Machine. For the 

three-phase machine we can con¬ 
sider the three current distributions 
separately. At any particular 
instant we see, from considerations 
similar to those of p. 362, that the 
three forward components are in 
space phase, whereas the backward 
components have a relative displace¬ 
ment of 27r/3 electrical radians 
and therefore cancel out. The 
great advantage of the three-phase 
motor—or any motor having a number of phases greater than one, 
in fact—is therefore that the torque is uniform. For a phase spread 
of 27r/3 radians the angle a is 7r/6, so that the amplitude of the 
fundamental of the stationary wave due to one phase alone is 

4/max cos (7r/6)/7r = (2\/3/7T)/niax 

Each travelling wave has an amplitude of one-half of this, and therefore 
the amplitude of the equivalent travelling wave, reckoning all three 
phases is /'max = Sy'S/max/^* 



Fig. 21.6. Flxtx and Current 
Relationship 


General Properties of the Motor. L§^e rotor be stationary, then, in 
the case of the single-phase machine it will He acted on by two equal 
and opposite travelling waves of current, the starting torque “thus 
being zero. In the case of the three-phase machine there is only 
a forward-travelling wave of current. This wave will pass any^given 
pole at synchronous _sj 5 eed, so that the direction of the torque s^ up 
will alternate according to the polarity of the wave. This illustrated 
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in Pig. 21.7, from which we see that the starting torque of the three- 
phase machine is an alternating torque, its average value thus being 
zero. If the rotor is unexcited then the flux will be that set up by the 
armature currents. Either a north or a south pole of this flux will 
attempt to grip a salient pole as it approaches it, but owing to the high 
relative speed of the armature flux with respect to the stationary rotor it 
is not possible to overcome the inertia of the latter and thus start the 
motor. Consequently, neither the single-phase nor the three-phase motor 
is capable of starting from rest by synchronous motor action, and so the 
motor must be run up to speed by some other means. 

As the speed is increased from zero, the frequency of the torque 
decreases until, with a speed only a little less than synchronism the 




Fia. 21.7. Dependence of Direction of Torque on Relative Portions 
OF Rotor and Armature Current Distribution 

frequency is very small, and the rotor will attain full speed, or “pull 
into synchronism,’’ provided there is a preferred position of the rotor 
relative to the stator current distribution, and if the torque at this 
preferred position is able, in the time available, to impart to the rotor 
the necessary kinetic energy. We will neglect the cylindrical rotor 
machine at the moment (see p. 540) and consider only the salient-pole 
machine with unexcited rotor. The most preferred position of a stator 
pole relative to the rotor is that of Fig. 21.8 (A), If the rotor speed is 
slightly less than synchronism then, after a very short interval of time 
the conditions will be those of Fig. 21.8 (i^), in which the gap reluctance 
is considerably increased and the flux therefore decreased. It is clear 
that if the angular distance a exceeds a certain value the stator flux 
will leave the pole shown and will enter the next pole further ahead. 
Hence the condition for pulling into step, or into synchronism, is that 
the flux from any one stator pole shall be able to retain its hold on one 
rotor pole, and not slip from pole to pole. 

Take the case of an 8-pole, 50 c/s motor, the synchronous speed thus 
being 750 r.p.m. Suppose that the starting device is able to bring the 
rotor up to 95 per cent of synchronism, the deflcit of rotor speed below 
synchronism being 

(5/100) X 750 = 37-5 r.p.m. 

The time taken for a stator pole to move forward one-half a pole pitch 




THE SYNCHRONOUS MOTOR 


Ch. 21] 


609 


is 1/100 sec, and therefore the time taken for the stator pole to advance 
one-half a pole pitch relative to the rotor is 

(100/5) X (1/100) = 1/5 sec 

In this interval of time the rotor has to be accelerated from 712-5 r.p.m. 
to 760 r.p.m. 

If the rotor could be brought up to 97-6 per cent of synchronism the 



Fiq. 21.8. Relative Positions or Rotor and Stator Poles 


time available would be doubled and 
increased by 18-75 r.p.m. instead of 37- 
starting device should bring the rotor 
synchronism. When the motor has 
pulled into step the rotor can be 
excited, and the main flux then becomes 
the rotor flux. The armature m.m.f. 
then plays the normal role of armature 
reaction. 

The d.c. motor and the induction 
motor adjust themselves to a change 
in load by an automatic change in 
speed. The s 3 mchronous motor cannot 
do this, and therefore its adjustment 
takes the form of a shift of the angular 
position of the rotor with respect to the 
position at which the flux enters the 
stator. A region where lines of force 


the speed would have to be 
5 r.p.m. This shows that the 
speed as near as possible to 


Stator^ 

Stator 

.y 


1 1^ J 


1 lector 1 

Rotor 

1 1 

Pole 

Load 

Heavy Load 


OA.^ Total Attraction 
Tangential Component 

Fig. 21.9. Synchronous 
Motor under Varying Load 

enter a mass of iron can be 


regarded as a south pole, and a region where they leave as a north 
pole, and therefore we can represent, in an elementary way, the adjust¬ 
ment to change in load by Fig. 21.9. The stator pole is supposed to 
be moving towards the right at synchronous speed. The torque is 
proportional to the tangential component of the total force of attrac¬ 


tion, and therefore an increase in load must be accompanied by a 
falling back of the rotor pole with respect to the stator pole. It is 
obvious that as the load torque is gradually increased, a point will 






510 


ELECTRICAL TECHNOLOGY 


[Ch. 21 


be reached at which the increasing distance between the rotor and 
stator poles causes the tangential component to decrease instead 
of increase. The motor then stops, since it can only run at synchronous 
speed or not at all. The torque at which this happens is called the 




% 


“pull-out** torque. 

Vector Diagram of the Motor. In 

order that a d.c. machine may 
act as a motor, we have seen that 
its induced e.m.f. must act in op¬ 
position to the armature current. 
In the case of an alternating- 
current machine, it will function 
as a motor if the induced e.m.f. 
has a component in opposition 
to the armature current. Bearing 
this in mind, we can construct 


Fig. 21.10. Synchbonous Motob the vector diagram as follows. 

Vector Diagram Let OA (Fig. 21.10) represent the 

applied voltage F, and let AB 
represent the motor induced e.m.f. Then OBy the resultant of OA 
and AB, is the resultant e.m.f. acting in the armature circuit. Calling 
this resultant e.m.f. E^, we have, current 


I = E^jZ, lagging an angle 0, 

where tan 0 = X/i?, the various quantities referring to one phase. 


Represent the current in phase by 01, Then AOI = the phase 
of the current with respect to the applied voltage. Draw O Y inclined 
0 to OA. Then /_ YOB = 0, and since OB (= E^) is proportional to 
the current, the vector OB, when referred to OY, represents the current 
in both magnitude and phase. 

Then intake of the motor, or intake per phase with a pol 3 q)hase 
motor 


P = VI cos (f) 
= V X BM 


where BM is the perpendicular dropped from B on to OX. But V is 
constant. Hence, intake is proportional to BM. Thus, if the motor 
is working with constant intake, the locus of the working point B is 
the straight line through B parallel to OX, since this line is at a constant 
distance from OX. Hence, we can draw a series of parallel lines on the 
diagram, each line corresponding to a definite value of the intake. 
These “power** lines are shown dotted in Fig. 21.10, and it is obvious 
that for equal increments of intake they will be equally spaced. 

The length .4J5 is the induced e.m.f., and since the speed is constant, 
this length also represents the flux per pole of the motor. We thus have 

OA = applied voltage 

AB flux per pole, a function of the excitation 
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/cw 

600 


OB =5 current 
cos £_ YOB = power factor 

BAO == angle in electrical degrees between Ihe 
centre of the stator and rotor poles 

Perpendicular distance from working point B to the zero power line is 
proportional to the intake. 

If the working point B is above the horizontal OA the machine will 
be working as a motor, but if it is below OA the machine will be 
generating. Since the angle 0 is very 
nearly 7r/2 because R is so small, little 
error is made in taking 6 equal to 7r/2. 

This is done in some subsequent 
diagrams. 

Operation with Fixed Excitation. If 

the excitation is fixed, then AB la 
fixed, and the locus of is a circle, 
shown dotted (Fig. 21.11), with A as 
centre and as radius. Suppose the 
load is such that the intake is 100 kW; 
then the working point will be at Bi, If 
the load is increased, the intake will have 
to increase, and therefore, the working 
point will have to reach a line of greater power. To do so it must travel 
along the circle in a clockwise direction. Thus it might travel to B^y 
and it will remain there as long as the load remains at the new value. 
If the load is gradually increased, then the working point will travel 
round the circle until it reaches B^y at which the intake is obviously 
a maximum. For a further increase in load, the point will travel on to 
a line of smaller power. Such a condition is impossible, since an 
increase in load naturally demands an increase in power, and the whole 
of the diagram to the right of AY' therefore represents unstable 
operation of the motor. The intake B^A is thus the maximum intake 
for the given excitation, and if the motor losses are deducted from this, 
and the resulting output divided by the speed, the pull-out torque is 
obtained. We see that the pull-out torque depends upon the excitation, 
and the maximum possible value of this torque is fixed by that value 
of the exciting current which causes the maximum allowable tempera¬ 
ture rise of the field windings. 



O 

Fio. 21.11. Operation at 
Constant Excitation 


Operation at Constant Power. The locus of the working point in this 
Case is obviously one of the lines oT constant power, say, 300 kW. The 
independent variable is the excitation. If the excitation is small, the 
working point will be at say (Fig. 21.12). The current OBi will be 
large and the angle of lag will be large. The power factor will there¬ 
fore be low. As the excitation is increased, the working point will move 
along the 300 kW line towards the left, and for one particular value 
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of the excitation, will be at on OY. For the given power, the motor 
current is now a minimum, and the power factor is unity, the current 
being in phase with the applied voltage. A further increase in excita¬ 
tion will bring the working point to B^, to the left of JJg* The current 
has now increased again, but it is leading instead of lagging, the angle 

y' 


b 

Fig. 21.12. Operation at Constant Power 

of lead increasing as the excitation is increased. We thus see that an 
over-excited synchronous motor takes a leading current, a property 
which renders the motor extremely valuable as a phase advancer or 
power-factor corrector, that is, a machine which takes a leading 
current, thereby bringing the total current taken from the supply more 



Fig. 21.13. Synchronous Motor Characteristics 


nearly in phase with the voltage, in cases where the synchronous motor 
is working on the same supply as other plant which, by itself, takes 
current at a lagging power-factor. 

If the motor current is plotted against excitation, the intake being 
constant, the characteristic obtained (Fig. 21.13) is called the “V’* 
characteristic, from its shape. There is a family of such characteristics, 
each curve of the family corresponding to a definite intake. The curve 
of power factor against excitation is an inverted V, as shown. 

Example. A single-phase alternator has an armature resistance of 
0*6 and synchronous reactance of 0*866 fl. It is running as a syn¬ 
chronous motor on a 200 V supply, the mechanical load on the shaft, 
including iron and friction losses, being 6*5 kW. The current taken is 
60 A. Find two possible phase angles of the current and two possible 
induced e.m.f.s. 

Armature copper loss, PE = 50 X 50 X 0-5 — 1250 W 
Intake = 6500 + 1250 = 7750 W 
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Power factor cos^ = P/F/ = 7760/(200 X 60) = 0-776 
<f> — 39° lagging or leading 

The angle 6 (Fig. 21.10) = tan~i (X/R) = tan-^ 1-732 = 60° 
Phase angle, /. BOA = 60 — 39 = 21°; or 60 + 39 = 99° 
Also, resultant e.m.f., OB = IZ = 50 x \/{R^ + X^) = 60 V 
AB^ = OA^ + _ 2 OA X OP . cos Z. BOA 

= 40,000 + 2500 - 20,000 (cos 21° or cos 99°) 

/. AB = 154 V or 214 V 

The method of drawing the “V” characteristic is as follows. The 
vector diagram with the lines of constant power is first drawn, and a 
series of concentric circles with centre at A then drawn to give a series 
of back e.m.f.s. The intersections of these circles with the lines of 
constant power will then locate the working points for specified 
powers and specified back e.m.f.s. The next step is to convert from 
back e.m.f.s to exciting current, and this necessitates a knowledge of 
the magnetization characteristic, a very convenient construction being 
to incorporate this characteristic in the diagram as shown in Fig. 21.14. 
Thus, for a power of 600 kW, the working points for the range of back 
e.m.f.s shown in the figure are P^, Pg, P 3 , . . . Pg, the current being 
OBi, OB^i OBq, . . . OPg; the back e.m.f. vectors are not drawn as 
there is no necessity to confuse the diagram by their presence. The 
various back e.m.f.s are projected on to the magnetization charac¬ 
teristic, giving the corresponding exciting currents. The above line 
currents are now plotted against these values of the exciting current, 
thereby giving the “V” characteristic for the particular power of 
600 kW. Similarly, the characteristics for other powers can be drawn. 
If the angle of lag or lead of the various currents are measured the 
power factors can be calculated, and the curves of power factor against 
exciting current also drawn. By drawing a semicircle with 0 as centre 
and calling its radius 100 , the intersection of the various current 
vectors with this semicircle can be projected on to OY, thereby giving 
the percentage power factors graphically, but this construction is not 
shown in Fig. 21.14. 

The Blondel Diagram. This is an elaboration of the simple vector 
diagram of Fig. 21.10. Let V be the applied p.d. per phase and E the 
induced e.m.f. per phase. Let the power converted into mechanical 
power be P watts per phase, then 

P= VIcoB<f>-RP 
P - (F/P)/ cos 0 + P/R = 0 

This is the polar equation to a circle with its centre at some point O' 
on 07, Fig. 21.15, showing that if the excitation is varied while the 
power is kept constant, the working point B will move along this 
circle. Let the radius O'B be r and the distance 00' be d, then 
r 2 = / 2 - 2 d/cos(^ + d 2 
/, P — 2dl cos ^ + (d* — P) = 0 


18—(T.818) 



Ctrcie of back EMI: 
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Comparing this with the previous equation we have 

00' = F/2J? 

showing that the point O' is independent of P, and is a constant for a 
given motor operating at a fixed applied p.d. V. 

Again d* — r* = P/P 

r = (d« - P/P)i 
= (FV'iP* - P/P)l 
= (1/2P)(F* - 4PP)* 


y 



Fio. 21.15. Dbbivaiiok or the Blondel Fig. 21.10. SnoiETBY or 

Diagram the Blohdei. Diagram 


Drop the perpendicular O'G, Fig. 21.16, then 
OC = 00' OOB 0 

= (F/2P) X (P/Z) 

= Ur/Z) = iOA 

since the length OA must represent the current corresponding to VIZ 
when OB represents the current I = Er/Z, The point C is thus the 
mid-point of OA, showing that the triangle 0^0A is isosceles, Fig. 21.16 
Since the power P must be a real quantity we have the condition 
4 PjR > showing that the maximum possible power for phase is 

Pmax = FV4P 

and the radius of the circle of maximum power is zero: in other words 
this particular circle becomes the point O'. Again when P = 0 we 
have 

r = F/2P = 00' 

showing that the circle of zero power passes through the points 0 
and A. 
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The radius for any power P whatsoeyer is 

r = (F/2P)[1 - P/{FV4P)]1 
= (F/2i2)(l - P/P„,ax)^ 

= (F/2P)(1 

where m is the power P expressed as a fraction of the maximum 
power Pmax- The quantity F/2P is the slant side 00' or d, so that 

r = d(l — m)i 

Conditions for Stability. Suppose that the motor is working with a 
fixed excitation and therefore a fixed back e.m.f. E, The locus of the 



working point B will be the circle of radius Ey the dotted circle of Fig. 
21.17. If the load increases the point B must move on to a circle 
representing the new conditions, and since the radius of the power 
circle decreases with increase of power, this means that B must move 
clockwise for an increase of power, and vice versa. Thus an increase 
in power corresponds to an increase in y, and the condition for stability 
is that dPjdy shall be positive. Draw OC parallel to A By then 

P = El cos (tt - Z. COI) = - E(E,IZ) cos {8 + d) 

= — (EErjZ) (cos 6 cos <5 — sin 0 sin d) 
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We can eliminate and functions of angles 0 and d as follows, 

F/sin S = j^Jsin y /. sin 5 = (F sin y)IEf. 

E^ cos 5 + F cos y = /. cos 3 = (^ — F cos y)IEr 

also cos 6 = RJZ and sin 0 = XjZ 

Substituting these in the expression for P we have 

p _ EE^ /R E ^ V cosy X F sin y\ 

“ ~ * Y, z ‘ / 

= {VEIZ^){R cos y + 3 l sin y) — E^RfZ^ 

Thus P is a function of two variables E and y. For a fixed excitation 
E will be fixed, and so, differentiating with respect to y, we have 

dPjdy = {VEIZ^){X cos y — P sin y) 

= 0 when X cos y = P sin y 
i.e. when y = tan“^ (X/R) = 0 

Thus for a given excitation the maximum power is obtained when 
y = 0. 

Now differentiate with respect to E, 

dPldE = F . [(P cos y + X sin y)/^^] - 2R(EIZ^) 

= 0 when E = F[(P cos y + Z sin y)/2P] 

If we now put y = tan”*^ X/R, we have for the maximum possible 
power, by substituting the above values in the expression for P, 

Pmax = F . (FZ/2P)(Z/Z2) - (P/Z2)F2(ZV4P2) 

= F^/4P, as obtained previously* 

Example. A 1000 kVA, 3-phase, 2200-volt synchronous motor has 
the following data 

F = 2200/V3 = 1270 V/phase 

/ = 1000 X 1000/(V3 X 2200) = 263 A/phase on full load 
P = 0*2 fl/phase 
X = 3-5 £2/phase 
Z Cif 3*5 fl/phase 

The maximum power is obtained when 

y = tan-i (X/P) = tan-i 17-5 = 86^^ 44' 

The maximum possible output per phase is 

Pniax = F2/4P = (1270)2/(4 X 0-2) = 2-02 X 10« watts 

= 2020kW 

* See also N. S. Thompson, ^‘Maximum overload capacity of the s 3 mchronous 
motor,” Elec, 2Hmea, 99 (1941) 343. 
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The maximum possible output for all three phases is thus 6060 kW, 
which is very much beyond the working range. 

We have seen that 

dPjdy = (VEIZ^){X cos y — J? sin y) 
and that the condition for stability is that dPjdy shall bo positive. 

It is positive so long as 

X cos y > JB sin y 
or JB sin y < X cos y 

or tan y < XjR < tan 0 

Thus for the operation to be stable the point B must not move to the 



Fig. 21 . 18 . Modes or Operation or the Synchronous Motor 

right of the slant side O'A. Again, the circle of zero power is the circle 
passing through points 0 and A, For radii greater than this the power 
changes sign, which means that the regime is a generating one. The 
modes of operation can thus be represented by Fig. 21.18. 

V Characteristics. Referring to Fig. 21.17 we have 
OA^ = A& + OR 2 _ 2AB . OB cos 6 
F2 = + PZ^ - 2EIZ cos [Z {^, I) - 0] 

= + PZ^ — 2EIZ [cos /_ I) cos 6 + sin /. (X, /) sin 0] 

But El cos (Ef I) = — P 

cos Z_ {E, /) = — PjEI 

and sin /. (E, /) = ± (1 - P^fEH^)^ 

again, cos 0 = R/Z, and sin 0 = X/Z 

F* == + PZ^ + 2EIZ[P(RIZ) ± - P2)t(x/Z)] x (IjEI) 

= + PZ^ + 2RP ± 2X (E^P - 



519 


C!h, 21] THE SYNCHRONOUS MOTOR 

If we square and rearrange this equation, and substitute 
4 . X* = Z*, we have 

ZH* - 2(Z*V* - Z*E* — 2RZ»P + 2E*E*)P 

+ (F» -E*- 2RPY + 4Z*P* = 0 

This is a quadratic in P, the solution being 

P = (Z*F* - Z*jE?* - 2 i?Z*P + 2 Z*JS?*)/Z« 

± {IIZ*) [(Z*F* - Z»E» - 2RZ^P + 2X»E*)* 

- ^‘{(F* -E»- 2 PP)* + 4X*P®}]i 

The current must be real, and therefore P must be both real and 
positive. The quantity under the root must never, therefore, become 
negative, so that 

(Z*F* - Z*E^ - 2RZ*P + 2Z*P*)* < Z«[(F» - P* - 2PP)* + 4Z*P*] 

Z*F*J5* < (R»E* + 2Z*RPE* + Z*P») 
or ZVE < (RE* + Z*P) 

Hence the limiting values of the back e.m.f. E, for a given output P, 
are given by the equation 

ZVE = RE* + Z*P 

or E*-{ VZIR)E + Z^PjR = 0 

the solution of which is 


^^ 4-1 

IY*Z* 

4Z*P\i 


[ R* 

R } 


2 


^vz vz //_ 

2E ^ 2R aJ\ V^I^R) 

= d[l ± (1 - m)i]Z 

Thus the limiting values of the back e.m.f. E, in order that the motor 
may develop an output equal to 1/m of the maximum possible output 
are, Pig. 21.19 

AP = d[l - (1 - m)i]Z 
AQ = d[l + (1 - m)i]Z 

Consider again the above equations for 7*. If the motor is working 
on a constant output P, the only variables in the equation are E and 
/, of which E is the independent variable. Hence by giving a series of 
values to E, we can calculate the corresponding values of I and plot the 
curves of I against E for that particular value of P. We can repeat 
the process with different values of P thus obtaining a family of 
curves. We have also seen that for a given output P the limiting 
values of E are 


and 


EmB.x = (yZl2R)[l + (1 - m)*] 

^min = (FZ/2P)[l-(l~m)*] 
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Remembering these, no time will be wasted in trying to calculate 
points on curves which represent impossible conditions of operation. 
For the 1000 kVA motor the equation for P reduces to 

P = (120,500 + 0-mE^) ± (1/150)(- 815 X 10^2 + 882 X WE^)^ 
= 120,500 + 0-081JE72 ± 190(l-08Jg72 - I0«)i 


AP = d [j- f(j~m)]Z 
AQ - d[l + /0-m)]Z 


0 A 

Fig. 21.19. Modes of Operation op the Synchronous Motor 




Induced £.M F Per Phase x 

Fig. 21.20. V Chabactbristic for m — \ for the 1000-kva, 3-phase, 
2200-volt Synchronous Motor of the Example 

while the limiting values of E are jErmax = 21,200 V and ^min = 975 V 
when working at the normal rated power of 333-3 kW per phase. The 
curve is drawn to scale in Fig. 21.20 for the case of the normal rated 
load, i.e. m = 0-165. The fact that the rated terminal voltage per phase 
is 1270 V and that the induced e.m.f. per phase is unlikely to be greater 
than about 2,000 V shows that the V characteristic over the normal 
operating range is a very small portion of the total curve. Other V 
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curves for dififerent values of power can be obtained by giving m a 
series of values and by thus obtaining new equations for / in terms of E. 

Torque-angle Characteristic. The previous discussion of the Blondel 
diagram is based on the Behn-Eschenberg conception and is therefore 
more applicable to a cylindrical rotor machine than to the salient pole 
type. The equation for power is 

P = (VEIZ^){R cosy+ X sin y) - E^RIZ^ 

But R = Z cos 0, and X = Z sin 6 

P = (VEIZ) cos (0 - y) - E^R/Z^ 

In an actual machine R is so small that the angle 0 is only a few 
degrees short of 7r/2. We can then write 


P = {VEIX) siny 



Fig. 21.21. Tobque-angle Characteristic of Cylindrical 
Kotor Machine 

Since the speed is constant the torque is proportional to the power 
/. T oz(VEIX)siny 

oc sin y when E is constant 

The torque-angle characteristic of the cylindrical rotor machine is 
therefore the half sinusoid of Fig. 21.21. 

We have seen that 

dPJdy = (VEIZ^)(X cosy-R sin y) 

With the above substitutions for R and X, this becomes 

dPldy=^{VEIZ)sm(d-y) 

(VEjX) cos y when R is small 

This is sometimes called the stiffness coefficient. It shows that for 
a given V and a given E (and therefore a given excitation) the coeffi¬ 
cient is inversely proportional to the 83 nichronous reactance X. 
Machines with long air-gaps have relatively small reactances, the 
coupling therefore being stiff. Such machines do not respond readily 
to rapid changes in shaft loading and under such conditions are there¬ 
fore liable to high mechanical stresses. With a small air-gap and soft 
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coupling the motor will respond to rapid load changes and the inertia 
of the rotating parts may result in values of y such that there is a 
tendency to stray into the region of instability. A machine of this 
type ali^ experiences large changes in the power factor as the load 
varies from zero-load to full-load. 

Now consider the case of the salient-pole motor. We use the two- 
reaction theory and resolve the current into two components, the direct 
component and the cross-magnetizing, or quadrature component 1^. 
The motor has two synchronous reactances which one can call to 


r 



Fig. 21 .22 . Salient-pole Motob Operatino at a LAGoma 
Power Factor 

component /^, and to 7^. The voltage drop due to X^ is X^I^ in quad¬ 
rature, leading 7^, and that due to X^ is XJ^ in quadrature, leading 7^. 
The applied p.d. per phase, F, is the vector sum of the gap voltage E 
and these two drops, and this gives the vector diagram of Fig. 21.22, in 
which the small ohmic drops are neglected. Resolving along OX and 
0 F we have, respectively 

F cos y = ^ + XJ^ 

==: + XJ[ sin (<f> — y) 

V sin y ^ XJ^ 

= XJ cos — y) 

.'. F cos y — E X^I sin (j> cos y — X^I cos (f) sin y 

V sin y = XJ cos ^ cos y + Xcl sin </> sin y 

We wish to eliminate terms in hence multiply the first equation by 
X^ sin y and the second by X^ cos y, then 

X^V sin y cos y — X^E sin y 

= XfyXJ. sin (f) sin y cos y — X^X^I cos <f> sin* y 
X^V sin y cos y 

== X^Xal cos <l> cos* y + X^X^I sin ^ sin y cos y 
Subtracting the first from the second 

— Xc) ^ sin y cos y -|- X^ sin y = X^XJ cos ^ (sin* y + cos* y) 

= XgX^I cos <f> 

— ZJF sin 2y + X^E sin y = X^XJ cos ^ 
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Since we are neglecting resistance, power developed, is equal to the 
intake 

P= VIcoB<f> 

= F[{(Z, - X,)VI2X^,} sin 2y + (ff/X,) sin y] 

= {VEIX^) sin y + {F*(X^ - X.)/2XA} sin 2y 
r oc [(FX/X„) sin y + {F*(X<, - X,)l2X^a} sin 2y]* 

This equation shows two very important differences between the 
salient-pole and nonsalient-pole machines. In the former there is a 

T 


^ Sin2y 


Fio. 21.23. Torque'ANGLE Charactebistio of Salient>pole Motor 

second harmonic term in y which results in a torque-angle charac¬ 
teristic like that of Fig. 21.23. The saliency results in an initial curve 
which rises more steeply than that of the nonsalient-pole machine and 
this assists the process of puUing into step. Secondly, even if E is zero, 
that is, the machine unexcited, there is still a finite torque, showing 
that it is possible, as has been discussed in a general manner on p. 508, 
for the nonsalient pole machine to pull into step even when unexcited. 

The angle y' at which the torque is a maximum can be obtained by 
differentiating the expression for P. We have 

dP/dy = (EVIXa) cos y + [(X, - X,)/XA]F* cos 2y 
The equation for y' is thus 

2[(X,-X.)/X^,]F*co8*y' 

+ (EVIX,) cos y' - [(X, - X.)/X^JF* = 0 

Example. A 620 kVA, 3000 V, 60 c/s, 8-pole synchronous motor 
has a percentage direct-axis synchronous reactance of 120 and 
quadrature-axis reactance of 100. It is excited to an induced e.m.f. 

* The development of this expression is dependent on unsaturated conditions. 
The correction for saturation is outside the scope of this text. See McFarland 
AlterruUing Current Machine, Van Nostrand (New York); also Robertson, 
Rogers and Dalziel, **The Saturated Synchronous Machine,” Trana,AJ,E,E, 
66 , 858 . 
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of twice the rated voltage, and it is loaded to such an extent that the 
load angle is 20°. Calculate the restoring torque per mechanical 
radian displacement from the position of stability, the load angle at 
which the torque is a maximum, and the value of this maximum 
torque. 

Phase voltage V = 3000/\/3 = 1732 V 
Induced phase e.m.f. E = 3464 V 
Normal full-load current = 520 X 1000/(\/3 X 3000) = 100 A 
mXa = (120/100) X 1732 = 2080 
.-. Xa = 20*8 n 

and X, = (100/12) x 2-08 = 17-3 Q 

with y = 20°, cos y = 0*94, cos 2y = 0*766 

dPjdy = (3464 X 1732/20*8) X 0*94 

+ (20*8 — 113)1113 X 20*8) X 17322 x 0*766 

= 0*296 X 10® watts per electrical radian 
Since there are 8 poles 

dPIdy = 4 X 0*296 X 10® 

= 1*184 X 10® watts/mechanical radian 

Hence for all three phases 

dPjdy = 3*552 X 10® watts/mechanical radian 
Speed == 750 r.p.m. 

= 12*5 r.p.s. 

CO = 27t X 12*5 = 2577 radian/sec 
T = 3*552 X 10®/2577 

= 0*45 X 10® newton-metres/radian 

To determine y' put cos y' ~ x 
Term in a;2 = 2[(20*8 - 17*3)/20*8 x 17*3] (1132)V 
= 0*584 X 10®x2 

Term in x = 3464 x 1732/2*08 x 
= 2*88 X 10® a; 

Independent term 

= [(2*08 - l*73)/2*08 x 1*73] x 17322 = 0*292 x 10® 

/. 0*584a:2 + 2*88a; - 0*292 = 0 

the solution of which is 

cos y' = X == 0*103 
y = 84° 6' 

sin y' = 0*9947 and sin 2y' = 0*2045 


and 



THE SYNCHRONOUS MOTOR 


626 


Ch. 21] 


The power at this angle is 


P 


max — 


1732 X 3464 
2-08 


X 0-9947 + 


(1732)2(20-8 - 17-3) 
2 X 20-8 X 17-3 


X 0-2045 


= 2-87 X 105 4 . 0-03 X 105 
= 2*90 X 105 watts/phase = 290 kW/phase 


Phase Swinging or Hunting. We have seen that when a synchronous 
motor is loaded, the rotor poles fall back a certain angle behind the 
poles of the forward rotating field, in order that sufficient tangential 
force may be set up to produce the necessary torque to cope with the 
load. If the load is suddenly thrown off, the rotor poles are pulled into 
almost exact opposition to the poles of the forward field, but because 
of the inertia of the rotor the rotor poles travel too far. They are then 
pulled back again, and so on, an oscillation thus being set up about the 
position of equilibrium corresponding to the new conditions of load. 
It will be seen that these oscillations will be set up whenever the load 
varies, and if the variations in load are periodic and synchronize with 
the natural period of oscillation of the rotor, mechanical resonance will 
be set up and the amplitude of the swing of the rotor poles relative to 
the poles of the rotating field will become so great that the motor will 
fall out of step. It is therefore evident that some damping couple 
must be introduced, so that, in the event of oscillations being set up, 
they will be immediately damped out and no large amplitude of swing 
obtained. These dampers take the form of heavy conducting grids 
housed in the pole faces. When the motion is uniform, there is no rela¬ 
tive motion between the rotor and stator forward rotating poles, and no 
currents induced in the dampers. If hunting takes place, the relative 
velocity of the two sets of 
poles induces heavy currents 
in the dampers, and the kinetic 
energy of oscillation is thus 
damped down by being con¬ 
verted into heat energy in the 
dampers. 

An expression for the period 
of swing of the rotor can be 
determined as follows. Sup¬ 
pose the motor is working on no load, and imagine for simplicity 
that there are no losses. Then the supply voltage V and the motor 
induced voltage E will be equal and opposite so long as the motion 
is steady. If for some reason the rotor is displaced relatively to the 
stator field by a small angle y, then one vector wUl swing round through 
the angle y, and a resultant voltage E^ will be set up (Fig. 21.24). For 
small values of y, E^ is proportional to y. We have, in fact, = F X y. 

Now E^ will set up a current through the armature, of magnituae 
I = F,./Z, lagging very nearly 7 t/2 behind E^ in the case of a modem 


£ 0 V 



Fig. 21.24. ELBCTRiCAii Conditions 
During Phase Swinging 
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machine hi^ reactance. Ulus I will be nearly in phase mth F, 
so that the power per phase conveyed by I will be 

P = F/ = F X E,IZ = VjZ X Vy 

= yi.y 

where I, is the short-circuit current corresponding to normal excitation. 
If the angular velocity of the rotor is a> radians per second, the torque 
set up by the current I will be 

- ^ = 'I • y. “7 

If«/ is the moment of inertia of the rotating masses this torque will be 
utilized in accelerating the rotor so long as there is no damping. 

/. J{d?yldt^) + Ay = 0 

This is the differential equation of a simple harmonic oscillation, and 
comparing it with the equation 

+ nH = 0 

we see that the frequency of the oscillations set up is 
f = n/27r, or in the case of the motor 
/= (1/277) X (F/./J(U)* 

This is the frequency of the oscillations when there is no damping,* 
If the pole faces are provided with damping windings, then there will 
be a retarding torque set up proportional to the angular velocity of 
phase swing. The effect of this torque is to damp out the oscillations 
and also to diminish their frequenry. 

These pole-face damping windings are also used in starting up the 
synchronous motor, but as their action is then that of an induction 
motor this method of starting will be dealt with in Chapter 23. 

Further Reading 

KuHiiMANN, J. H. Design of Electrical Apparatus. Wiley, New York, 1960. 
Langsdorf, a. S. Theory of Alternating Current Machinery. McGraw Hill, New 
York, 1966. 

PucHSTEiN, A. F. and Lloyd, J. C. AUernating Current Machines. Wiley, 
New York, 1942. 

Say, M. G. The Performance and Design of A.C. Machines. Pitman, London, 
1962. 


Examples on Chapter 21 

1. A single-phase synchronous motor rotates at 1000 r.p.m. on a 600 V 
supply. Its armature resistance is 0*1 Q and reactance 0*6 Q. If it can be excited 
up to an induced voltage of 2000 V, calculate its pull-out torque. Draw the 
vector diagram for the motor and from it deduce the “V** curves. 

2. A single-phase synchronous motor for use on a 600 V circuit gives, when 

running as a generator, a short-circuit current of 150 A with no-load excitation 
applied. The armature resistance is 0*2 Cl. To what voltage must the motor be 
excited so as to develop 40 h.p. at imity power factor, the mechanical losses being 
6 h.p. ? What will be the armature current ? Ans .—549 V, 69*0 A. 

* This is a simplified treatment intended to show the factors on which the 
period of oscillations depends. For a more complete solution see pp. 643, 546. 
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3. A si^le-phase alternator, when driven at 1000 r*p.m., has a magnetization 
oharaoteristio as follows— 


Exciting current 

30 

60 

90 

120 

150 

Open-circuit volts 

460 

820 

1040 

1200 

1300 


A short-circuit current of 200 A is produced when the exciting current is 40 A. 
The armature resistance is 0*4 0. Plot the curve of current against exciting 
current with a constant intake of 100 kW at 1000 V when running as a S 3 mchronous 
motor at 1000 r.p.m. 

4. The 3-phase, synchronous machine of question 4, p. 501, is run under the 
stated conditions as a synchronous motor. Calculate the raquired exciting 
current. 

Ana. 121 A. 

5. A 3-phase synchronous motor, when driven at normal speed as an alternator, 
has the following magnetization curve— 


Exciting current. 

5 

10 

15 

20 

25 

Terminal Voltage 

370 

655 

830 

950 

1050 


An exciting current of 10 A produces a short-circuit current of 200 A. Calculate 
the power-factor of this machine when operating as a synchronous motor and 
taking a load of 75 kW at 800 V, the exciting current being 20 A. (C. & G.) 

Ana. 0*67 p.f. lea^g. 

6. Assuming constant synchronous impedance, show that the locus diagram 
of the current input to a synchronous motor is a circle if the excitation and supply 
voltage are constant. Draw the locus diagram and determine the current and 
power-factor for an input of 750 kW for a 3-phase, star-connected synchronous 
motor, the terminal voltage being 3,300, and the synchronous impedance 0*25 
-f j2 Q per phase. The excitation corresponds to an induced e.m.f. of 3500 V. 
(L.U.) 

Ana. 146 A, 0*9 p.f. leading. 











CHAPTER 22 


THE BEHAVIOXTB OF ALTERNATORS DURING NORNLAL 
OPERATING CONDITIONS 

We have seen that the terminal voltage V of an alternator on load is 
different from, and in general, less than, its no-load voltage. The 
difference is governed by the magnitude of the load current and also 
the power factor, and we have seen how it can be pre-determined. 
The normal method of operation in a central power station is to main¬ 
tain the terminal voltage constant, and, under modern conditions, this 
necessitates that the regulation of the excitation, in order to maintain 
constant terminal voltage, shall be automatic: also the response must 
be rapid because of the violent fluctuations which are a common feature 
of an industrial load. 

Automatic Voltage Regulators. Modern quick-acting voltage regu¬ 
lators are based on the ‘‘overshooting the mark” principle. When the 
load on the alternator increases and more excitation is required to 
keep the voltage constant, the regulator produces an increase in excita¬ 
tion more than is ultimately necessary. This is because the fluctuations 
in load may be very rapid, whereas the inductance of the alternator 
field will cause the fiux to increase to the desired value very slowly, 
unless there is a large increase in exciting current. Before the voltage 
has time to increase to the value corresponding to the increased 
excitation, the regulator reduces the excitation again. There are two 
main types— 

(а) The vibrating type, in which a fixed resistance is cut in and out 
of the exciter field circuit. 

(б) The rotary type, in which a variable resistance is used. 

TPhe Tirrill Regulator. This is an example of the vibrating type. The 
essential parts are shown in Fig. 22.1. At the top there are two levers, 
that on the left operated by a solenoid energized in proportion to the 
exciter voltage, and that on the right by an a.c. magnet having both 
shunt and series excitations. This magnet is so adjusted that with 
normal load and voltage at the alternator, the pulls of the two coils 
are equal and opposite. In the event of an increase in load the series 
coil predominates, and so pulls down the a.c. magnet. This closes the 
contacts between the two levers and so de-energizes the relay horse¬ 
shoe magnet, which thereby releases its armature and short-circuits the 
rheostat in the exciter field. There is in consequence a sudden increase 
in excitation, which causes the alternator voltage to rise very rapidly. 
At the same time the excitation of the exciter control magnet is 
increased, thus pulling down the left-hand lever, energizing the relay, 
and re-inserting the field rheostat before the alternator voltage has had 

528 



Ch. 22] THE BEHAVIOUR OF ALTERNATORS 629 

time to increase too far. The reverse action takes place when the load 
on the alternator decreases. 

It will be seen that because of the overshooting the mark principle 
the terminal voltage does not remain absolutely steady, but oscillates 


Main 



rapidly between maximum and minimum values. The regulator is so 
quick acting that the variation in voltage is less than 1 per cent.* 

The exciter field circuit of an alternator controlled by a Tirrill 
regulator can be represented by the elementary diagram of Fig. 22.2. 

R 


—w$\A 

RL 

o Exciter 

Fig. 22.2 

When the contact C is open, the field circuit resistance is jR + r; when 
C is closed the resistance is R, Thus the resistance oscillates between 
the extremes {R + r) and R and the field current oscillates accordingly. 
If E is the voltage of the d.c. exciter, the field current will tend to a 
maximum of = E/R, and to a minimum of Jg = EI(R + r). 
Neither limit will be reached because of the speed of opening and 
closing of the contact C. The exciter field current graph will therefore 
consist of a succession of rise and decay curves for the particular 

* For fuller information see C. C. Garrard, Electric Switch and Control Gear. 
Bonn; and G. N. Patchett, Automatic Voltage Regulator, Pitman, London. 
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circuit conditions, and the maximum and minim um attained, x and y 
respectively, Fig. 22.3, will have to be such that the terminal voltage 
of the alternator is maintained at the correct value. There are, for a 
given value of r, two deciding factors, namely the value of JB, which 


Current 



Fig. 22.3 


can be controlled within limits by the rheostat 22 L, and the time of 
one cycle of operation of the contact (7. 

(а) Contact closed, current rising 

= /j(l — e~ say 

/, = (/i — t)//i 

< = (Wloge[/x/(/i-i)] 

(б) Contact opened, current falling 

— # 

i = (/j ^ + ^2 

= {Ii — /*)e-«*‘ + /*, say 
e-K/ = (i - - /*) 

t = (l/JS:,) loge [(/i - - /*)] 

From the rising equation the time for the current to rise from 0 to x 
is therefore 

4=(l/iS:i)loge/i/(/x-®) 
while the time to rise from 0 to y is 

ty = (1/Zi) loge Iijih — y) 

= (l/iri)loge[(/x-y)/(/i-a:)] 
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From the “falling” equation the time to fall from to x is 
4' = (1/Z,) loge [(/i - /.)/(x - /,)] 
while the time to fall from to y is 

V = (Wloge[(/i-/2)/(y-/2)] 

h = - c 

= (l/Z2)loge[(x-/,)/{y^/,)] 

As an example let the exciter voltage be = 100 V, and let i? = 50 Q 
and r = 2512. Then we have 

/i = EjR = 100/50 = 2 A 

/a = EI(R + r) = 100/75 = 1-33 A 

Suppose the desired current limits are a: = 1‘8 A and y = 1*5 A, and 
let the inductance of the exciter field winding be 8 H. While the 
current is rising we have 

LfR = 8/50 

while when the current is falling we have 

LI(R + r) = 8/75 
For the time ti we therefore have 

h = (8/50) loge [(2 - l-5)/(2 ~ 1-8)] 

= 0*16 loge 2*5 
= 0-147 sec 

For the time <2 we have 

= (8/75) loge [(1-8 - l-33)/(l-5 - 1-33)] 

= 0-107 loge 2-76 
= 0-109 sec 

Hence the time for one cycle of closing and opening is 
0-147 + 0-109 = 0-256 sec 

Parallel Operation of Alternators. Before an incoming machine can 
be switched on to the bus-bars the following conditions have to be 
fulfilled— 

(») The voltage of Jhe incoming machine must be the same as the 
bus-bar voltage. 

(6) The'^ase of the machine voltoge must beJdentical with the 
phase of the bus-bar voltage r elativ e to the feede rs^ i.e. opposite in 
phase rel ative to the local circuit through the annatureaand bua-hars. 
This cffcmfls shown dottedlh Fig. 22,4. 

(c) The frequency of the incoming machine must be the same as the 
bus-bajTSequency. 
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Fig. 22.4. Alternators in Parallel 


Condition (a) is indicated by a voltmeter, and conditions (6) and (c) 
are both indicated by synchronizing gear. 

Consider first of all the case of single-phase alternators. The simplest 
form of synchronizer consists of two lamps, LL, connected acrossTihe 
main switch as indicated in Fig. 22.4. If the frequencies of the 

alternators A and B are not 
equal, the phase angle betwewi 
the voltages of A and B will 
be continually changing, and 
therefore, the current through 
the lamps and through the local 
circuit shown dotted will be 
changing. The resultant volt¬ 
age will undergo changes similar 
in character to the beats pro¬ 
duced when two sources of 
sound of slightly different, fre¬ 
quencies are sounding together. This is indicated in Fig. 22.5. In 
consequence, the lamps will flicker, the alternations in brightness 
being rapid when there is a large difference in the frequencies, and 
slow when the frequencies are nearly equal. In the middle of a dark 
period the two voltages will be in opposition with respect to the local 
circuit. Hence, the speed of the incoming machine is adjusted until 
the lamps go in and out very slowly, the incoming voltage is adjusted 
equal to the bus-bar voltage, ^ 
and then the switch is closed in ^ 
the middle of a dark period. 
rt is somewhat easier to judge S 
the middle of the bright than 
the middle of the dark period, 
and some engineers prefer to 
synchronize “lamps bright.’’ 

This necessitates the crossing 
over of the lamp connections. 





ime 


Fig. 22.6. Voltage Variations in 
Synchronizer 

as in the case of machine (7.* 


Conditions Necessary for Successful Parallel Operation. Since, with 
respect to the local circuit, the e.m.f. of an alternator is in phase 
opposition to the e.m.f. of another alternator with which it is working 
in parallel, the machines run as S 3 mchronous motors relative to one 
another. Hence, if one machine gets into difficulties, say^ through a 
failure in steam supply, it must receive wettful motoring current from 
the other. Actually, with alternators driven by steam turbines or 
water turbines this is a very remote possibility. When the prime mover 
is a reciprocating engine, either steam or internal combustionj then the 
uneven torque results in cyclic variations in speed, with the result that 
the machine, if connected to a constant-frequency network, will 

• For a discussion of the synchronizing equipment used in central power 
stations, ^ee T. H. Carr, Electric Power Stations, Chapman & Hall, London. 


633 




Armatures with Resistance only 


Ch. 22] TEE BEHAVIOUR OF ALTERNATORS 

alternately fall back from, and then run ahead of, its n^^an position. 

(а) Consider t\fo machines having resistance but no reactance. 
Their e.m.f.s E^ and E^ (Fig. 22.6) will be practically in phase opposition, 
so that their resultant E^. will be almost in quadrature with both E^ 
and ^ 2 * The synchronizing current / will be in phase with E^ and there¬ 
fore, practically in quadrature with E^ and 

idle current and will therefore convey 
no real power to the machine needing 
help. 

(б) Suppose that the armatures have 
reactance only. Then the synchronizing 
current I will be in quadrature with 
E^y and therefore, practically in phase 
with one of the machine voltages; E^ 
in Fig. 22.6. Thus machine II will 
supply real power to machine I, &o that 
the latter will keep running. This 
shows that for successful parallel opera¬ 
tion, reactance in the armatures is 
absolutely necessary. 

Now consider actual machines with both resistance and reactance. 
Let the angular phase difference of the two induced e.m.f.s be y, and 
let the circulating current lag an angle 6 behind Ej., as shown in Fig. 
22.7. Then so long as y is small and the e.m.f.s are equal, we can write 

E^ = E 2 “ Ef and E^ = Ey 

Circulating current 

= ErIZ = EyIZ 

where Z is the combined impedance per phase of the two armatures. 



Armatures with Reactance only 

Fig. 22.6. Synchronizing 
Current 



Now so long as y is small, the angle between 07, and OE 2 is very nearly 
equal to (90 — 0), and therefore 

Synehronizing power P, = EJ^^ cos (90 -- 0) 

= {E^/Z) y sin 0 
dPJdy = (E^jZ) sin 0 

= PV(P2 + X XI(R^ + 

^E^X XI(R^ + X^) 







534 


ELECTRICAL TECHNOLOGY 


[Ch. 22 


and this is a maximnni when X = R, showing that the maximum 
S3mchronizing power would be given with an armature re^tahce 
equal to the armature resistance. This condition is, of course, never 

fulfilled in actual practice, the resistance 
always being small in comparison mth 
the reactance. Nor is it desirable that 
this condition should be fulfilled, since 
it would give rise to an excessively 
high restoring torque whenever a machine 
deviated from the steady-state angular 
position. 

The above relationship can be deduced 
in an instructive manner from the Blondel 
diagram. If y is zero, then, with == 
the working point becomes the point 0 
on the circle of P = 0, Fig. 22.8. A lag 
of E^ with respect to E^ by a small angle 
dy brings the working point to P on a 
circle of finite power dP. If C is the point 
of intersection of the circle of power 
dP with the slant side O'O, then 
OC O'0- O'C 



( radius of the \ / radius of the 

circle of zero power J y circle of power dP 

EZ EZ I dP Y 

~ 2B 25 5 »/ 45 ; 

EZ EZ /, dP \ 

“25 25 5725/’ 

= (ZIE)dP 

Now with dy small, the triangle OBC is very nearly right-angled, the 
right angle being at C; the angle at B which is equal to the angle 
O'C A is very nearly equal to the base angle 0, Hence 

OC^OBsine 
= E Bind .dy 

Equating these two values of OC we have 
(ZIE)dP = E Bind .dy 

dPjdy = (E^jZ) sin 6, to which the value obtained previously on 
p. 521 reduces for the stated conditions. 


Effect oI a Change in Excitation. We have seen that when two d.c. 
shunt generators are operating in parallel, any dei»red division in load 
can be effected by making the necessary changes in the excitations, in 
fact, if load transfer by this method is carried out far enough the 
whole of the load can be thrown on to one machine. Now consider the 
case of two alternators in parallel, and let the operating conditions be 
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initially identical, that is, each machine taki ng o ne-h alf of the kilowatt 
load~lmd~in](e-halfrcsfL loadj the operati ng power fa ctors 

thus being equal to the load pow er factor. This condition is illustrated 
in Fig. 22.9 (a), where the lo^ current is indicated as 27. Kow let the 



(h) BxcitationJ > Excitation 2 


Fig. 22.9. Efteot of Unequai. Excitation on 
ALTERNATOBS in PABAliLEL 

excitation of No. 1 be increased so that Ei > E^. The difference 
voltage El — ^ circulating current 

I, = {E^-E,)I2Z 

and this will lag Ei by the angle 0. We can regard this current as being 



Fig. 22.10. Path of Cirotjlatino Current between Two 
AiiTernators in Parallel 


superposed on the original current distribution and since it is confined 
to me tecalTiath through the armature and round the bus-bars,~ as 
shown in Fig. 22.10, it follows that it must be added veotoriaQy to the 
load current of No. 1, and subtracted from the load current of No, 2. 
The resulting currents and are now as in Fig. 22 Ijb} from which 
we see that the operating power £actor» coa of Nq>.X is decreased, 
while that of No. 2, cos ^ increased. Since the angle 0 is very nwly 
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90® in actual machines it follo^ that the effect-nmthe kW loading of 
the two machines is negligiBly small, the main effect bein^ to increase 
the kVAR output of No. 1 and to reduce that of No. 2. A secondary 
effect is to lower the bus-bar voltage F and slight excitation adjust¬ 
ments are necessary to bring this to the original value. Actually, 'With 
machines of large reactance the reactive circulating current 1^ is small, 
even with large differences in excitation. 

The conditions of operation are represented very conveniently by 
the kVA diagrams of Fig. 22.11. With equal conditions, as in Fig. 




Fig. 22.11. KVA Diagrams fob Alternators in Parallel 

22.9 (a) the kW and kVAR are divided equally, giving equal kVA 
triangles for the two machines. If the excitation of No. 1 is increased 
then kVARi is increased while kVARg is decreased by the same 
amount. The kW loadings remain sensibly the same, resulting in the 
kVA triangles of Fig. 22.11 (5). 

Effect of a Change in Steam Supply. Now let the excitations remain 
the same but let the steam supply to No. 1 be increased. This requires 
hand manipulation of the steam stop valve since, unlike d.c. machines, 
a change in excitation is not able to bring about automatically a change 
in the steam supply. The increased, power intake has to be utilized, 
and, as the speeds of the two machines are tied together by their 
synchronous bond, it is not possible for No. 1 to overrun No. 2. Hence 
the rotor of No, 1 must advance its angular position with respect to 
No. 2, giving the conditions of Fig. 22.7, except that it is E^ which is 
advanced by the angle y. In this figure the vectors of E^ and are 
drawn in opposition because the conditions are referred to the local 
circuit round the bus-bars. If t hey are to refer to the external circuit 
then E^ must not be reverse3~with respect to Ei, so that the vector 
diagram, with E^^ in advance of E^, becomes that of Fig. 22.12. Under 
the effect of the resultant e.m.f. E^ a current I^ flows, and it lags E^ 
by the characteristic angle 0 which, being only slightly less than 90® 
brings this current into almost exact phase with Ifj, so long as y is 
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The pQwear^er phase of No. l.is thus increaseiL liy Bira >3 K a > tts 
andtjince demand of the le a4 -i s as sume d unaltered^ 

phase of No. 2 is decreased by the same amount. The curreat /j has 



(a) Equal Excitations, 
Equal Steam Supply 


(b) Equal Exc ita tions. 
Steam Supply 1> 
Steam Supply 2 


Fig. 22.12. Effect op Unequal Steam Supplies on 
Altebnators in Parallel 


kVAR2 


no appreciable quadrature component^ and therefore the increase in 
steam supply leaves the division of the kVAR almost the sanie as before, 
increases the kW output of No. 1 and 
reduces that of No. 2 by the same 
amount. This neglects the armature 
PR losses and any change in the iron 
losses, but these are relatively very 
small and do not materially affect the 
general result. If the two alternators 
are not connected to a constant voltage, 
constant-frequency, network there will 
have to be small adjustments of exci¬ 
tation, and an appropriate reduction 
in steam supply to No. 2 in order to keep 
the bus-bar voltage and the frequency 
the same as before. 

The kVA diagram for equal excita¬ 
tions, but with a greater steam supply 
to No. 1 than to No. 2 is shown in Fig. 22.13 
Jig^2.13. 

Two identical three- 
phase alternators are coupled in parallel 

to a total load of 1600 kW at 11,000 V, power factor 0*8 lagging. 
The synchronous reactance of each machine is 60 Q/phase, and resis¬ 
tance 2*8 fl/phase. The power supplied by each machine being main¬ 
tained the same, the excitation of the first alternator is adjusted so that 
its armature current is 46 A lagging. Calculate— 

(a) the armature current of the second alternator. 



KVA Diagram fob 
Two Alternators in Parallel 
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(6) the power factor at which each alternator operates, 

(c) the e.m.f. of the first alternator. 

Total load current 

/ = watts/\/3 V Qoa<f> 

= 1,600,000/(^/3 X 11,000 X 0-8) = 99A 
Working component = / cos ^ = 99 X 0*8 = 79*2 
Wattless component = / sin ^ = 99 X 0*6 = 69-4 

When the conditions are identical, each machine delivers one-half of 
each component, so that the current diagram is as shown in Fig. 22.14 (a), 



and each machine has the same power factor as the load. Also each 
total machine current = 49-6 A. 

Since the steam supplies are not altered, the working components 
will remain the same at 39-6 A/machine, but an adjustment of the 
excitations will alter the division of wattless current. The total 
current taken by machine I is reduced from 49*6 to 45 A and therefore 
its wattless current is reduced, the new value being 

^(452 - 39-62) == 21-4 A 

Hence the wattless current delivered by machine II is 
69-4 - 21-4 = 38 A 

The current diagram is now as in Fig. 22.14 (6), and we have 
(a) /a = ^(39-62 + 382) = 55 a 
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(b) cos <f>i = 39-6/46 = 0-88 
cos ^2 ==39-^/55 = 0-72 

(c) Terminal p.d. per phase 

Fp = 11,000/^3 = 6350 V 

For machine I 

Resistance drop per phase = RIi = 2-8 X 45 = 126 V 

= AB, Fig. 22.14 (c) 

Reactive drop per phase = XIi = 60 X 45 = 2700 V 
= BC, Fig. 22.14 (c) 

Denoting by X and Y the OX and OY components of the e.m.f. per 
phase, Ej,, we have 

X = Fj, + RIi cos <f>i + XII sin 

= 6350 + 126 X 0-88 + 2700 X 0-475 
= 7741 V 

Y = XI I cos <f>i — RIi sin 
== 2700 X 0-88 ~ 126 x 0-475 
= 2310 V 

E^ = V(774P + 23102) 

= 8060 V 

/. 8060 
= 14,000 V 

tiffect of Load on the Synchronizing Power. Since a change in t he 
steam supply, .alters, the p hase relatiofiship between the_ two e.m.f. 
vectors, we see that this is comparable in effect with a falling back 
of one machine with respect to the other. If this change is accidental, 
or is due to cyclic irregularity in the torque of the prime mover then the 
power which flows as a result of the change is called the synchronizing 
power. Now suppose that one machine is very large compared with the 
other, so large, in fact, that changes in the operating conditions of the 
smaller machine have no effect on its terming voltage or frequency, 
then the busbar voltage F* and the frequency 'will remain constant. 
The sm^er machine is then said to be operating on infinite bus-bars, 
and the impedance to any circulatmg current is its own impedance Z, 
and not 2Z as in the case of two equal machines not connected to any 
other system. For all practical purposes an alternator connected to 
an extensive supply system in whicn there are many alternators in 
parallel, or even power stations in parallel, can be regarded as connected 
to infinite bus-bars. 

We have seen (p. 533) that the stiffness of coupling is given by 
dP,ldy - E%XI(R^ + Z*)] cos y 
and that P, (E^JZ) sin 6 sin y, neglecting terms in R. 
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These were developed on the assumption that = Ey that is, they 
refer to no-toad conditions. Now consider a cylindrical rotor machine, 
and use the single synchronous reactance. On load, the induced voltage 
will have to be increased by the internal volt drop ZIy according to 
the relationship 

E=V+ZI 

where F is the bus-bar voltage. The vector of ^ is also displaced with 
respect to V by the angle COAy Fig. 22.15, which we have denoted by y, 
so that the term sin 6 in the no-load case must be replaced by sin (0 + y) 
We have, under conditions of load 

P, = (EVjZ^) X sin y per phase 
Again, since 6 is very nearly 90° we can write 
Pg (EVIZ) sin 0 sin y* 

Owing to the very high reactances of modern alternators, the value 
of R has a quite negligible eflFect on the performance except, of course, 
on the efficiency. When an alternator is delivering no external load, 
then whatever output it produces is the same as the synchronizing 
power. From the expression for Pg we see that, over the operative 
range as an alternator, the synchronizing power is zero when y is zero. 

Example. A 750 kVA, 11,000 V, 4-pole three-phase alternator has 
a resistance of 1*4 Q/phase and a synchronous reactance of 30 D/phase. 
Calculate the synchronizing power per mechanical degree displacement 
(a) at no load, (b) on full load at power factor 0*8 lagging, the terminal 
p.d. being 11,000 V in both cases. 

To illustrate the method we will use percentage values in this example* 
Full load current per phase I = 750,000/(-v/3 X 11,000) ~ 40 A 
Phase voltage E = 11,000/^/3 = 6350 V 

Resistance drop P/ = 1-4 x 40 = 56 V 

/. Percentage resistance = 56 X 100/6350 0-9 

Synchronous reactance drop 

Z/ = 30 X 40 = 1200 

Percentage reactance = 1200 X 100/6350 = 18*9t 
(a) No load 

Percentage impedance = (O-O^ + 18-9®)* ~ 18*9 
sin 0 = 1*0 very nearly 

* For a more complete analysis see Say, M. G., Performance and Design of 
Alternating Current Machines ; Chap. XVII. Pitman, London. 

t Note that the numerical values are given to illustrate the method of calcu¬ 
lation only. In a modem machine the contribution of the leakage flux alone will 
give a reactance of the order given: the synchronous reactance will be much 
greater. 
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y = 1° mechanical 
= 2° electrical for a 4-pole machine 
dPJdy = {VEfZ) sin 6 (E^fX) W/mech. radian 

= (6360*/30) X (w/180) X 2 W/mech. degree 
= 46,800 W/phase = 46-8 kW/phase. 



(6) Full load, 0 8 power factor 

Using percentage values, the regulation diagram is given in Fig. 22.15. 

05 = 100 + 0-9 X 0-8 + 18-9 X 0-6 
= 1121 

BC = 18-9 X 0-8 - 0-9 X 0-6 
= 14-6 

/. E (%) = (112-1* + 14-6*)i 
= 113 

V = 6360 V/phase 
E = M3 X 6350 = 7176 V/phase 
sin y = 14-6/113 
y = 7° 26' 

dPJdy = (VEjZ) sin 6 cos y 

= (6350 X 7176/30) sin 87“ 17' cos 7“ 26' 

= (6350 X 7176/30) X 0-9989 X 0-9916 
= 1-5 X 10* W/elect. radian 
= 1-5 X 10® X (Tr/180) X 2 kW/mech. degree 
= 62-2 kW/mech. degree 
5, = (760/3) X 0-8 kW/phase 
= 200 kW/phase. 

On full-load PJy dPJdy 

= 200/7-433 = 26-8 kW/elect. degree 
= 63-6 kW/mech. degree 

Solution by Symbolic Method. If Ei and E 2 are the alternator 
induced e.m.f.s per phase, Z^ and Z 2 the impedances per phase and Z the 
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load impedance per phase we have, as with two transformers in 
parallel, 

E-i = J^Zi + Hi + J2)Z \ 

£2 = h ^2 + (^1 + h )^ I 

which lead to 

h = [JE1Z2 + (El - E,)Z]l[ZiZ, + (Zi + Z 2 )Z] 

/2 = [£2^1 - (£1 - E^)Z]l[ZiZ^ + (Zi + Z 2 )Z] 

I = [E1Z2 + E^Z-j^jlZiZ^ + (Zi + Z^Z^ 

I, = [(£1 - £2)Z]/[ZiZ2 + (Zi + Z2)Z] 
or [El — E^IlZi + Z 2 + Z 1 Z 2 /Z] 

V = [£iZ2 + E^ZiyiZi + Z 2 + ZiZJZ] 

In the case of two transformers in parallel we have, if Ei ~ Ei 
+ j .0, then E 2 = E 2 + j • 0 ao that the circulating current due to a 
difference in Ei and £2 i® wattless. This is also the case with alternators 
in which the angle y is zero but the excitations are different, the circu¬ 
lating current then being the current previously denoted by 7^. 

Now suppose that £2 behind Ei by the angle y, then we can 
write 

£1 = £1 + j . 0; £2 = £2 cos y —^£2 sin y 
and the current Ig becomes the synchronizing current. 

Division 0 ! Load between Two Machines. When a machine is switched 
on to the bus-bars its steam supply is small, so that it may be actually 

taking a small amount of motor- 
ing power from the bus-bars. At 
the most it will only supply a 
smaU amount of power to them. 
Its working point may therefore 
be in some position such as Pi 
on Fig. 22J6, which, for this pur¬ 
pose can be the simplified Blondel 
diagram, in which the resistance 
is neglected and the output lines 
are therefore horizontal straight 
lines. To bring the working point 
into the generating half of the 
diagram, it is necessary to increase 
the steam supply. This causes the 
excitation vector EPi to svdng 
round until the working point 
reaches, say, Pg- The machine is 
now generating, but its output may not be sufficient, and its power 
factor will be low because of the large angle of lag, 2. P^Z, of the 
cmrent AP^ behind the voltage. The next adjustment is therefore to 
increase the excitation until the power factor is in the neighbourhood 



Fig. 22.16. To Illtjstkate Division 
OF Load 
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of iinitjv During^ this adjiiatment ihfl-woridng 4 >ointj&pds along a 
power line from P 2 steam supply is again increased, thus 

bringing the working point to P 4 on a Ime of neater output, and the 
excitation is then increai^d again^ Thus the adjustments are m ade in 
steps, untiT tlie machine is delivering the required output. ^When 
adjusting the steam supply, the driver watches the wattmeter, whereas 
the adjustment of the excitation is made by means of the ammeter, or 
of a power-factor meter. 

Compare tins with the case of a d.c. shunt generator in which the 
load is adjusted by varying the excitation, the engine governor 
automatically admitting the required amount of steam. 

Period of Free Oscillation of a Synchronous Machine. 

Let T' = torque/mechanical radian displacement 

mr® = inertia of the rotating masses 

Then with torque expressed in newton-metres and inertia in kgm- 
metre* units the period of undamped free oscillation is given by 

t = 27 t \/{mr^lT') seconds 

Consider first of all a cylindrical rotor machine. The synchronizing 
power per phase has been shown to be 

P, = (P*/Z) sin 6 sin y for a machine on no load 
Since 0 is very nearly 90® and y must be small we have 

P, - (E^jZ) y 

where y is in electrical radians. 

/. P, per electrical radian ^ E^jZ 

But one electrical radian is equal to ^/2 mechanical radians, p being 
the number of poles, so that, approximately 

P, per mechanical radian 
= {E^IZ){pl2) 

Tg = (watts)/(radians/second) newton-metres 
and (o = 27TNg where = r.p.s. 

Tg = pE^jiTrZNg newton-metres/mechanical radian 
For 3 phases 

P, = ZpE^jArrZN^, E still being the e.m.f. per phase 
Now EfZ = short-circuit current 

f=N^f2 plN. = 2flN.> 

T. = {3EIj4n) X {2flN») 

= 0-478B/.,//2\r.* 

t = 2rT-^(mr*IT,) 

= 2wJV,V(»»rV0-478£?/,J) 
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If the machine is on load, then 

P^ly = {EVjZ) sin 6 sin yjy 

~(EVIZ)smyly .(1) 

dPaldy = (EVIZ) sin 6 cos y 

~ (EVjZ) cos y . . . . . . (2) 

Now (dPgldy)av = {EVjZy) j cos y dy = (EVIZ) sin yjy = Pgjy 

Jo 

Thus the expression (1) gives the average stijBFness coefficient between 
no-load and the load in question. Expression (2) gives the stiffness 
coefficient at the load in question. As they are numerically much the 
same we have two alternative expressions for Tg, namely 
Tg = (3pEV/47rZNg) sin y/y 
or Tg = (3pEV/47rZNg) cos y 

For the salient-pole machine we have 

Tg = (3p/47rNgy)[(EV/X,) sin y + {(X^ - X,)/2X,XJF2 sin 2y] 
or Tg = (3p/47rNg)[(EV/Xa) cos y + {(X, - X,)/X,XJF2 cos 2y] 

Example. A 2180 kVA, 6300 V, 50 c/s, 125 r.p.m. alternator is 
running in parallel with other alternators whose aggregate kVA is very 
large. Its transient short-circuit current is 5 times its normal current. 
It is driven by a gas-engine and has a direct-connected flywheel. The 
equivalent mr* of engine and alternator is 800 tons, and of the fljrwheel 
1400 tons at one foot radius. Calculate the time of one free oscillation, 
on no load, given that Xg is 0*6 of X^. 

Normal current 

/ == 1000 X 2180/V3 X 6300) = 200 A 
Igc = 5 X 200 = 1000 A 
EJ,J^ — 6300/\/3 = 3637 V on no load 
/. X^ = 3637/1000 = 3*64 n 
/. Xg = 0*6 X 3-64 = 2-18 Q 
No. of poles p = 120//X = 6000/125 = 48 
Tg = 3pl47rNg[E^IX, + {(X, - X,)/X,XJX2] 

= 3 X 48/477 X 60/125 X 36372 x (l/3-64)ri + (3*64 - 2-18)/2*18] 
= 3*35 X 10’ newton-metres/mechanical radian 
mr2 = 800 + 1400 = 2200 tons at one foot radius 
= 2200 X 2240 = 4*93 X 10« lb-ft2 units 
= 4*93 X 10«/[2-2 X (3*28)2] = 2*08 X 10® kg-m2 units 
t 

= 27rV'(2-08 X 10®/3*35 X 10’) 

= 0*50 sec (undamped) 

Cyclic Irregularity. If an alternator is driven by an internal com¬ 
bustion engine, the cyclic variations in the torque of the engine, will 
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cause cyclic variations in the angular velocity. Let coi coj the 
maximum and minimum values and mav the average, then 
Cyclic variation d = (eoj — 0 ) 2 )/(Oav 
As a very rough value it can be said that this should not be greater than 
1/200, but the permissible value depends on many circumstances, 
including the engine itself. If we define l/<5 as the cyclic regularity, this 



is directly proportional to the mr^, the so-called “flywheel effect’’ of 
the rotating masses. The period of free oscillation is, as we have seen, 
proportional to the square-root of so that period plotted against 
mr^ gives a parabolic curve, as shown in Fig. 22.17, Consider an alter¬ 
nator driven by a four-cycle engine, then there are oscillations corres¬ 
ponding to the main-shaft speed, which we will denote by unity and 
by the cam-shaft speed, of one-half: there are, in addition oscillations 
of one-quarter and of twice the shaft-speed. Thus there are four 
possibilities of resonance, and each spreads to either side to give 
danger zones, as shown by the shaded rectangles. If an alternator is 
working in parallel with others then the flywheel can be designed to 
give operation midway between two of the danger zones. From this 
point of view the chosen mr^ could be either at c or at /, and, in practice, 
the former will be chosen because of the great mass of flywheel required 
for the other. It is to be noted that the above considerations do not 
apply to an alternator not in parallel with others, because such a 
machine does not constitute an oscillatory system, in that there is no 
restoring torque derived from the network to which it is connected, if 
there is a sudden change in the rotor displacement. In such a case there 
are no danger zones and the fl 3 rwheel can be designed to give any desired 
value to the cyclic irregularity.* 

♦ The mathematical discussion of this problem is beyond the scope of this 
book. See Milos Walker, Specification and Design of Dynamo Electric Machirheryf 
pp. 337-47. Longmans, London; R. Richter, Elektrische Maschinen, Vol. II, 
pp. 363-99. Springer, Berlin. 

19—(r.8i8) 
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As an example consider the 2180 kVA alternator of p. 544. The 
main danger speeds are the cam-shaft speed of 62*5 r.p.m., and the 
main-shaft speed of 125 r.p.m. respectively. The danger zones can be 
regarded as extending to 20 per cent on either side of each. If there 
were only one dangerous speed, safety would be ensured by resonant 
speeds > 80 per cent and < 120 per cent of this, and the higher 
value would be chosen so as to give the smaller fljrwheel. As there are 
two dangerous speeds the best solution is to aim at a natural period 
about halfway between the two. 

(62*5 + 125)12 = 93*75 r.p.m. 

= 1*56 r.p.s. 

Thus a suitable value of t, the period of free oscillation is 

^ = iyi-56 = 0*64 sec 


Damped Oscillations. In practice, the control of oscillations is not 
left to flywheel eflFect. Where oscillation is probable, it is usual to fit 
the pole faces with damping windings similar to those used for the 
starting of salient-pole sjoichronous motors. So long as the angular 
velocity is steady these windings have zero velocity relative to the 
main field of the machine and so have no currents induced in them. 
In the event of any departure from exact synchronous speed, as for 
example when an oscillatory motion is superposed on the uniform 
rotation at synchronous speed, currents are induced and the kinetic 
energy of this oscillatory motion thereby converted into heat energy. 

The damping winding functions in exactly the same manner as the 
squirrel-cage winding of an induction motor, and it is shown on page 
559 that, for small relative angular velocities, the torque due to such a 
winding is directly proportional to the velocity. Provided there is no 
“forcing’’ of the oscillatory motion due to the application of a cyclic 
disturbance from an external source, the equation of motion is 

J(d^yldl^) + T^(dyldt) + = 0 

where T^ is the torque per unit angular velocity due to the damping 
winding, and the synchronizing torque per unit displacement, the 
assumption being that y is smaU enough for the conditions to be 
represented by the initial straight portion of the appropriate torque- 
angle characteristic. The above equation can be written 

(d^yjdl^) + (TJJ){dyldt) + (T.IJ)y = 0 
Put TJJ = 2a and TJJ = 

d^yjdfl -f 2a{dyldi) + b^y == 0 
Let 7 = A e*^ be a solution, then 

a* + 2aa + 62 = 0 

a + a = i — 62 ) 
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giving two values for ai, namely , 

= — a + Via® — 6®) 

Ola = — o — V{®* ~ **) 

The complete solution is thus 

y = A e**‘ + R e*** 

where --TJ2J + - TJJ)] 

and aa = - TJ2J - V[ (TJ2J)* - TJJ] 

The motion is aperiodic or is damped oscillatory according as 
(5r,/2j)® > or < TJJ, Normally the latter is the case and is therefore 
the only one which need be considered here. Now a = TJ2J and we 
can write 

jb ^5V\T.IJ - (TJ2Jn 

the symbol 6 now having a different meaning from before. The equation 
then becomes 

y = e^^{A + B e““^‘^) 

We must also add a constant whose value is decided by the initial 
conditions. Thus, suppose that a steady load torque T produces a 
steady displacement of yj* i'hen we have 
y z=: e~®^(.4 e^ + -B 
where y^^TJTg 

Example. Consider again the example on p. 544. 

Tg = 3-35 X 10^ newton-metres/mechanical radian 
J = 2*08 X 105kg-m2 
Let {Tal2J)^ = ^(TgjJ), a possible value 

T//(4 X 2-082 X 1010) = i[3-35 X 107(2-08 X 10^)] 

T/ = 13-94 X 1012 
= 3-73 X 10® 

Let the initial conditions correspond to a momentary sudden over¬ 
load applied to the machine when it is delivering full rated output. 

Tfuii load = (watts)/(angular velocity) = 2180 X 1000/(125/60 X 27r) 
= 166,000 newton-metres 
yfullload = Tfullload/T, — 166,000/3*35 X 10’ 
c:; 0-00495 mechanical radians 

If we use the symbol y for the component of the displacement due 
to the suddenly applied overload, and y^ the displacement due to 
steady rated load then, at any instant, the total displacement is given 

by 

y' == y + 72 

= e”®*(i4 e^*'* + B y^ 

= e“®*(C cos + Z) sin bt) + y^ 
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The initial condition is 

y = 0 when < = 0 .*.(7 = 0 

Let the magnitude of the suddenly applied overload be such that 

ymskx = 

Hence, putting dy/dt = 0 

— a e“^* Z) sin + 6 e“®* D cos bt = 0 

Hence tan bt = bja when y = ymax 
ymax = O sin bt 
D = sin bt 

a = TJ2J = 9 

b = VITJJ - {Tal2m = V{T,I2J) = ^80*6 = 9 
/. bt = tan“^ 1 = 7r/4 
sin bt = 0-707 

== = 6“"/^ == 0-456 

We will now assume that k = 0-5 

/. D = 0-5 X 0-00495/(0-456 x 0-707) = 0-00767 

Hence y' = 0-00767 e~»« sin 9^ + 0-00495 

The solution of this is set out in tabular form below. 


t 

9^ 

9« X 180/7r 
= 0 

log sin 0 

log 

= - 3-91« 

y' 

0-05 

0-45 

25° 48' 

1-6387 

- 01954 

+ 0-002128 

010 

0-90 

61° 30' 

1-8936 

- 0-3909 

+ 0-002446 

0-16 

1-35 

77° 18' 

1-9892 

- 0-6866 

+ 0-001938 

0-20 

1-80 

103° 6' 

1-9886 

- 0-7817 

-f 0-001236 

0-26 

2-26 

129° 0' 

1-8906 

- 0-9776 

+ 0-0006277 

0-30 

2-70 

164° 42' 

1-6308 

- 1-1726 

-f 0-0002203 

0-36 

3-15 

180° 30' 

3-9408 

- 1-3700 

- 0-0000028 

0-40 

3-60 

206°12' 

1-6449 

- 1-6636 

- 0-0000916 

0-46 

4-06 

232° 0' 

1-8966 

- 1-7600 

- 0-0001061 

0-60 

4-60 

268° 0' 

1-9904 

- 1-964 

1 - 0-0000834 

0-66 

4-96 

284° 0' 

1-9869 

- 2-160 

- 0-0000627 

0-60 

6-40 

309° 30' 

1-8874 

- 2-345 

- 0-0000267 

0-66 

5-86 

335° 30' 

1-6177 

- 2-643 

~ 0-0000091 

0-70 

6-30 

361° 

2-2419 

- 2-736 

+ 0-0000002 


From the above figures we see that the natural period of oscillation 
on full load with damping is very approximately 0-7 sec. This can be 
verified as follows— 

( Natural period\ _ /Undamped\ / / TJJ \ 

with damping / “ \ period j ^ \t^IJ — (TJ2J)y 
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= (Undamped period) X \/2> ^ this case 
= 0-60 X V2 
= 0*706 sec 



Fig. 22.18 

agreeing with the above figure. The graph of angular defiection from 
the steady-state position, plotted against time is given in Fig. 22.18. 
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CHAPTER 23 


THE INDUCTION MOTOR 

The pol3^ha8e induction motor is used more extensively than any 
other form of a.c. motor. It derives its name from the fact that the 
current in its rotor is not drawn from the supply, but is irtduced by 
motion of the rotor conductors relative to the magnetic field produced 
by the stator currents. The stator, which is built exactly like an 


Impregnated 
Hard VSfood Wedge 



Conductor 
Insulation of 
Impregnated 
Cotton Tape 

Slot Insulation cold wrapped 
with "Flexible Mica’' and an 
outer layer of Leatherotd 
secured by Starch Paste 



Fig. 23.1. Bar-wound Stator of Induction Motor 

The illustration shows a push-through type, two-layer winding, In semi-enclosed 
slots. The coil is Inserted by pushing the bar through from one end of the slot, the 
straight end being afterwards bent to final shape. 

{Mather db Platt, Ltd.) 

alternator stator, carries a polyphase winding similar to an alternator 
winding, and the conditions governing the choice of winding, as, for 
example between single-layer and two-layer are similar to those for 
alternators. Motors often work at the low-voltage of a.c. distribution 
systems and consequently large motors may require relatively few 
conductors and the winding will be a “bar” winding as illustrated in 
Fig. 23.1. For small motors operating at, say, 600 V a large number of 
small section conductors are necessary and a “mush” winding will be 
used. This, as shown in Fig. 23.2, can be regarded as consisting of 
hanks of insulated copper wire, the individual slot conductors being 
placed singly in the slots, the overhang then taped and shaped by hand. 
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The construction of a modem induction motor is shown in detail in 
Fig. 23.3. The stator winding is connected to the supply, and the poly¬ 
phase currents circulating through it produce a magnetic field which 
rotates at synchronous speed. The lines of force of the stator field cut 
the rotor conductors and induce currents in them; hence, by Lenz’s 
Law, the rotor follows after the stator field. Now it is on the relative 
velocity of the rotor and stator field that the magnitude of the induced 
rotor current, and therefore, of the torque, depends; hence, even on no 



Fig. 23.2. Wirewound Stator of Induction Motor 

A miish-tsrpe winding being Inserted into a semi-closed slot. The coil is 
inserted wire by wire, as shown. 


load the rotor speed must be less than synchronous speed, because a 
torque must be set up to overcome the friction and iron loss torque. 
When extra load is put on the motor, the torque must increase in order 
to cope with it; hence, the induced rotor current must increase, and 
therefore, the relative velocity of rotor to stator field must increase. 
But the speed of the stator field is fixed by the frequency of the supply, 
and therefore, as the load on the motor increases, the actual speed of 
the rotor decreases. Its speed characteristic is therefore somewhat 
similar to that of a d.c. shimt motor. 

SUp. For a unidirectional torque to be set up, the rotor field pro¬ 
duced by the induced rotor currents must have the same ang^ar 
velocity as the main stator field, and therefore, the lines of force “slip” 
past the rotor conductors. 

Let Oil = angular velocity of stator field, and therefore of rotor field 
cog == actual angular velocity of rotor 
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The difference (coi — (O 2 ) is called the “absolute** slip. The ratio 

(coi — o) 2 )l(Oi is called the “fractional” slip, and 100(ft>i — Is the 

percentage sUp. 

The fuB-load slip of modern motors varies from about 4 per cent for 
small motors to 1*5 or 2 per cent for very large ones. The actual speed 
is thus very close to the synchronous speed under normal working 
conditions when the speed is unregulated. 

When the rotor is stationary, the stator field sweeps past the rotor 
conductors with fuU synchronous speed, and the frequency of the rotor 
current is equal to the line frequency/. The motor then functions like 
a rotating-flux transformer, as distinct from an altemating-fiux 
transformer, but with distributed windings and a narrow air gap in the 
magnetic circuit. When running at a speed 
less than synchronism the relative velocity 
of stator field to rotor is orcoi, where a is the 
fractional slip. But the frequency of the 
rotor currents is proportional to this rela¬ 
tive velocity. Hence, the rotor currents have 
a frequency of of. 

Phase-wound and Cage-type Rotors. There 
are two types of rotor winding, the “squirrel- 
cage** and the “phase-wound.** The squirrel- 
cage rotor consists of a number of copper 
bars threaded through slots in a laminated 
rotor core, with their ends connected to 
stout copper or alloy end rings. These wind¬ 
ings are thus permanently short-circuited on 
themselves, and external resistance cannot 
be connected in series for starting purposes. 

The phase-wound rotor is provided with a distributed winding which 
is nearly always a two-layer wave winding in the case of large motors 
unless the voltage is so high that a single-layer “concentric** winding 
is preferable. The separate phases are generally connected in star, and 
the three free ends connected each to one of three insulated slip rings 
mounted on the motor shaft. When running normally these slip rings 
are short-circuited, but for starting purposes they are connected to a 
three-phase star-connected starting resistance, as in Pig. 23.4. 

The squirrel-cage rotor is as a rule used only for comparatively small 
motors, because, as we shall see, its starting torque is very small and 
it takes a large current from the line at the moment of switching on. 
The rotor resistance is very low, and therefore, the motor is very 
efficient, and the simple construction of the rotor renders it mechanically 
robust, and comparatively cheap to manufacture. The small starting 
torque is the result of the low rotor resistance. When squirrel-cage 
motors are used for crane or hoist work, where a large starting torque 
is more important then high efficiency, because of the intermittent 
nature of the load, it is usual to increase the rotor resistance by making 



Fig. 23.4. Induction 
Motor Connections 
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the end rings, and sometimes the bars as well, of high-resistance metal, 
e.g. bronze, and we shall see that, by this device, the starting torque is 
increased. 

Relation between Slip and Rotor PR Loss. When an induction motor 
is operating normally, the slip is so small that the frequency of the 
magnetic reversals in the rotor core is only of the order of one or two 
per second, the rotor iron loss therefore being quite negligible. Hence 

(Power of rotating field) = Output + rotor copper loss 
If T is the motor torque in newton-metres 

Power of rotating field = To)^ watts 
Output = To)^ watts 
/. Tcoi = Tft )2 + rotor copper loss 
/. coi —‘ ft >2 == (rotor copper loss)/^ 

(coi — ( 02 )l( 0 i = (rotor copper loss)/!rcoi 

= (rotor copper lo8s)/(input power) 

/. Fractional slip = (rotor copper loss)/(input power) 
and percentage slip = rotor copper loss/input power x 100 

= rotor copper loss expressed as a percentage 
of the input power of the rotor 

This relation shows why it is that motors with a very low rotor 
resistance have a small slip, while those with a high rotor resistance have 
a large slip. It is also important because it enables us to determine 
the rotor copper loss without measuring rotor current or rotor resis¬ 
tance in terms of the measured slip. Even with a slip-ring rotor this 
is an advantage and, in the case of a cage rotor it is the only possible 
method. 

Torque. The mechanism of torque production in the induction motor 
is essentially the same as in the d.c. motor. Fig. 23.5 shows one rotor 
conductor which, for convenience, is shown midway between the 
stator and rotor surfaces. Assume the stator field is travelling in a 
clockwise direction, and therefore, since the rotor speed cannot be 
equal to the stator field speed, the rotor is travelling counter-clockwise 
relative to the stator field. Hence when applying the right-hand rule to 
the rotor conductor its motion must be considered as being from right 
to left. This shows that the e.m.f. in the conductor acts outwards, 
and therefore the current acts outwards. The directions of the lines 
of force in the two component fields are therefore as shown in the first 
figure, while the resultant field distribution is as given in the second 
figure. Thus lines of force are bent round the conductor and a torque 
set up in the same direction as the stator field. In this case also the 
forces which exist in an actual machine act on the tops of the rotor 
teeth and not on the conductors themselves, and the student is advised 
to draw the figure corresponding to Fig. 10.2. 
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In the d.c. motor the torque is proportional to thfe product of the 
flux per pole and the armature current, and similarly in the induction 
motor the torque is proportional to the flux per stator pole and the 
rott)r current. There is, however, an additional factor to be taken 
into account, namely the rotor power factor. We have seen that the 
rotor frequency at any fractional slip a is o/, and therefore if Zg-o 



Fio. 23.6. Torqxjb Production in an Induction Motor 


rotor standstill reactance, i.e. its reactance to currents of line frequency, 
its reactance at any slip a is First of all imagine the rotor at rest, 

then its reactance is Xg.© and its impedance therefore 

while cos 

Now in a normal motor is much larger than R^ with the result 
that, at standstill 

Zg ^ Xg.Q 

and cos is small. 

Thus the current will lag the rotor induced voltage by an angle of 
the order of 90°. 

Now imagine that the rotor could travel at exactly synchronous 
speed, then at this speed 

a = 0 crZg-o == 0 
and cos ^ 2=1 

Actually, an unregulated motor cannot run exactly at synchronism but 
the slip is so small that the condition cos ^2 equal to unity is very 
nearly fulfilled. We will therefore consider the two extreme cases of 
cos (f >2 ^ unity and cos 23.6 shows two pole pitches of an 

induction motor. We have already seen that the distribution in space 
of the m.m.f. of a three-phase winding is stepped and is not given by 
a smooth curve. But owing to the tendency of a magnetic flux to 
spread out laterally the flux density distribution produced by this 
m.m.f. will have the comers rounded oflF, so that when considering the 
general properties of the motor we can assume that the distribution of 
air-gap flux density in space is sinusoidal. This will result in a sinusoidal 
distribution of rotor induced e.m.f. in space, and therefore a sinusoidal 
distribution of rotor current in space in the case of a cage rotor, in 
which the various bars, not being connected in groups, can carry 
different currents. Hence for the case of unity power factor the gap 
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density and rotor current distributions are in space phase. Now the 
force on a conductor is given by the product of its current and the gap 
density at its centre, and consequently by plotting the product of gap 
density and corresponding rotor current we obtain a curve giving the 

"" —-X- 
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Fig. 23.6. Effect of Rotor Power Factor on the Torque 
OF AN Induction Motor 

distribution of force round the rotor periphery. We see that for 
unity power factor this force is always positive but that at intervals 
of a pole pitch ( Y) it falls to zero. The average force is one-half of the 
maximum force. 

The second diagram of Fig. 23.6 shows the operating conditions for 
a rotor power factor of zero. The current lags 90 degrees behind the 
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induced voltage, and therefore the rotor will have travelled 90 electrical 
degrees, or half a pole pitch, before the current in any particular bar 
will be the same as in the previous figure. In other words, the rotor 
current distribution will be shifted 90 electrical degrees to the right. 
On plotting the curve of force per conductor we now see that the force 
is reversed at intervals of half a pole pitch, and that the average force 
is zero. Hence the torque is zero. These curves are analogous with those 
of Figs. 15.7 and 15.8, giving the curves of power in a single-phase 
circuit, and it therefore follows that the torque developed by the rotor 
is proportional to the rotor power factor. 

We thus see that in the induction motor the torque is proportional to 

X (-tor™., X 

The flux is proportional to the stator applied voltage exactly as in 
a transformer. 

^ ^ ^ , rotor e.m.f. 

Kotor current per phase = ——^- 3 -i- 

^ ^ rotor impedance per phase 

When the rotor is stationary, there will be a certain transformation 
ratio k between stator and rotor, and for the rotor e.m.f. we have 

Ej, 2 = 

When the motor is running, the relative velocity of rotor and stator 
field is proportional to the fractional slip cr, and since the fractional 
slip at standstill is unity, we have for the rotor e.m.f. when running, 

E>p.2 ~ ■ E^^i 

Again, the frequency of the rotor current is af\ hence, if Xg.© is the 
rotor reactance per phase to currents of line frequency, its reactance 
to currents of slip frequency will be 0 X 2 . 0 . Hence, the rotor current is 
given by 

akE^J{R 2 ^ + (72X2.0^)* 

The ratio k is equal to the turns ratio per phase if stator 

and rotor have the same number of phases and the same values for the 
winding coefficients ikg ^-J^d Ajg. The rotor can, however, have a different 
number of phases, since its performance depends on the rotating field 
of the machine and not on the manner in which this field is produced. 
Hence, in general, denoting the numbers of stator and rotor phases by 
nil ^2 have 

k = m^N 2 ^ 72 ' 2 ^ 2 * 1 ^ 1 * 2 ^ 1 * 8 

Again, from the impedance triangle (Fig. 23.7), we have 

COS0 = R2l{H^ + 0 ^X 2 .^)^ 

The expression for the torque, Ty therefore becomes 

T oc Ejy i X (ykEp^il -|- cr^X 2 . 0 ®) X 4" ^^-^ 2 * 0 *) 

oc akE^,i^R 2 l(R 2 ^ + a^X\o) 
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If we start with the power developed, instead of the torque, then 
we can derive the same relationship and conveniently determine the 

factor which gives an actual torque equa¬ 
tion. Let Ep ^2 Ip _2 he the rotor voltage 
and current per phase when on load, then 
the rotor power developed 

P,' = TOjPp.j/p.a cos 
Again P,.* = 

and /,.2 = 

= kaEpJiR^^ + 
cos (^2 = RiKR^ 4- 



Fig, 23.7. Rotob 
Impedance Triangle 


Rotor copper loss = 

= mJc^a^Ej^^^R^KR^ + a^X^.^^)aP^ 
Hence power converted into mechanical power 
Pg = P 2 — Rotor copper loss 

= mJc^Ej^T^oRJ^l — o)l{R^ + a^Zg-o^) 
Now actual speed 

N = — a) r.p.second 

/. Angular velocity 

0 ) = 2mNJ(\. — or) radians/second 
But Pg = 

.-. T=:PJ(0 

= mJc^E^,^^aR^(l - a)l[27rN,(l ^ 

{mJ27T)(llNg)k^Ej,j^aR2 . . 

— \Ry+<^x, 7 > 


If Ng is expressed in r.p.m. and we require the torque in pound-feet 
units we have, since 1 newton-metre is equal to 0*7373 Ib-ft unit 

„ _ 0*7373(60mg/277)(l/i\r,)A;2P^,i2(;Pg 


Pg^ + ( 72 X 2 . 0 * 


7*04(mg/iVr,)A:2P^.i2(TP, 


Pg* + a2Xg.o2 


- Ib-ft units 


Several important properties of the motor can be deduced from the 
torque equation 

(a). T oc (l/cr) X {akE^JVW + X Pg 

The quantity in the brackets is the rotor current, and we therefore have 
T oc /p.a^Pg/cT, 

oc (rotor copper loss)/(slip) 
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(6) When the motor is running under normal conditions a is very 
small, and we can neglect ((rJr 2 .o)‘ in comparison with R^. Hence, 
under these conditions, 

T oc k and R^ being constants 

Now rotor intake oc Tcj^ 

• • (^1 <^ 2 ) ^ (rotor intake)/-^p,i*ft)i 

oc rotor intake 

so long as ^ is constant. This shows that, under the assumed 
conditions, the fall in speed is proportional to the rotor intake, and 
therefore, very approximately to the output. We also see that the 
torque is proportional to the square of the applied voltage, a property 
of the motor which renders it very susceptible to changes in voltage. 
It is necessary that the voltage regulation of a line supplying induction 
motors should be very good. 

Starting Torque. At the moment of starting, the rotor is stationary, 
and therefore, a = 1. Hence 

starting torque oc i? 2 /(-B 2 * + ^ 2 - 0 ^) 

This is a maximum when i ?2 = ig*©* -^2 being regarded as the variable. 
Therefore, to obtain the maximum starting torque, sufficient resistance 
should be put in series with the 
rotor to make the total resistance 
per phase equal to the rotor reac¬ 
tance per phase, to currents of line 
frequency. The variation of starting 
torque with rotor resistance is shown 
graphically in Fig. 23.8. A squirrel- 
cage or other permanently short- 
circuited rotor winding has a small 
starting torque whenever the rotor 
resistance is very small, and it 
cannot be increased for starting 
purposes by the addition of an 
external resistance. 

For this reason, cage motors whose duty is such that the starting 
performance is the most important characteristic, are generally provided 
with a rotor resistance greater than normal. This is accomplished by 
using for the end-rings a material of greater specific resistance than 
copper. This, of course, decreases the efficiency, increases the rotor 
temperature rise, and increases the slip, but, in cases where the motor 
is frequently started and stopped, these are out-weighed by the 
improved starting torque. 

Methods of Starting Sqaiirel-cage Motors. An induction motor can 
be regarded as a transformer with a small air gap in the magnetic 
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circuit. Hence, a squirrel-cage motor, when at rest, and therefore 
having no back e.m.f. induced in it, can be regarded as a transformer 
with a short-circuited secondary. Such a transformer would take a 


Auto- transformer 



jAAAA/wJ jAAA/vwvi jvwwwj Primary 



very high current if the full voltage were applied to its primary winding, 
and therefore, for starting it is necessary to apply a reduced voltage. 
When the rotor is well under way, the full voltage can be applied. 
There are several methods of obtaining this reduced voltage. 
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In the auto-transformer starter, the reduced voltage is obtained by 
taking tappings from a three-phase auto-transformer, as shown in 
Fig. 23.9 (Ji). In the running position full line voltage is applied, and 
the auto-transformer left out of circuit. 

If the motor is supplied through a step-down transformer, then the 
secondary of this transformer can be used as an auto-transformer as 
shown in Fig. 23.9 {B). This considerably simplifies the switchgear, 
but the extra connections from the transformer are a disadvantage. 

In the “star-delta” method the motor is designed to operate normally 
with the stator phases mesh-connected, so that the normal phase 
pressure is equal to the line pressure. For starting, the phases are 
connected up in star, the pressure applied to each phase being thus 
l/\/3 of the normal pressure. Fig. 23.9 (C) shows one arrangement of 
a star-delta starter and of the stator phases; the phases are each brought 
out to two terminals. A four-pole throw-over switch is used, the object 
of the fourth pole being to provide the star point when the phases are 
connected in star. It has no contacts on the delta side. 

Example. A squirrel-cage motor has a ratio of rotor standstill 
reactance to resistance per phase of 4 to 1, and the maximum torque 
is times the normal full-load torque. Calculate (1) the full-load sUp, 
(2) the ratio of starting torque to normal torque, (a) with direct-on 
starting, (6) with star-delta starting, (c) with an auto-transformer 
starter with 70 per cent tapping. 

With normal voltage on the stator 

T = X [aR^KR^^ + a2Z2.o2)] 
when T — Tm&x, o = i? 2/^2 o 

Let Tmax = 100 per cent 

. lAQ _ kR^IX2.Q 

• • R^^ + R2^X2.oWz-? 

k = 200 X 2.0 

(1) ^normal = ^max/2J = 100/2 J = 44*4 

/. 44-4 = 200X2.o[aRJ(R2^ + a^X2.o^)] 

also ^ 2*0 '—^ 4J?2 

/. 44-4 = SOORJiaR^KRi^ + 

= 800(t/(1 + 16(t2) 

This gives cr = 5*7 per cent or 107 per cent, showing that the motor will 
run normally with a full-load slip of’ 5*7 per cent. In the region of 
counter-current braking, the slip at normal full-load torque will be 
107 per cent (Fig, 23.10). 

(2) At starting 0=1 

^starting = kR^KR^ + *^ 2 * 0 ^) 

Putting k = 200 X 2-0 and Xg-o = ^R^ 

we have ^starting = 47 
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(a) At full stator voltage, iTgtarting Is given by the above value of 
47 per cent of the maximum possible torque 


/. ^starting — 47/44*4 — I’OGTnorinal 



(6) Star-delta starting gives l/V^ times full voltage, and therefore 
1/3 times the torque at full voltage 

^starting = 1*06/3 = 0*357^normal 
(c) ^^startlng = 1*06 X 0*7^ = 0*62riiormal 

Operatioii over the Normal Range. Under running conditions, 

T oc oRJiR^ + 

This is a maximum when iJg = ^ being the variable. Sub¬ 

stituting R 2 IX 2.0 for or, we have for the maximum torque under 
running conditions 

^ or_ ^ ^ 

max ^ p 2 I p 2 V 2 /V 2 ^ Y 

•^2 t -^2 ■^ 2*0 i '^ 2'0 *^ 2*0 

Since X 2.0 is a constant for a given motor, we see that the maximum 
torque attainable is a constant and is independent of the rotor resis¬ 
tance. Hence, if we draw a family of torque v. slip or torque v. 
speed curves for a series of values of the total rotor resistance, they will 
all have the same maximum value. Such a family of curves is shown 
in Fig. 23.11. The perpendicular OF is drawn at unity slip or zero 
speed, and the intercepts on this axis give the starting torque of the 
motor with a rotor resistance equal to that corresponding to the 
particular curve. If jB 2 is equal to X 2 *o maximum torque occurs at 
starting, as shown by curve 3, and for any other resistance the torque 
at starting is less than the maximum value. The shaded portion of the 
diagram represents the normal working range, and it will be seen that 
although a high resistance is an advantage for starting purposes, it is a 
disadvantage when running normally. Curve 1 is for a normal rotor 
of small resistance: this gives a greater torque than any of the others 
within the working range, and the maximum torque is not far removed 
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from this range, a disadvantage in the case of a motor subjected to 
sudden violent overloads, even if of short duration. Curve 2 is for a 
high-resistance rotor, and we see that within the working range the 
increase in resistance causes a decrease in torque. For a given Wque 
the motor represented by curve 2 suffers a larger slip than the normal 
motor, so that its speed characteristic is similar to that of a d.c. 
cumulatively-compounded motor. For certain classes of work this 



characteristic is an advantage, since it relieves the motor both elec¬ 
trically and mechanically when the opposing torque is heavy. Also, 
the position of the maximum torque is farther removed from the 
normal working range, so that the motor is not so liable to pull out in 
the event of a serious overload. For average motors the pull-out 
torque is about times the normal full-load torque. 

We have seen that Tmax is dependent on (a) the square of the voltage 
therefore on the square of the supply voltage, (6) the fre¬ 
quency /, since JCg.Q = This shows that a high maximum torque 

can be more easily attained in a low-frequency motor, (c) the rotor 
inductive reactance Xg.Q, showing that for a high torque the magnetic 
leakage miist be made as small as possible. An important factor in 
deciding one of the components of the magnetic leakage, the zig-zag 
leakage (^ee p. 587) is the radial length of the air-gap, which should be 
made as small as possible. 

As an actual example consider the case of a 250-b.h.p. induction 
motor having a rotor resistance per phase of 0*016 and standstill 
reactance per phase of 0*16 Q. We have seen that the torque and 
rotor current can be written 

where ki and are constants which need not be determined. Sub¬ 
stituting the numerical values for Hg and . 2^21 we have 

T = fci[0-016<r/{(0-016)* + (016)»a*}] 

/, = l:,[«y/{(0-016)* + (0-16)*a*}J] 
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We will take the values of and to be unity, the units in which 
T and are expressed then being arbitrary units. Taking a series of 
values of a from zero up to 2-0 in steps of 0-1, we can tabulate as follows, 
this being more expeditious than making an individual calculation for 
each point on the curves. 

It is not thought necessary to give the whole of the table, as the 
reader can make the necessary calculations for himself. The curves of 


= 0-016 Xg.o = 0-15 


Cf 

a* 




a 

a 



0-1 

0-01 

0000226 

0-000481 

I 

0-0244 

4-16 

208 

0*2 

0-04 

0-0009 

0-001166 

0-034 

6-88 

180 4 

0-3 

0-09 

0-00203 

0-002256 

0-0477 

6-3 

131 

0-4 

0*16 

0-0036 

0-003856 

0-0621 

6-42 

101-6 

0*6 

0*25 

0-0066 

0-005856 

0-0765 

6-55 

86 


T and against g are plotted in Fig. 23.12, and we see that the 
maximum torque occurs for a slip of 0-016/0-15 = 0*107 or 10*7 per 



ZO V8 - P6 M P2 0-6 0 6 0-4 0-2 0 

Fig. 23.12. Induction Motor Characteristics 


cent. In the same figure the torque curves for a resistance of 0*083 
and for a resistance of 0*16 per phase are given, and it will be seen 
that these also exhibit a maximum at a slip of RJXz.Oi namely, for 
( 7 = 1 , when R 2 = Xg.o, and for a = 0*083/0*15 = 0*553, when 
= 0*083. For all three curves the magnitude of the maximum 
torque is the same. 
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Modes of Operation of the Motor. The normal operating range is 
within the limits of fractional slip <y = 1 (at starting) to a very small, 
but still finite, during normal nmning. The particular torque-slip 
curve on which the motor is functioning depends only on the value 
of i^ 2 ’ ^ slip-ring motor it is possible to transfer to 

any desired curve by the switching into the rotor circuit of the 
appropriate amount of resistance. 

Fig 23.11 shows the curves extended to the left of OY, the speed 
thus being negative, the slip greater than unity, and the torque still 
positive. This condition would apply if the rotor were reversed, the 
stator field travelling in the same direction as for the normal operating 
range. The conditions are identical if the stator field is suddenly 
reversed while the rotor is running in the forward direction. The torque 
will still be positive with respect to the new direction of the stator 
field, but it will be negative with respect to the old direction, and 
therefore it will be a braking torque which will decelerate the rotor. 
The sudden reversal of the stator field of a motor running with short- 
circuited rotor is called plugging, and is sometimes used as a method 
of control.* It is also occasionally used in connection with high-power 
hoists and colliery winders when these are lowering loads, but in such 
cases resistance is inserted since, as is shown by the curves, the amount 
of braking torque can be given any desired value by manipulation of 
the controller resistance, t 

There is a third operating range to the right of the zero slip point, 
which means that the slip must be negative and therefore the rotor 
must over-run the stator field. This is merely an extension to the right- 
hand side of the curves for normal operation, so that the same torque 
equation applies but o must now be given a negative sign. This shows 
that the torque is negative and therefore, as the direction of the stator 
field has not been reversed, the operation of the machine has changed 
from that of motor to that of alternator. The characteristic curves 
for this mode of operation are shown in Fig. 23.13, from which it will 
be seen that for any given torque, as indicated by the dotted torque 
line, there can be a series of resistance values with corresponding excess 
in speed above synchronism. 

The “as 3 mchronous” alternator, which is the name for the induction 
motor operated in this manner, is very different in its characteristics 
from the synchronous alternator studied in Chapters 19 and 20. The 
main differences, apart from the obvious structural differences are— 

1. The synchronous alternator has d.c. magnetizing current 
supplied from an exciter and consequently it can function as an 
isolated machine. The asynchronous alternator draws its magneti¬ 
zing current from the a.c. supply to which its stator is connected, 
and therefore it can only operate when connected to an existing a.c. 
supply. 

2. In the synchronous alternator the rotor poles occupy fixed 

♦ See H. Vickers, The Induction Motor, Chap. V. Pitman, London, 
t See H. Cotton, Electricity Applied to Mining, Chap. X. Pitman, London. 
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positions with respect to the rotor structure because of the d.c. 
excitation. Hence, since in any d 3 mamo-electric machine the rotor 
poles must travel in space at exactly the same speed as the stator 
poles, the machine can only operate at exact synchronism. The 
asynchronous alternator has a.c. excitation of the rotor and conse¬ 
quently the rotor field rotates in space at some velocity relative to 
the rotor itself which is determined by the negative slip at which 



Fig. 23.13. Torque-slip Curves for Asynchronous 
Alternator Operation 


the rotor is running. The regime is, in fact, merely an extension 
beyond zero slip of the normal motor operation. The field of the 
machine slips with respect to the rotor but it is now the rotor which 
has the greater velocity. 

3. For a given rotor resistance the output increases with the 
excess of speed above synchronism, the relationship being almost 
linear. This output is fed back into the supply and thus there is no 
analogy with the case of the synchronous alternator since, even 
when working in parallel with others, an increase in steam supply 
does not result in an increase in speed. 

4. Whatever the excess of rotor speed above sjoichronism the 
frequency of the output current remains the same as that of the 
supply voltage. The frequency of the rotor current, however, 
increases as the negative slip increases. 

There are two important applications of this alternator. The first 
is when loads are being lowered by an a.c. driven hoist. Gravity can 
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act as prime mover axid a retarding torque will be set i;ip if the speed is 
allowed to exceed synchronism, ^s of control requires that the 
period of time during this mode of operation shall be sufficiently long 
for the driver to maintain control.* Since the retarding torque ceases 
when there is no excess of speed above s 3 nichronism the bra^g from 
synchronous speed down to standstill must be accomplished by some 
other means. This is different from the counter-current method in 
which the braking effect exists right down to standstill. 

The second application is for the utilization of small and variable 
amounts of water power which do not justify a normal power station. 
The simplest method is to arrange for a water wheel to drive an 
induction machine having a cage rotor. When there is sufficient water 
the machine is automatically switched on to an overhead line already 
energized from a normal station. If there is not sufficient water to 
drive the rotor above s 3 mchronism the equipment is automatically 
switched off. 

More Accurate Analysis of the Torque-Slip Relationship. In the 

previous discussions it has been assumed that the stator voltage drops, 
Bill and X^I^ are negligibly small, and for large machines only, these 
assumptions may lead to httle error. There be appreciable error 
with small machines. The effect of the no-load current has also 
been neglected. This current is, in proportion, much larger than in a 
static transformer and its power factor is lower. The simplest way of 
taking it into account is to calculate first the wattless component of 
this, 7^, and then the drop X^I^ due to it. This drop can be deducted 
directly from the supply voltage per phase, V^, giving for the e.m.f. 
which is actually transformed in the machine 

We can now regard the secondary circuit as a distinct circuit fed at 
a voltage of 

Fg' = kEi at standstill 

and V 2 = kaEi at any fractional slip a 

The equivalent circuits for the rotor are, for the two cases, shown in 
Fig. 23.14. The changes in the coefficients of Xi and Xg from stand¬ 
still to nmning conditions are due to the following— 

R 2 is unchanged because it is an ohmic resistance in the secondary 
circuit. 

k^Ri changes to ak^Ri because the voltage transformation ratio 
decreases in proportion to a: similarly k^Xi changes to ak^X^. 

The secondary leakage reactance Xg.Q changes to oXg.Q because 
of the decrease in frequency of the current in the secondary circuit. 

Hence, although the standstill values k^Xi and Xg.© are operated on 
equally by the factor cr, the physical phenomena associated with the 

* 8ee H. Cotton, loc. cit, p. 467. 
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operations are different, the first being the transformation of a line 
frequency voltage drop, the second a reduction in inductive reactance. 
From the equivalent circuit diagram for running conditions, we have 

oFa' = [i^a + oBRi + j{a¥Xi + oZa)]^2 
oFa' = ma¥R^ + i?a)* + <r*(**^i + -^2)*]* 

7a = oE^-oliRt^ + before 

JPa-o = {-^2* + <T*Xa.o*)*7a/flr 

= V,W + + i«*)* + aWXt + 

^ 20 * = (^^2')*[(-B2* + a»7f2o*)/{(<^**J«i + ^ 2 )^ + <T*(**Xi + 2:a.„)*}] 

/?2 k% X20 
-rtAAA^-—'^AA^——'TIW"'—'TJirtr'^ 


i 


CT k^Rf <j k^X/ /?2 ^^2 0 



O' K/ cr^ 2'0 

i_L 


Running 


Fig. 23.14, Equivalent Cibcuit of Rotob Winding 

Substituting this more correct value in the previous expression for the 
torque, we have 

(m,l2n)(\IN,)¥(E^^)aR, _ 

(aF7?i + R^f + a\BX^ + ^a-o)* 

Expanding the denominator we have the expression 

+ 2aBR^R^ + R^^ + (t2(FXi + Zg-o)' 

In the numerator we have the variable a ; dividing the denominator 
by this we have 

2k^R^R^ + R^^ja + (7[(PZi + + k^R^^] 

and this is a minimum, and therefore the torque a maximum when 
(T[(fc*Zi + Z2 .o)2 + k^R^] = R^^la 
when a = RJdk^X^ + + k^R^^)i 

If we neglect Ri and Zj this reduces to the more approximate 
relationship a = jRg/Zg-o obtained previously. 

Example. Compare the performances calculated by the approximate 
and accurate methods of the three-phase induction motor having the 
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following particulars: 380 V, star-connected, i2i = 0-39fl, i?, = 
0‘161 Q, = 1-61 £2, Xj = 0"416 Cl, k = 0'67, /„ = 0‘6 A, o = 6 per 
cent at full load. 

(a) Approximate method 

T — A . [aV^RJ(R^ + where A is a constant 

Fi = 380/^3 = 220 V/phase 

Ttx = A(l/20) X 220® X 0161/[0-161* -f (1/400) x 0-416*] 

= 16,700A 

Fractional slip for maximum torque 

o' = J? 2 /Xij.o = 0151/0-416 = 0-363 
(5) More accurate method 
Ei = 220 - 1-61 X 0-6 ~ 220 V 
T = A (1/20) X 220* X 0151/[(l/20)x0-57*x0-39+0-151]® 

+ (l/400)(0-57®x l-61-f0-416)® 

= 13,600A 

Fractional slip for maximum torque 
a’ = 0-151/[(0-57® X 1-61 -f 0-416)® -f 0-67* x 0-39®]i 
= 0-16 


Another Equivalent Circuit. Using the approximate equation for the 
rotor current we have 

h = cr^2.o/(^2' + 

Thus we can imagine that the rotor resistance per phase is increased 
from i ?2 to R2I0J that is, an increase of 

R 2 = RJcf — -Rg = i? 2 {l — cr)/(T per phase 

At the same time the rotor reactance retains the standstill value of 
Zg.Q. The power absorbed by this fictitious resistance R 2 is equal to 
the power developed by the rotor. 

Example. A three-phase motor has a rotor current per phase of 
20 A when running with a slip of 4 per cent. Calculate the mechanical 
power developed given that the rotor resistance per phase is 0-06 Q. 

a = 4/100 = 0*04 or 1/25 

Resistance per phase representing the mechanical load 
R2' = i? 2 (l - a)la = 0 06 x 0-96 x 25 
= 1-44 Q 

Hence power developed in all three phases 
P = 3 X 202 X 1.44 
= 1728 W 



670 


ELECTRICAL TECHNOLOGY 


[Ch. 23 

An equivalent circuit diagram can be drawn m which this tictitious 
resistance takes the place of the load impedance in the circuit 
diagram of a transformer. Fig. 23.15 shows the diagram in which all 
quantities are referred to the primary (stator side), and the no-load 
current is represented by the current taken by the shunted admittance 
Oq^ Bq, From the point of view of circuit relationships it is correct to 
place this admittance between the primary and secondary constants, 
but, for the purpose of analysis it is usual to place it across the supply 


Rj Xf 



Fia. 23.16. Equivalent Cmcurr or Complete Motob 


terminals so that it does not enter into expressions for the torque or 
power developed. This diagram can be used to deduce the circle 
diagram of the motor, as shown on p. 577. 

The fictitious resistance R^ can also be brought into the vector 
diagram of the motor. Fig. 23.16(a) shows the vector diagram of the 
motor at standstill with the rotor short-circuited. The primary im¬ 
pedance jRj, Xi, gives the hatched volt-drop triangle, the e.m.f. actually 
transformed in the motor being Ei. This induces the secondary e.m.f. 
E 2 in exact phase opposition to E^, The secondary current lags 
by ^ 2-0 where 

tan ^ 2*0 ~ ■^ 2 *o /-®2 

and the component drops R 2 I 2 •3^2 (/2 accoimt for the whole of E^, 
as shown. The current induces the primary current in exact 
phase opposition to it, and combined with the no-load current /q 
gives the total primary current 

When running. Fig. 23.16 (6), the resultant rotor constants are 
/? 2 » -^ 2(1 — cr)/or, and Z 2.0 (not <yZ 2 o)> power absorbed in the 
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second of these representing the mechanical power dev/eloped. The two 
components of E 2 are now 

/ 2 [i ?2 + ^^ 2 ( 1 “" phase with 1 2 

and ^2 0^2 ^ quadrature with 1 2 



and the first of these is equal to (JS 2 /cr)/ 2 . The angle of lag ^2 is now 
given by 

tan (f )2 = (actual reactance)/(actual resistance) = aX 2 .olH 2 
__ reactance in equivalent circuit 
^ resistance in equivalent circuit 
= X 2 .ol(R 2 l<y) = CTX 2 . 0 /-R 2 S'S before 
Under running conditions ^2 < becoming very small when a is 
small. 


The Resistance 0! the Cage Rotor. The winding structure of the cage 
rotor cannot be regarded as divided into a definite number of phases, 
as in the slip-ring motor; in fact, when the number of bars is prime 
to the number of poles, as is usually the case, each bar constitutes a 
separate phase. We will assume a sinusoidal flux density distribution 
round the air-gap, the current distribution in the rotor bars therefore 
being sinusoidal also, Fig. 23.17. This shows a rotor having 36 bars 
per pole pair, and, for simplicity, the maximum current per bar is taken 
to be unity. The currents in all the bars are indicated, and by regarding 
the end-rings as distributors and the bars as tappings from them, it 
follows that the variation of current round the rings is given by the 
algebraic sum of the currents tapped off as we proceed roimd the rings. 
In this way we see that the maximum current carried by the rings is 
6‘716 times the maximum current per bar, in the case of 36 bars per 
pole pair. 
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Let 1 2 = r.m.s. value of the current in a bar 

/. \/ 2/2 = maximum value 
Let = number of rotor bars 

and 2p = number of poles 

/. N^l^p = number of bars per pole 



Hence if all the bars carried the maximum current at the same instant^ 
the maximum values of the current in an end ring would be 

\W2i2N2i2p) 

But as the current distribution is sinusoidal, for which distribution 
the average value is 2/77 of the maximum we see that the maximum 
current in an end ring is 

(i)(2/7r)(V2W2i>) = 0lV2rr)(l2N2lp) 

= iIMV^Wp) 


or 
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Thus in the case of the motor with 36 bars per pole pair N 2 /P = 36 
and V 2/2 is the maximum bar current 

maximum current per end ring = (36/27r) X (max. current per bar) 

= 6*65 X (max. current per bar) 

which agrees with the ratio 5*716 given above, when it is remembered 
that the individual currents in the diagram were only taken to two 
decimal places. 

Now the r.m.s. value of a sinusoidal distribution is l/\/2 of the 
maximum value 

r.m.s. current in the ring = 

= (ll2n)(Wp) 

Now let Df. = mean diameter of ring 

af = cross-section of ring 
Cr = specific resistance of ring material 

/. Resistance of ring 

R^ = TTDrOrlaf 

Reckoning both rings, the copper loss in these is given by 
2 (ll 27 rni 2 Nzlpr X (TTOrCrK) = h^N^^ X (l/27r) X 
Let 4 = length of bar 

= cross-section of bar 
Cj, = specific-resistance of bar material 
The total copper loss in N2 bars is 

-^2 X (iftCTj/oe,) X = (hoi^lN^) X I^N^ 

Hence total copper loss 

= I^N^{J^a^lN2a^ + Drarl27Tp%) 

Hence, total rotor resistance, namely that resistance which, when 
carrying current /g, would have the same copper loss as the whole 
rotor winding structure 

R 2 = N2Hh(^blN2^b + D^Orl^TTp'^a^) 

This has now to be transferred to the stator, and as the rotor is in 
the nature of a perfectly distributed winding which cannot be split 
up into individual phases, we have to refer the resistance first of all to 
the whole of the stator. 

(Total rotor resistance referred to the stator) 

= N^iJ^OblN^ + DfOrl^TTpHf) X [^^ 2^3 X (stator conductors)/-N'g]^ 
Hence total rotor resistance referred to the stator per phase 
= + D^arl 27 Tp^a^) X (^2^3 X stator conductors/i^g)® 

= (llm)(lj,ai,IN^ + D^Orl^mp^ar) X (Ajg&g x stator conductors)* 
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For the magnitude of the current in a rotor bar we make use of the 
equality of the rotor and the stator induced ampere-tums 

NJi^ = Stator conductors X 

I2 = Ii X [(stator conductors)/^2] 

Example. A 6-pole, 3-phase induction motor has a stator winding 
housed in 3 slots/pole/phase, full-pitch coils. Conductors in series per 
phase 486, stator resistance per phase 1*23 Q, full-load stator induced 
current per phase 11-2 A. Rotor with 57 round bars each 0-95 X lO”"* m 
in diameter and 0*16 m long. End rings 2 X 10“^ m, square section, 
mean diameter 0*23 m. 

Oj for copper bars, 1-7 X 10~® ohm-metre 
oTy for brass rings, 6*8 X 10“® ohm-metre 
Current per bar at full-load 

/a = 11*2 X (486 X 3/57) == 292 A 
Current per ring at full-load 

(1/277)72^2/7? = (1/277)292 X 57/3 = 886 A 

aj, = 0*7854 X (0*95 x 10-^)^ = 0*71 X 10-^ 
a,. = 2 X 10-2 X 2 X 10-2 = 4 X 10-^ m2 

Hence, total resistance referred to the stator per phase 

1 /0*16 X 1*7 X 10-» 0*23 X 6*8 X lO-^ \ 

3 V57 X 0*71 X 10-4 277 X 9 X 4 X 10-4/ 

X (0*96 X 1 X 3 X 486)2 

= 0*9 

Hence total resistance per phase referred to the stator 

= 1*23+ 0*9 = 2*13 £i 
Rotor PR loss = 3 X 11*22 x 0*9 = 340 W 

Crawling of Induction Motors. Squirrel-cage motors sometimes 
exhibit a tendency to run at a speed very much smaller than syn¬ 
chronous speed, usually one-seventh. This is due to the fact that since 
it is impossible to distribute the stator winding in more than 3 or 4 
slots/pole/phase, even in large machines, the wave of stator flux, 
instead of being a pure sine wave, is stepped. This wave, when 
analysed, gives, in addition to the fundamental wave which rotates at 
synchronous speed, odd-numbered harmonics, third, fifth, seventh, 
and so on. The third harmonic waves produced by the three phases 
neutralize one another as will be seen later, and the most important 
of the remaining harmonics are the fifth and the seventh. It is shown 
below that the field set up by the fifth harmonic, considering this 
separately, rotates backwards, while that due to the seventh harmonic 
rotates forwards. Hence, the torque/slip characteristic wiU have 
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three components, that due to the fundamental, that due to the hfth 
harmonic, and that due to the seventh. These separate characteristics 
are drawn in Kg. 23.18, the total torque being obtained by adding 
corresponding ordinates of the three separate curves.* The curve for 
the seventh harmonic crosses the slip axis at one-seventh fundamental 
speed. Similarly, the curve for the fifth harmonic crosses the sHp axis 
at one-fifth fundamental synchronous speed, but in this case the point 
of intersection is to the left of the standstill axis. The curve of total 
torque is given by the heavy line, and from its shape we see that, as 



the motor starts up from rest, the torque increases up to a maximum 
then decreases, and finally reaches another maximum. Also, the 
position of the first maximum is just below one-seventh synchronous 
speed. If the frictional torque of the motor is such that it requires the 
motor to develop a torque approaching that in the neighbourhood of 
one-seventh full speed, the motor will “crawl” at this speed and will 
be perfectly stable so long as the working point is in the neighbourhood 
of C. If the field form of the motor is such that a fairly large seventh 
harmonic is produced, then the only way to avoid this trouble is to 
make the rotor resistance suflSciently high to enable the motor to 
develop a torque at one-seventh speed greater than the frictional 
torque. 

We have seen that the m.m.f. wave of one phase of a distributed 
winding can be regarded as of trapezoidal shape, and of maximum 
value (ll2)gul^ where g = slots per pole per phase, and u = conductors 

* See Catterson Smith, J. K., J. Inat, Elect. Engrs., 49 (1912) 636. 
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per slot. Analysing this wave into a heigJU Fourier series we have for the 
heighJt at any angular position d 

m.m.f. = (2/7r)(gfw/^/(7T/6)) [sin (tt/G) sin 0 + . . . 

+ (1/^2) sin (titt/G) sin nO] 

In the above series the even harmonics are absent because of the 
equality of the positive and negative half waves. Now the m.m.f. at 
any point in space is also varying sinusoidally, so that for the m.m.f. 
at any angular position 0, at any instant in time, we have 

m.m.f.i = {I2gul^l7r^) [sin (tt/G) sin 0 + . . . 

+ (l/n^) sin (titt/G) sin nd] sin cot 

Similarly for phases II and III, we have 

m.m.f .2 = (l2guI^l7T^) [sin (tt/G) sin (0 — 27r/3) + . . . 

+ (l/w^) sin (htt/G) sin {n(B — 27r/3)}] sin {cot — 27t/3) 

and 

m.m.f .3 == (l2guIj7T^) [sin (tt/G) sin (0 — 47r/3) + . . . 

+ (l/n^) sin (riTr/G) sin {n{Q — 47r/3)}] sin (cot — 47r/3) 

Hence for the total m.m.f. at any angular position 0 and at any 
instant 

(m.m.f.) = (m.m.f.i) + (m.m.f.g) + (m.m.f.g) 

The r^th term of the summation is 
(l/n^) sin (riTr/G) sin nd sin cot 

+ (l/n^) sin (w-tt/G) sin {n(0 — 27r/3)} sin (cot ~ 27r/3) 

+ (l/n^) sin (titt/G) sin {n(d — 47r/3)} sin (cot — Arr/S) 

= (l/n^) sin (titt/G) [sin nO sin cot 

+ sin {n(Q — 27r/3)} sin (cot — 27r/3) 

+ sin {n(0 — 47r/3)} sin (cot — 47t/3)] 

= (Ijn^) sin (liTr/G) (J [cos (nd — cot) — cos (nd + cot)] 

+ ^ [cos {nd — cot --(n — l)27r/3} — cos {nd cot — (n l)27r/3}] 

+ i [cos {n0 — cot — (n — l)47r/3} — cos {7i0 + — (n + l)47r/3}]) 

We now put w = 1, n = 3, ?i = 5, etc. 

For n = 1, we have 

(1/1) sin (7r/G)[J{cos (0 — cot) + cos (0 — cot) + cos (0 — cot)} 

— i{cos (0 + cot) + cos (d + cot — 47r/3) + cos (d + cot — Stt/S)}] 

= f cos (0 — cot) 

For n = 3, the quantity inside the square brackets is zero, and 
similarly for n = 9, n = 15, etc., showing that harmonics whose 
numbers are multiples of 3 vanish. 
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For 71 = 5, we have 

- (l/25)(f) cos (60 + a)t) 

and so on. 

The height at any angular position 0, at any instant t, due to all 
three phases, is therefore given by 

m.m.f. = dgul^ln^ [(1/1) (1/25) cos (50 + cot) 

+ (1/49) cos (70 - coO - . . .] 

The fact that the coefficient of cot is unity in every term shows that 
the various harmonics rotate at a speed proportional to the reciprocal 
of their frequency number, because the general term cos (n0 ± cot) can 
be written in the form cos [n{d i (^/^)0]* harmonics represented 
by the terms with the + sign, the general term for which is cos (7i0 — cot) 
include the fundamental, for which n = I, the 7th, 13th, 19th, etc., 
and these all rotate in the same directions as the fundamental. The 
harmonics with the — sign, for which the general term is cos (7i0 + cot), 
namely the 5th, 11th, 17th, etc., rotate in the opposite direction to the 
fundamental, and this accounts for the displacement to the left of the 
standstill axis in Fig. 23.18, of the hump due to the 5th harmonic.* 

The above phenomenon is not exhibited by motors with wound rotors, 
because the inserting of external resistance for starting purposes gives 
the motor a torque very much greater than the frictional torque. In 
fact, such motors will start against full-load torque without difficulty. 

Magnetic Locking. The rotor of squirrel-cage motors sometimes 
exhibits a tendency to remain in one place, and not to rotate at all: 
this happens when the numbers of rotor and stator slots have a common 
factor. In such a case there will be certain rotor positions which 
make the air-gap reluctance a minimum, and it is in such positions 
that the rotor tends to remain. This is easily overcome by making 
the number of rotor slots prime to the number of stator slots. 

The Circle Diagram of the Induction Motor. If an induction motor is 
run first of all at no load and then on load, the magnitude of which is 
gradually increased as far as possible, it will be found that the extremi¬ 
ties of the line currents, plotted as vectors, will lie on a semicircle. 
This is the basis of the circle diagram which, in its completed form 
affords a valuable means of elucidating the properties of the motor. 

Method 1. The rotor current is given by— 

Y _ kaEj^ 

- [(ffPiZi + i?*)* + + Z*.o)*]i 

, _ ak^Ri + 

- {{ak-^R^ + R^Y + + Z*.o)*]* 

H. M. Hobart, Electric Motors, Vol. II, Chap. XI. Pitman, London; Otten- 
stein, E.T.Z, (Nov. 13, 1019); T. F. Wall, “Crawling of S-phase squirrel-cage 
induction motors.** World Power (April, 1924). 

ao—(T.8x8) 
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.. cos ^8 - 2ak^RiR, + R^^ + a^(k^Xi + 

sin* ^ 2 = 1 — cos* <^a 

__ aHk^X^ + _ 

a*fc4i2i* + 2ak^R^R^ + i^a* + o\k^X^ + Za.o)^ 
Hence /a = [kE^'l(k^Xi + Xg-o)] sin 

This is the polar equation to a circle passing through the origin, and 
of diameter kE^Kk^Xi + Xg-o)- Now the induced stator current /j' 
is in exact phase opposition to h. and is given by = Aj/g. Hence 
the locus of the extremity of is also a circle, or, in practice, a semi¬ 
circle, since the range of <f >2 is within 90°. Now the stator current is 
the vector sum of and Iq and therefore we can displace the circle of 
bodily with respect to the origin, by the amount /q. 

Example. 140 h.p., S-phase, 3000 V, 60 c/s, 12-pole induction 
motor with star-connected stator and rotor windings. 

R^ = 1-41 n, R 2 = 00204 a 
Zi = 5*7 a, Za.o = 0 062 f2 

ife == 1/9, = 12*3 A, - 12*3 A, /«, = 0-85 A, ^ == 86° 

Fi = 3000/^/3 = 1732 V/phase 
= 12-3 X 5-7 = 70 V/phase 
Zi' = 1662 V/phase 
Diameter of circle of 1 2 

= 1662/9(5-7/81 + 0-062) = 1400 A 

/. Diameter of circle of Ii 
= 1400/9 = 165-6 A 

The maximum line current, i.e. the total current when the motor is 
stalled with full voltage applied is thus, 

155-6 + 12-3 - 168 A 

The circle diagram as derived in this manner is drawn in Fig. 23.19. 

Method 2. In stator terms. 

From the equivalent circuit of Fig. 23.15, we have for the load 
component of the stator current 

/j' = E^HiR^ + JJj/P + R^y + (Zi + Zg-o/fc®)*]* 

lagging Et^, by where 

8in<^/ = (Zi + Z8.o/**)/[(iJi + + Ri? + (Jfi + x^.jky]i 

Hence 

I,‘ ^[E,'nX, +X,.olk^)] Bin <!>,' 

This is the polar equation of a circle of diameter E^UXi + Zg.Q/ib*), 
and in this way we can obtain the circle of the current Ii directly. As 
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the load is varied the extremity A of the vector travels round the 
semicircle, starting at 0 at no load and filching at (7, the standstill 
point, if the load is increased to such an extent that it stalls the motor 



Fig. 23.19. Loci of Rotor Current /g, Stator Induced Cttbbbnt 
// AND Total Stator Current 


e; 



Fig. 23.20. Circle Diagram of Load Component of Stator Current 

(^ee Pig. 23.20). The slip is then zero and so the equivalent load 
resistance R^' is zero. 

Drop the perpendicular CD, then CD is the working component of 
the standstill current. This current multiplied by the voltage E^, 
therefore gives the sum of the stator and rotor copper losses. It does 
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not include iron losses because the power for these is supplied by the 
working component, of the no-load current which, so far, has not 
been included in the diagram. 

/. E^ xCD=^ {lufHi + 

where is the load component of the stator standstill current 
Now divide CD at E such that 

CEjED = 

Then CE is the component of the total working current CD conveying 
the power which supplies the rotor copper loss, and ED is the compo¬ 
nent conve 3 dng the power which supplies the stator copper loss. 

Join OE and, for any working point A drop the perpendicular 
AWWN. Then 

OA^ = ON^ + Am 
= om + ON .NF 
= ON{ON + NF) 

= ON X diameter of circle 
Similarly OC^ = OD x diameter of circle 

/. OA^IOC^ = ONjOD = mN/ED 

Hence as a copper loss is proportional to the square of the current it 
follows that N^N represents the working current conveying power to 
supply the stator copper losses at any load current, to the same scale 
that ED represents the working current for the stator copper losses at 
standstill. Similarly with the component N'N'" for the rotor copper 
loss, so that we have finally 

N'N''IN'^N — (Rotor copper loss)/(Stator copper loss) 

when the current has any value OA, 

The no-load current Iq has now to be added and the diagram is 
completed. Fig. 23.21, and it is interpreted as follows— 

00' = no-load current per phase 
cos <I>Q = no-load power factor 

OC = standstill current per phase with full applied 
voltage 

cos <l)g = power factor at standstill 
For any working point A 

OA = stator current per phase 
cos = power factor 

AN = working component of stator current 

N'"N = component of AN required to supply the iron and 
friction losses 
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N'N" = component of AN required to supply the rotor 
copper losses 

N'^N'" = component of AN required to supply the stator 
copper losses 

AN' = component of AN which conveys the output 
power 



Fig. 23.21. Completed Cibclb Diagbam 


AN'JAN == efl&ciency 

N'N^IAN" = (rotor copper loss)/(rotor intake) = fractional slip 
Intake = \/3 V X AN watts, where V — line voltage 
Output = y'S V X AN' watts 

Torque = (y'S VI27TNg) x AN" newton-metres, Ng in r.p.s. 
Starting torque = (\/SVI27rNg) X CE, with short-circuited rotor 

If tangent lines parallel to O'C and O'E are drawn to touch the 
circle at T^ and Tg respectively, then 

\/SV X TiM' = maximum output in watts 
\/3F X T2M"l27TNg = maximum torque in newton-metres 

Method 3. Construction from tests. 

1. Run the motor on light load at the normal voltage and frequency, 
read the intake Po> line volts, and the line current. If the stator is 
delta-connected, as is usual with cage motors, the phase current /q 
will be 1 /\/3 of this. In what follows F and I refer to phase values, and 
the resulting circle diagram is for one phase of the motor. The power 
factor cos is given by 

cos <f>Q = PqJBViIq 

2. Clamp the rotor and apply a reduced stator voltage, and then 
increase the voltage until a safe value of current is flowing. Owing to 
the thermal capacity of the motor, and the fact that the test is of very 
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short duration it is usually safe to go up to twice the rated current. 
The power factor is then 

cos = PjSVsIs 

It is a good plan to start with the maximum safe current and then 
gradually reduce F^, taking a series of values of F, and Then 
calculate Ps/3Fg, and plot this and Ig against Vg. In some motors, 

according to the relative numbers of stator 
y and rotor slots the reluctance will vary as 
/ the rotor is rotated relative to the stator. 

y In such a case the rotor can be allowed to 

^ crawl very slowly, or alternatively posi- 

tions taken which give minimum and 
Vs maximum short-circuit current for a given 
value of the applied voltage. Tests are 
X then made for these two positions and the 
mean values taken. The graphs should be 

_L_ straight lines as in Fig. 23.22. They can be 

0 ^ V^ Rated continued until they cut the ordinate of 

Voltage rated voltage F. The corresponding value 
Fig. 23.22. Short- cmouiT be determined, and that of 

Charaotrbistios cos read off. 

3. Determine the stator and rotor resis¬ 
tance per phase, although, actually, the diagram can be drawn by 
a measurement of R^ only. At a short-circuit current Ig, equal to 
OC in the diagram 

Stator copper loss = 3//Pi 
/. Stator copper loss per phase = Ig^Ri 
length DE on the diagram = Ig^RJV^ 

This automatically gives the length CE, 

Example. A 380-volt, 46 h.p., 60 c/s, G-pole induction motor with 
cage rotor gave the following results on test. No-load current 16*0 A, 
no-load intake 1590 W, short-circuit current at rated voltage 280 A, 
intake 60,000 W. Stator star-connected with a resistance per phase 
of 0-10 a 


cos^o = 1590/(V3 X 380 X 16) = 0*15 
= 81° 23' 

cos <l)g = 60,000/( V3 X 380 x 280) = 0-325 
<!>, = 71” 


Rotor copper loss on short circuit 

= P, - 

= 60,000 - 3 X 0-1 X 280* 
= 36,600 W 
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/. Stator copper loss on short-circuit 

== 60,000 - 36,600 = 23,500 W 
/. CEIED = 36,600/23,600 



Horse Power 

Fig. 23.24. Pebfobmance of Induction Motob undeb Vabious Loads 

The circle diagram is drawn to scale in Fig. 23.23 and, measured in 
amperes, we have 

Tt^Mj = 990 A; T^N^ = 122 A 
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/. Maximum output in kilowatts 

= V3 X 380 X 99/1000 = 65-2 kW 
Maximum torque 

= V3 X 380 X 122/(27r X 1000/60) 

= 767-5 newton-metres 

The length CE in amperes is given by 

(Rotor copper loss)/\/3F = 36,500/\/3 X 380 = 55-6 A 

/. Starting torque with full applied voltage 
= \/3 X 380 X 56-5/(277 X 1000/60) = 284-3 newton-metres 

By taking a series of points A, the corresponding performance 
characteristics can be determined, but to save confusion only the normal 
full-load point is shown in Fig. 23.23. The performance on full-load is 
as follows— 

Stator current 64 A 
Power factor 0-905 

Slip 4-4 per cent 
Torque 301-0 newton-metres 
Efficiency 89 per cent 

The data for other loads are tabulated below and the results plotted 
in Fig. 23.24.* 


Stator 

Current 

Power 
Factor (%) 

h.p. output 

Slip (%) 

Torque 

newton- 

metres 

Efficiency 

(%) 

16 

16 

0 

0 

0 

0 

60 

89-6 

36-3 

3-56 

262 

89-7 

76 

90-7 

62-6 

6-61 

399 

87-8 

100 

89-0 

66-7 

7-96 

632 

86-3 

126 

860 

77-6 

10-6 

620 

82-0 

160 

82-4 

84-8 

13‘46 

700 

78-0 

163 

77*8 

87-2 

16-87 

761 

73-7 

196 

72-3 

840 

21-4 

763 

67-6 

226 

62-7 

71*9 

29-7 

731 

68-0 

260 

62-2 

60-6 

42-6 

631 

44-1 

276 

37-9 

16-8 

74-0 

436 

17-2 

280(s.c.) 

32-6 

0 

100-0 

340 

0 


The Effect of Magnetic Leakage on the Operation of the Induction 
Motor. The total stator flux produced by the stator current consists of 
two portions, namely— • 

= useful stator flux, i.e. the flux from the stator which enters 
the rotor 

♦ See Carr, L. H. A. “The Circle Diagram of the Induction Motor,** Joum* 
LEM. 66 (1928) 1174. 
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F-^ = leakage stator flux, i.e. the flux from the stator which does 
not enter the rotor. 

Similarly, for the flux produced by the rotor currents, we have the 
useful rotor flux O 2 , that rotor flux which enters the stator, and the 
leakage rotor flux ^ 2 . that rotor flux which does not enter the stator. 
Then the total stator and rotor fluxes are and (Og + -^ 2 ) 

respectively, and we have 

(Oi + Fi)l^i = Aj, the stator leakage factor 
(Og + jPg)/Og = Ag, the rotor leakage factor 

Since the induction motor acts like a transformer, the total stator 
and rotor fluxes will be nearly, but not exactly, in phase opposition. 
Draw OA (Fig. 23.25) to represent the total stator flux, and mark off 

OC = Fi, CA = Op Draw AB 
to represent the total rotor flux, 
making AD = = 

Fg. Then the resultant stator 
flux, which is equal to the vector 
sum of the total stator flux and 
the useful rotor flux, is equal to 
the vector sum of OA and ADy 
namely, OD. 

Now, as in a transformer, we 
are justified in assuming that the 
resultant flux remains constant. 
Also, since the wattless compo¬ 
nent of the no-load current is proportional to this flux, we see that OD 
represents, to another scale, the wattless or magnetizing component of 
the no-load stator current. 

Again, the resultant rotor flux is the vector sum of the total flux 
produced by its own current and the flux entering the rotor from the 
stator. It is therefore the vector sum oi AB and CA, that is, CB. 
Now the stator and rotor currents are in phase with the fluxes they 
produce, namely, OA and AB respectively. The rotor current is induced 
by the oscillations in the resultant rotor flux OF, and therefore, the 
rotor current is in quadrature with the flux CB, Hence, the angle 
ABC is a right angle. Producing ABto Ey and drawing OE parallel to 
CBy we have, OED = 90°, and therefore, the locus of F is a semi¬ 
circle. Now 



Pia. 23.25. Induction Motor 
Circle Diagram 


EDjDA = . Ag — 1 = a constant 

Hence, the locus of A is also a semicircle with its centre on OD pro¬ 
duced. From this point ^he development of the diagram proceeds as 
before. 

The quantity (A^Ag ~ 1) is called the “dispersion coefficient,” 3, say. 
Hence 


ODjDF == EDI DA = d 
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Calling the diameter DF, unity, we therefore have OD = 5. We have 
seen that for a given magnetizing current it is desirable that the 
diameter of the circle shall be as large as possible, and therefore, 5 
must be as small as possible. In order to keep 6 small the magnetic 
leakage must be reduced to a minimum, and since the leakage depends 
largely on the radial length of the air gap, induction motors have an 
exceedingly narrow air gap. 

The angle of lag is a minimum, and therefore, the power factor a 
maximum when the stator current vector is tangential to the circle, 
as at OT (Fig. 23.26). 

/. Maximum power factor = cos (^min 

= TMIMO = \l(\ + d) 

= 1/(1 + 25 ) 


Thus, to secure a good power factor it is necessary that 5 should be 
small. 

It will be seen that the characteristics of an induction motor depend 
very largely upon the value of the dispersion coefficient 5, and there¬ 


fore, upon the stator and rotor 
magnetic leakage fluxes. Magnetic 
leakage in an induction motor 
can take place in several ways, as 
illustrated in Fig. 23.27. 



Fig. 23.26. Constbuction 
FOR Maximum Power 
Factor 



EndLeakagi'^^ 


Fig. 23.27. Leakage in Induction 
Motors 


(а) Slot leakage. This flux passes across the slots and along the tops 
of the teeth. 

(б) Fluxes which zig-zag backwards and forwards between the tops of 
the stator and rotor teeth. This leakage is called the “zig-zag” leakage. 

(c) End leakage. This takes place at the projecting ends of the 
coils.* 


Testing of Induction Motors. The following tests are made on 
induction motors— 

(a) No-load Test at Normal Voltage and Frequency. This gives the 
no-load current and power factor and also the sum of the core loss 
and friction loss. 

* For a more complete discussion of induction-motor leaJiage, see any standard 
textbook on the design of electrical machinery. 
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If the no-load test is carried out at a series of applied voltages, 
after the manner of the no-load test on a d.c. shunt motor, it is possible 
to separate the iron and friction losses. Fig. 23.28 shows the results 
of a test made on a 5 h.p. 250 V squirrel-cage induction motor, the watts 
being plotted against F^/1000, a very convenient unit for low-voltage 
motors. At low voltage the speed of an induction motor falls off 
considerably, with the result that the initial portion turns downwards. 
Also for voltages beyond normal, i.e. for F^/1000 greater than 65 in 



the case of the 250 V motor, the curve turns upwards. There is, 
however, a sufficient range over which the graph is linear to enable a 
straight line to be drawn and the friction and windage loss to be thus 
determined with good accuracy. 

(h) Test at Reduced Voltage with Rotor Either Stalled or Allowed to 
Rotate Very Slowly, This test gives the short-circuit current and 
power factor, so that the results of tests (a) and (6) along with resistance 
tests on the windings give sufficient data for the circle diagram to be 
drawn. 

(c) Heat Run, It is possible to perform a regenerative test on two 
induction motors, but the test is difficult and is rarely carried out. The 
usual method is to couple the motor to a direct-current generator and to 
load up this machine by means of a resistance load, if of small size, or to 
adjust its excitation so that when paralleled on to a d.c. supply it 
returns energy to this supply. The excitation is, therefore, adjusted 
so that the induction motor takes its normal full-load current from the 
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a.c. supply. This test gives the temperature rise of the different parts 
of the motor, usually by direct measurement with thermometer, and 
also information for the calculation of the efficiency. No attempt is 
made to calculate the efficiency directly from the output of the d.c. 
generator, since this method is liable to considerable errors. Instead, 
the various losses in the motor are determined separately, and the total 
losses then obtained by adding together the individual losses. This is 
called the segregation of losses method, and it is the best method for all 
classes of electrical machinery. The intake of the motor on load is 
determined by the two-wattmeter method, and the stator voltage, 
stator current, and speed, or slip, read. As is shown later, the value of 
the slip is used in the calculation of the efficiency, and some method of 
determining the slip accurately is therefore necessary. The slip is 
given by 

a = {N,--N)IN, 

and therefore it can be calculated from measured values of N^ and N, 
but since the difference {Ng — N) is so small in comparison with Ng, 
a small error in either measurement will lead to a considerable error in 
the calculated value of o’. 

In the case of machines with very small slip, a good method is to 
connect a zero-centre, moving-coil ammeter, of the type having 
moving parts with very low inertia, in one of the leads between slip- 
rings and starter. The very low-frequency current through the instru¬ 
ment will cause the pointer to oscillate backwards and forwards at 
slip frequency, one complete oscillation (i.e. one “swing-swang”) of the 
needle corresponding to one complete cycle of the rotor current. Thus, 
by timing the needle with a stop-watch, a very accurate determination 
of the slip can be made. 

The stroboscopic method is another good method and it is applicable 
to all motors, including those for which the slip is too great for the 
centre-zero ammeter method. In this, a white disc with black sectors, 
the number of sectors being equal to the number of poles, is mounted 
on the motor shaft and is illuminated by light which is intermittently 
blotted out, as, for example, by being made to pass through a rotating 
disc with equidistant slits in the periphery. Suppose this disc is driven 
by a small synchronous motor, and that there are as many slits as the 
driving motor has poles, then the interval between the glimpses of the 
painted disc will be equal to the time taken for the synchronous 
motor to rotate an angular distance equal to the pole pitch, namely, 
half the periodic time of the supply. If the induction motor rotated 
at synchronous speed its disc would rotate through an angle equal to 
the spacing of the black sectors during this interval, so that at each 
glimpse the pattern would appear to be in the same position, i.e. 
stationary in space. But since the motor travels at a speed less than 
synchronism, the angular distance travelled by a sector during the 
period between two glimpses will be less than the sector pitch, and as a 
result the disc will have the appearance of rotating backwards slowly 
The speed of the pattern is timed with a stop-watch, and this speed 
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is the slip speed, the speed at which a synchronous motor would run 
if supplied at slip frequency. 

Slip frequency = 0 / = np/120 c/s 

where n is the observed speed of the pattern in revolutions per minute. 

If the disc can be screened from the light, the same phenomenon 
can be observed if the disc is illuminated by a number of neon lamps 
in parallel, worked from the stator supply. With either method 
observations are easy to make so long as the slip is small; but with a 
large slip the speed of rotation becomes so fast that, combined with the 
eyestrain caused by the intermittent illumination of the disc, the timing 
of the disc becomes difiBcult. This is overcome in the Drysdale slip 



Fig. 23.29. Drysdale Stroboscopic Slip Motor 
(JST. Tinsley & Co ) 


meter, in which the slotted disc, instead of being driven directly by 
the synchronous motor, is driven by a conical roller. When making 
an observation the speed of the disc is varied by sliding it along the 
roller until a position is reached at which the pattern appears stationary. 
The slip is then read directly from a scale on the instrument. This 
instrument is illustrated in Fig. 23.29. 

The method of calculating the efficiency of the motor from the 
results of the test is best illustrated by a numerical example. It will 
be seen that the slip is required in order that the rotor PR loss may be 
separated from the total copper losses. 

Example. The results of no-load and full-load tests on a three-phase 
mesh-connected motor were as follows. The intake as measured by 
the two-wattmeter method gave 3000 and — 550 W on no-load, and 
39,000 and 23,500 W on full load. The motor had four poles, the supply 
frequency was 50 c/s, full-load speed 1460 r.p.m., stator resistance per 
phase (hot) 0*13 fi. No-load current 25 A, full-load current 92 A/line. 

Stray losses + no-load stator PR loss 

= 3000 - 550 = 2450 W 
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No-load stator PR loss = 3 X {25/\/3)* X 0*13 
= 82W 

/. Stray losses = 2460 —• 82 = 2370 W (say) 

Fall-load intake = 39,000 + 23,600 = 62,600 W 
Stator PR loss = 3 x {92/^3)* X 0*13 = 1100 W 
/. Rotor intake = 62,500 — (1100 + 2370) 

= 59,030 W 

Synchronous speed N^ = 1500 r.p.m. 

Actual speed N = 1460 r.p.m. 

Percentage slip (N^ — N)IN^ X 100 

= [(1500 - 1460)/1500] X 100 
= 2*66 

/. Rotor PR loss = 2*66/100 X 59,030 
= 1570 W 

Output = Rotor intake — rotor PR loss 
= 59,030 - 1570 
= 57,460 W 
Intake = 62,500 W 

Percentage efficiency = (57,460/62,500) X 100 
= 91*9 per cent 

It will be seen that the above method necessitates that the motor 
shall be put on full load. If this is not possible, then it is necessary to 
draw the circle diagram from the results of no-load and locked tests, 
and to determine the efficiency from that. 

Squirrel-cage Motors with High Starting Torque. The ordinary 
squirrel-cage motor suffers from the disadvantage that, owing to its 
very low rotor resistance, its starting torque is very low. We have seen 
that the starting torque can be improved by increasing the rotor 
resistance; a common method is to use end rings of alloy, another is 
to slot the end rings, thereby increasing the length of the mean path 
taken by the ring current. Many attempts have been made to produce 
a squirrel-cage motor with high starting torque. In the Boucherot 
motor the rotor has two separate squirrel-cages, one inside the other, 
as shown diagrammatically in Fig. 23.30. The outer one is of high- 
resistance metal, and the inner one of copper. The inner winding is 
much farther from the periphery of the core; its bars are surrounded 
by more iron, and therefore, its inductance is higher than that of the 
outer high-resistance winding. At the moment of starting, the rotor 
induced currents are at full Ime frequency, and therefore the reactance 
(2771/) of the inner cage will render its impedance so high that the rotor 
currents at starting ^1 be confined to the outer cage, in spite of its 



592 


ELECTRICAL TECHNOLOGY 


[Ch. 23 


greater resistance. The starting torque will therefore be high. As the 
motor speeds up, the frequency of the rotor current decreases, and the 
reactance of the windings becomes of less importance than the resis¬ 
tance. Hence, when running at full speed, when the rotor frequency is 
only of the order of one or two cycles per second, the impedance of 
the windings will depend only on their resist¬ 
ances. The rotor current at full speed is thus 
Yion^J^esistafte confined mainly to the inner low-resistance 
winding, and the efficiency of the motor is 
therefore high.* 

If there were as many slots for the inner 
winding as for the outer the width of iron at 
the roots would be very small and it is 
common practice to have half as many slots 
This leads to a rotor punching of the type of 


. Rest stance 


Fig. 


23.30. Boucherot 
Rotor 


for the inner winding. 

Fig. 23.31. 

We can regard the two windings as acting independently of one 
another, each having its own torque-slip characteristic. The total 
torque-slip characteristic is obtained by adding corresponding ordinates 
of the two component curves, and considerable control over the resulting 



Fig. 23.31. Means of Obtaining a High Starting Torque 


shape is possible by variations of the ratio for the two cages. 

Typical characteristics are shown in Plate IV. The characteristic of 
motor 3 is the smooth acceleration and absence of snatch due to torque 
variations, this being suitable for motors driving ring spinning frames 
in the textile industry. The great advantage of the double-cage motor 
is that “direct on’’ starting can be adapted because of the comparatively 
small starting current. 

A similar effect is obtained by using a single-cage rotor with very 
deep, narrow, slots. If we regard the rectangular conductor as made up 
of a number of strips arranged on top of one another in the slot it is 
clear that there will be progressive increase in leakage inductance as 
we proceed from the mouth to the bottom of a slot. The effect is similar 

♦ The theory of the double-cage motor is given in B. A. Behrend, The Indtiction 
Motor. (McGraw-Hill); F. Punga and O. Raydt, Modern Polyphase Induction 
Motors. Pitman, London; C. P. Steinmetz, Theory and Calculation of Electrical 
Apparatus. McGraw-Hill, New York. The method of determining the locus 
diagreun for a double-cage motor is given in S. P. Smith and M. G. Say, Electrical 
Engineering Design Class Manual (Oxford). 
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in a solid conductor, the lower parts of which have a higher inductance 
than the upper. Hence, at starting, the current is high and the slot 
leakage therefore large, and the frequency is the line frequency, with 
the result that the lower parts of the bars carry little current. This has 
the effect of diminishing the effective cross-sections and so increasing 
the resistance. As the motor speeds up and the rotor frequency 
diminishes, the current distributes itself more equally over the cross- 
section until, at very small slip, the effective rotor resistance is prac¬ 
tically the same as the ohmic value. To enhance this effect the con¬ 
ductors are sometimes specially shaped, as in the second figure of Fig. 
23.31. 

The manner in which the shape of the torque-speed characteristic 
can be controlled by the above methods is well illustrated by the four 



curves of Plate IV (facing p. 481). That for the double-cage motor 
shows that an almost constant torque can be secured over a wide range 
of speeds: that for the high-slip motor shows the rapid falling off in 
torque characteristic of a high rotor resistance. This characteristic 
is suited to the drive of presses, shearing machines, and similar duties 
where a drop in speed of 7 to 10 per cent at full load enables a direct 
connected flywheel to take up the load during peak conditions. 

Determination of the Performance of the Double-cage Motor. The 

two cages are, in a sense, in parallel, so that the equivalent circuit is 
that of Fig. 23.32, in which all quantities are referred to the primary. 
The shunted impedance R^, Xq, has no bearing on the torque and 
speed, and can thus be neglected when the calculation concerns these 
two characteristics only. 

At standstill a = 1*0; the circuit is reduced to a single resistance 
and reactance in series and the current calculated. The rotor PR loss 
then gives the torque, the starting torque, in synchronous watts, that 
is, based on the sjmchronous speed Ng: thus the starting torque can 
be calculated. 

At any speed, and therefore at any slip a the circuit is again reduced 
to a single resistance and reactance in series, and the current again 
calculated. The rotor PR loss is based on the equivalent rotor 
resistance and on the synchronous speed Ng, so that the torque, at 
slip (7, can be calculated as before. 
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Exahtle. The standstill impedances per phase of a double-cage 
400 V, 60 c/s, 4-pole, 3-phase motor are as follows, all values being 
referred to the stator— 

Stator, Zi = I'O +j3‘5 
Cage 1, Z 2 = 3"5 -{-jl‘2 
Cage 2, Z 3 = 0-5 + j6-0 

(a) Standstill. Denoting the equivalent single impedances of the two 
cages by Zg' we have 

l/Zg' = l/(3-5 +jl-2) + l/(0-5 -f y 6 - 0 ) 

= (0-256 - jO-088) -f (0-0138 - j0165) 

= 0-270 - jO-253 

Zj' = 1/(0-270 - jO-253) = 2-0 + yl-87 
Z = (1-0 + j 3 - 6 ) -f (2-0 + jl-87) = 3-0 -f y5-37 
= 400/v/3 = 231 V 
F = 231-fj0 

F/Z = 231/(3-0 + j5-37) = 18-3 -i33-9 
I = 39-0 A 
/. Rotor PR loss 

= 39* X 2 = 3040 synchronous watts 
N, = 25 r.p.s. = SOtt radians/sec 
/. T starting = 3040/50 it = 19-3 newton-metres. 

(b) Normal fuU-load, at which the slip is 3 per cent 

a = 0-03 

Zg = 3-5/0-03 4- yl-2 = 117 + j\-2 
and Z 3 = 0-5/0-03 + j6-0 = 16-7 + j6 0 

I/Z 3 ' = 1/(117 +yl- 2 ) -f l/(16-7 +j6-0) 

= (0-0086 -iO-0003) -f (0-0531 - jO-0191) 

= (0-0617 ,-i0-0194) 

Zg' = 1/(0-0617 -yO-0194) = 14-85 + j4-68 
Z = ( 1 - 0 +y3-5) + (14-85+J4-68) 

= 15-85 + ^8-18 

I = 231/(15-85 + ^8-18) = 11-6 -j5-97 
I = 13-05 A 

Rotor PR loss = 13-05® X 14-85 = 2520 synchronous watts 
T full-load = 19-3 X 2520/3040 
= 16-1 newton-metres 
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Control ol Induction Motors, (a) Stabting. The slip-ring motor can 
be started by means of a resistance starter in series with the rotor, and 
in this way the torque, at the moment of starting, can be given any 
desired value up to the maximum the motor can develop. For small 
motors metallic resistances are generally used while for large motors 
the resistances can be a liquid (usually a water solution of washing 
soda), the ohmic value being varied by bringing a moving electrode 
progressively closer to a fixed electrode. 

With the single-cage motor it is necessary, except with small sizes 
to apply a reduced voltage at starting since a sudden heavy rush of 



current at very low power-factor may disturb the voltage regulation 
of a low-capacity distribution system. We have seen that the diameter 
of the circular locus of primary current is equal to 

El I{XI + X^.qIJc^) 

the denominator thus being a constant. Hence if we reduce the applied 
voltage to one-half, for example, we halve the diameter of the circle. 
Apart from that the main lines remain as before so that, neglecting the 
no-load current, the loci for full-voltage and half-voltage are as shown 
in Fig. 23.33. The standstill points are C and C' respectively, so that 
the starting currents are OG and 00' respectively, the power factors 
being the same. 

The starting torque on full voltage is proportional to OF, but it is 
also proportional to the voltage, so that at full voltage 

^starting OC Fi X CE 
On one-half voltage we have 

^Tstarting oc Fi/2 X CE' = JFi X CE 

Thus the starting torque is reduced to one-quarter. Similarly for any 
other ratio of starting to normal voltage. 

We have seen that the usual starters are the star-delta or the auto¬ 
transformer types. For very small motors a resistance starter in series 
with the stator windings is sometimes used. Since the starting torque 
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is a function of the stator applied voltage it follows that an auto¬ 
transformer with a 57*7 per cent tapping will give the same torque 
as a star-delta starter, and the latter starter will therefore be used in 
general because it is the cheaper. 

Let an auto-transformer have an “m” per cent tapping, then neglec¬ 
ting the motor magnetizing current and the transformer impedance, 
starting current per phase 

= mFi/lOOZi 

Assuming a delta-connected motor, in order to make a comparison 
with the star-delta method the starting, current in the lead to the motor 
is 

y'S/, = V3mFi/100Zi 

But since the transformer steps down the voltage in the ratio to m/100, 
this will be the ratio of the line current to the motor current 

= (^SmVJlOOZ^) X (m/100) = ^/SmWJlOfiOOZ^ 

The voltage applied to each phase is mVJlOO and therefore the starting 
torque, being proportional to the square of the starting voltage, is given 

by 

Tg = k(mVJlOO)^ = im^Fi^/10,000 where A; = a constant 
Starting current with auto-transformer 
Starting current with star-delta 
_ ^/SmWJlOfiOOZ^ 

- vjv^z, 

= 3mV10,000 

Starting torque with auto-transformer 
Starting torque with star-delta 
itm2Fi VI 0,000 
fcFiV3 
= 3mVl0,000 

Since the ratio is the same in each case then the starting torque is 
proportional to the current in the line at the moment of starting, 
irrespective of the type of starter used. Referring to Fig. 23.33, the 
full-load point A is a fixed point whose position is decided by the 
rating of the machine, so that we have 

AN" oc OAy i.e. Full-load torque oc Full-load current 

We also have 

C'E' oc OC' 


no matter what the reduction in diameter may be, since the inclinations 
of OC and OE are fixed by the parameters of the machine. Hence 

Starting torque oc Starting current 
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Starting torque Starting current 
Full-load torque Full-load current 

the relationship between these two ratios thus being linear. 

Example. 

/ = 64 A and T = 310 newton-metres at fuU load 

I = 280 A and T = 340 newton-metres if full voltage is applied at 
the moment of starting 

Hence torque ratio = 340/310 hi 

and current ratio = 280/64 = 4-38 



Fig. 23.34. Starting Characteristics with Auro-TRANsroRMER Starting 


The characteristic is given in Fig. 23.34. We have seen that the torque 
is proportional to the square of the voltage, and thus we can mark off 
the points for the various percentage tappings along the graph OA. 
For example, suppose we decide on 60, 60, and 70 per cent tappings, 
then the ratios 


Starting torque 
Full-load torque 


are 0-26, 0-36, and 0-49 times the value for this 


(ratio with full applied voltage), and so we mark oflf 

OP = 0-25 of OA, OQ = 0-36 of OA, OB = 0-49 of OA 
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Beading oflF the corresponding ordinates and abscissae we have, for 
the motor of the example. 


Percentage 

Starting torque 

Steirting current 

Tapping 

FuU-load torque 

Full-load current 

60 

0-27 

M 

60 

0-39 

1-6 

70 

0-64 

2-18 


For a star-delta starter we have a 100/\/3 or 57*7 tapping: the square 
of l/v/3 is i and so the operative point S is given by 0^ = J of OA, 
For this type of starting with the motor of the example, we thus have 

Starting torque _ ^ Starting current __ 

Full-load torque ’ Full-load current ”” 

(6) Speed Conteol. All alternating-current motors without com¬ 
mutators suffer from the disadvantage that they are fundamentally 

single-speed machines, because the 
magnetic field rotates at synchron¬ 
ous speed. The economical control 
of the speed of induction motors 
is, in consequence, much more 
difficult than that of direct-current 
motors. The various methods of 
speed control in common use are as 
follows— 

(a) Rheostatic Control. This can 
be applied to motors with wound 
rotors only. Resistance is inclu¬ 
ded in the rotor circuit, the speed 
depending on the value of the addi¬ 
tional resistance per phase. We 
have seen that the percentage slip is equal to the percentage rotor 
copper loss. If the motor is working on a constant torque, the current 
will be sensibly constant and the drop in speed below sjmchronism 
will be proportional to the extra resistance per phase. We thus see 
that the drop in speed is proportional to the power dissipated in the 
rheostat, the method therefore being very wasteful if speeds much below 
synchronism are required. Thus if the speed is half synchronous 
speed, half the power supplied to the motor will be wasted in the 
rheostat. A further disadvantage of the method is that the speed is 
only a function of the external resistance so long as the load torque 
remains constant. Consider the two torque v. speed characteristics 
in Fig. 23.35. Curve I corresponds to a motor running with the slip 
lings short-circuited. If the torque falls from, say, full-load, to half¬ 
load, then the change of speed will be AB. If so much resistance is 
added that the torque v. speed characteristic is represented by curve 



Fig. 23.35. Speed Vahiation with 
Change in Load 
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II, then for the same change in torque the change in speed is CD, 
which is very much greater than AB. 

For very large motors, resistance controllers are almost invariably 
of the liquid type, but for small and medium-sized machines metallic 

FORWARD REVERSE 



UUU 

Fig. 23.36. Contkollbk Connections fob Slip-ring Motor 


resistances with a controller of the barrel type are common. A typical 
connection scheme for such a controller is shown in Fig. 23.36. 

It is essential that the student should appreciate the diflFerence 
between a starter and a controller. A starter is in circuit for a short 
time, generally much less than one minute, and therefore its own 
thermal capacity will absorb much of the heat generated, a proportion 
only being radiated. A controller, however, may have some of its 
resistance in circuit for considerable periods, and so, when equili¬ 
brium is reached, all the heat generated has to be dissipated by radiation 
or some other means, such as an air-current in the case of metallic 
resistances, or water cooling of a liquid resistance. 

(6) Pole Changing. The stator is wound so that the number of 
poles can be varied. If and pg the numbers of poles, then there 
are two synchronous speeds, given by 
= 120//pi, and 

It is easy to arrange for two numbers of poles in the ratio 1 : 2, Fig. 
23.37 showing the method of changing from four to eight poles, a single¬ 
phase winding being shown for simplicity. ♦ The larger number of 

* For complete information on all methods of speed control of induction 
motors, 8tt Miles Walker, Thz Control of the Speed gmd Power Factor of InducHon 
Motors, Benn, London. 
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poles is obtained by making all the poles of one name, consequent 
poles. This introduces considerable magnetic leakage, the result 
being that the power factor, when running with the larger number of 
poles, i.e. at the lower speed, is not very good. The method is therefore 
best suited to motors of large diameter, in which the pole pitch, even 
with the larger number of poles, is not so small as to cause excessive 
magnetic leakage. When more than two speeds are required, it is 



Fio. 23.37. Portions of Single-phase Winding fob Eight and 
Four Poles 


possible to obtain these by re-arrangement of the same winding, but 
so many tappings are required that it is simpler to have two separate 
windings housed in the same slots. The rotor of these motors is usually 
of the squirrel-cage type, since such a rotor is suitable for any number 
of poles. If the rotor is phase-wound, then its number of poles must 
also be changed. 

Additional speeds can be obtained by auxiliary rheostatic control, 
but this, of course, lowers the efficiency. 

If Fig. 23.37 is examined it will be seen that, for 8 poles, all the coils 
carry current in the same sense, namely clockwise at the instant 
figured. For four poles, alternate coils carry currents in the opposite 
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direction, and consequently all that is required to halve the number of 
poles, and thus double the synchronous speed, is that the current in one- 
half of each phase shall be reversed. This is very easily accomplished 

8 Poles 4 Poles 



One Phase Out 

Line 



Fig. 23.38. Connection Scheme fob Two-speed Pole Changing Winding 

by bringing out a centre tapping from each phase. Fig. 23.38 shows the 
scheme both for one phase, and also for all three phases. 

This simple arrangement sufiFers from the disadvantage that at the 
higher speed the two halves of each phase are in parallel, and therefore 


In 



Out 

8 Poles 4 Poles 


Fig. 23.39. Method of Retaining the Same Numbeb of Conductobs 
in Sebies FEB Phase 

the number of conductors in series per phase is halved. With very 
small motors this is not important, but with large motors it is necessary 
to keep the number unchanged. This is accomplished by arranging 
that for both numbers of poles each phase shall consist of two paths in 
parallel. This is illustrated in Fig. 23.39, which shows one phase only. 

(c) Cascade Control. In this method two induction motors are 
mechanically coupled, and the rotor of the main motor is phase wound. 
The second rotor can be either squirrel-cage, or phase wound. The 
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stator of the first motor is connected to the supply, but the second motor 
receives its supply from the rotor of the first. Also the supply to this 
second motor can be taken either to its stator or rotor, as indicated in 
Fig. 23.40. It will be seen that, although the main motor is acting as a 
motor relative to the supply, its rotor is acting as a generator relative 

to the second motor, and the two 
machines are thus working under very 
different conditions. The main motor 
has a supply at line frequency, but 
the back e.m.f. injected into its rotor 
by the second machine causes the 
speed to be considerably below sjmch- 
ronism, and its rotor frequency is 
therefore much greater than normal 
slip frequency. The second motor is 
working on a supply of low frequency, 
namely, the slip frequency of the main 
motor, but apart from this its opera¬ 
tion is normal. Generally the two 
motors run at the same speed, but 
we will consider the case of belted 
motors in which the ratio of the speed 
of the main motor to that of the 
second motor is Ijn. Let the main 
motor have and the second motor 
^ 2 , poles. Let and G 2 be the respective fractional slips, and let the 
line frequency be /. 

Then synchronous speed of main motor = I20flpi 

Actual speed of main motor = (120//^>i)(l — Oi) 
Synchronous speed of second motor = I^OgJIpz 

Actual speed of second motor = (I20aiflp2)(l — O 2 ) 

= I 20 ajlp 2 approx. 



Fig. 23.40. Cascade Speed 
Control 


since this motor is working normally and its slip Og is small. 


Hence 


(120// y,)(l - a,) _ 1 
liOoiflpi n 

_ 1 

" “ 1 + l/» X PilPi 

= npjinpi + Pj) 


Thus, in the particular case in which the motors are solidly coupled, 
w = 1; also, if pi = P 2 > i'ben Oi = i, and the set runs at one-half 
synchronous speed. It is essential that the two motors shall be 
mechanically coupled, since if they are not, then, if mechanical load is 
put on any one motor it wdll stop and act like a transformer while the 
other motor will run light at full speed. 
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Substituting the above expression for the slip in the expression 
for the speed of the main motor, we have 

= (120//25,)(1 - aO 
= 120/ X [ll(Pi + vpi)] 

Hence, the main motor runs at the same speed as a single motor having 
(Pi + npz) poles. 

The usual method of applying the cascade method is to connect the 
two motors so that their torques act in the same direction, the speed 
then being obtained from the expressions developed above, and being 
less than the normal speed of the main motor. If a speed greater than 
normal speed is required, the torque of the second motor can be 
reversed by the simple expedient of changing over two of the leads to 
its stator winding. This is called difiFerential cascading and the speed, 
for a direct-coupled set, is 

N = 120fx[ll{p^-p,)] 

This method of control is peculiar in that the torque developed by the 
machines varies very considerably with changes in speed. In particular, 
if the speed is the same as the synchronous speed of the main motor 
the torque will be zero, because of the fact that there will be no e.m.f. 
induced in the rotor of the main machine, and therefore no current in 
either stator or rotor winding of the rear machine. At speeds greater 
than the synchronous speed of the main machine, the slip of this 
machine is negative, and therefore the phase rotation of its rotor 
currents is reversed. This, combined with the fact that the connections 
to the stator of the second machine have been reversed with respect to 
normal cascading, explains why stable operation at speeds greater than 
synchronous speed is possible. 

The main disadvantage of the cascade method, apart from the 
necessity of a second motor, is that the magnetizing current for both 
motors has to be drawn from the line, and since it is a wattless current 
it results in a poor power factor. 

This problem was examined exhaustively by the author* who found 
that the performance in the case of two motors of the same size and 
same number of poles was characterized by— 

1. A magnetizing current about twice that of a single motor. 

2. A current locus of about one-half the diameter of that of a single 
motor. 

3. A very rapid falling off in performance, e.g. power factor and 
torque for a given line current with increase in the dispersion 
coefficient (AjAg — 1). 

The power factor curves are given in Fig. 23.41, and they illustrate 
very forcibly the necessity for very careful design of the magnetic 
circuits for this kind of control. 

To minimize this lowering of the power factor, commercial cascade 

* H. Cotton, *'The operation of induction motors in cascade,** J. Inst. Elect, 
Engra,, 61 (1923) 284. 
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sets invariably have a small second motor with very few poles compared 
with the main motor, the magnetizing current required by the second 
motor being, therefore, small. The expression for the slip shows that 
in such a case the cascade speed is not very much below the normal 
synchronous speed of the main motor. If more than two speeds are 



2 4 6 8 JO J2 14 

Current-r No-load Current of Single Motor 

Fig. 23.41. Power Factor Curves 


(In this flgure, a denotes the dispersion coefficient) 

required, cascade control can be combined with pole changing; such 
sets were, at one time, in fairly extensive use for driving rolling mills 
and mine ventilation fans. 

Because of the poor power factor and the limited number of econo¬ 
mical speeds, it is usual, at the present time, to use some form of 
commutator motor as the second machine of a cascade-controlled set 
(see Chapter 26). 

The Induction Motor run as a Simchronous Motor. At the present 
time it is common practice to use synchronous motors for drives where 
an absolutely fixed speed is not a disadvantage, e.g. for air compressors. 
The disadvantage of the ordinary synchronous motor is that it will not 
start under appreciable load. With an induction motor, starting against 
full-load torque is obtained, and when full speed is attained the motor 
can be converted to a synchronous motor by sending direct current 
through its rotor winding. This is done by switching over the rotor from 
the ordinary starting resistance to a d.c. exciter, usually direct coupled, 


THE INDUCTION MOTOR 


605 


Ch. 23] 

as shown in Fig. 23.42. It will be seen that one rotor phase carries 
twice as much direct current as the other two, but although special 
windings have been evolved to avoid this, it is of little importance, 
because each rotor phase consists of conductors distributed over the 
whole periphery, the danger of unequal rotor heating therefore being 
avoided. 

Now when the rotor carries only induced alternating currents, the 
rotor field slips past the rotor bars, and any motor speed is possible, 
according to the frequency of these 
currents. When the rotor carries 
direct current, the rotor poles are 
fixed relative to the rotor itself, 
and therefore, since the rotor field 
must travel at synchronous speed 
with the stator field, the rotor itself 
must also travel at synchronous 
speed. The induction motor action 
cannot bring the rotor quite up to 
S3nichronous speed, and therefore, 
when the rotor is switched over from 
the starting resistance to the exciter, 
the induction motor slip speed has to 
be made up. When running uni¬ 
formly at synchronous speed the 
rotor will carry direct currents only, 
but if there is any departure from 
this speed the rotor will carry in addition induced alternating currents. 
The rotor being of low resistance, and the exciter also of low resistance, 
its winding acts as a damping winding, and it is not necessary to provide 
a separate damping winding, as in the salient-pole synchronous motor. 

Consider what happens when the direct-current excitation is switched 
on.* A synchronizing torque is suddenly set up, its magnitude being 
given by an expression T^ sin 6, where d is the angle between the rotor 
and stator fields. Also, there is an induction-motor torque which, as 
we have seen, is proportional to the slip, dOjdty as long as the slip is 
small. If the motor is started under load there is a constant load torque 
and finally there is the torque IdWjdt^ required to accelerate the rotor. 
The variations in slip speed (not actual speed) are therefore represented 
by the variations in speed of the mechanical model represented in 
Fig. 23.43. A disc of moment of inertia / can rotate on a horizontal 
axis, and a weight Wi is suspended by a string passed round it. This 
weight will set up a torque that vdll remain constant, no matter how 
fast the disc rotates, and this torque will represent the load torque Tj. 

* For a complete accoimt see H. Cotton, “The pulling into step of the syn¬ 
chronous induction motor,” Joum, ^ (1925) 211, and “The synchronous 

induction motor,” World Power, 1 (New Series) (June, July, 1924). Also L. H. A. 
Carr, “The pulling into step of an induction-type synchronous motor,” Journ. 
I,E,E,, 61 (i923) 692, and “Induction-type synchronous motors,** J. Inst, Elect, 
Engrs,, 60 (1922) 166. 



Fig. 23.42. Synchbonous 
Induction Motor 
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It will try to accelerate the disc, just as the load torque in the actual 
motor tries to accelerate the slip, and therefore, reduce the actual 
speed. If the disc is acted on by a frictional torque proportional to 
its speed, then thi^ torque will represent the induction-motor torque 
in the actual motor. If these are the only external torques acting on 
the disc, then a uniform speed will be attained when they are equal 
and opposite. This uniform speed corresponds to the uniform slip speed 

of the induction motor before the 
direct-current excitation is switched 
on. 

Now suppose that another weight 
W 2 is suddenly clutched on to the 
periphery of the disc. This weight 
will set up another torque, and if we 
represent its angular position by the 
angle 0 reckoned from the bottom 
position, it will have a maximum 
value of T^ when 6 = 7r/2. For any 
other angular position the torque 
can be written 

T, = T^ sin e 

and it represents the synchronizing 
torque in the actual machine due 
to the creation of the d.c. excitation. It will be seen from Fig. 23.43 
that so long as 6 < tt, and TTg is therefore on the left-hand side of the 
centre the torque Tg acts in opposition to the torque Tj. It thus 
tends to reduce the angular velocity ddjdt of the slip motion. If 0 > tt 
and < 277, then Tg acts in conjunction with Tj and the slip velocity 
is increased. 

For a certain angle < 77/2 the two torques balance, and we then 
have 

T,= T,„smy)= T, 

Biny, = TtlT,, 

The point P at angular distance y) is the point of stable equilibrium 
and if the conditions are such that the model comes to rest, and the 
motor succeeds in synchronizing, then P will be the position of rest of 
the weight PTg. There is also a point Q of unstable equilibrium its 
angular position being (77 — y;). If after clutching on the weight W 2 
the angular velocity becomes zero before the angular position (77 — yi) 
is attained then the subsequent motion will be one of damped oscilla¬ 
tions, as analyzed on p. 546, and the model will come to rest with W 2 
at the position P, The angle y) will thus represent the load angle of 
the machine. 

If, after clutching on the weight W 2 , the angular velocity does not 
become zero by the time the weight reaches the position Q of unstable 
equilibrium, then the weight will be carried over the position 0 = 77 
and down the right-hand side where, acting in conjunction with TFi, 
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Fig 23.43. To Illustrate 
Synchronizing 
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it will increase the slip velocity. By the time the portion fl = 2^7 is 
reached the slip velocity will probably be so great that the model will 
continue to make whole revolutions, that is, the machine will fail to 
synchronize. Under these conditions, owing to the unbalance caused 
by the peripheral weight W 2 the angular velocity of the model will be 
far from uniform, since it will reach a minimum at the position 6 = 

Ixcitatlon 

Switched On l/ana-tions in Rotor Current 



Fia. 23.44. OsciLiiOGBAMS or Rotob Current on Application op 
Excitation at Various Values op 0 

0 = (2:t + so on, and reach a maximum at intermediate 

positions. In the motor the actual slip motion will correspond to this 
irregular motion of the model with the result that (a) the motor will 
be subjected to violent mechanical strains and (6) there will be violent 
oscillations of current and power factor in the line. It is thus imperative 
that the motor should synchronize as soon as possible after the switching 
on of the d.c. excitations. Since we must have the angle within the 
allowable load angle of the machine we see that the fibrst requirement 
is that T^ shall be sufficiently large with respect to T’j. A second 
requirement is that the synchronizing torque T, shall, from the very 
moment of its application, be in opposition to Tj, and this requires that, 
in the model, the weight shall be clutched on at the bottom position, 
6 = 0. In the motor it corresponds to the rotor poles set up by the d.c. 
excitation being directly opposite to stator poles of opposite polarity. 
Fig. 23.44 shows oscillograms of rotor current taken for various angular 
positions of application of the excitation. The initial portions corres¬ 
pond to the alternating slip-frequency current in the rotor and the final 
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portions to the exciting current plus induced current, if any. It will 
be seen that at the position 0 = 0, the rotor induced current is zero 
and is on the point of changing over from negative to positive, where 
positive is taken as the direction of the d.c. excitation. Thus, if a 
moving-coil, zero-centre, ammeter is included in the rotor circuit, the 
moment of switching on the d.c. excitation will be when the needle is 
swinging through the zero position from negative to positive, or, 
actually, slightly earlier because of the time taken for the exciting 
current to build up. The oscillogram for 0 = 0 shows a slight oscillation 
which represents the induced current set up by the damped oscillations 
of the rotor before it settled down in the position 0 — y). When the 
excitation is delayed beyond 60° the oscillograms show that the rotor 
fails to synchronize and there is an alternating current (non-sinusoidal 
because of the non-uniform slip motion) superposed on the direct 
current. 

The following simplification of the problem gives an understanding 
of the processes which take place during synchronizing. The differential 
equation of slip motion is* 

— P^m + sin 0 + ipTmlp^)0 + {^Ip)S = 0 
where T^ = maximum value of the synchronizing torque 
Ti = load torque 

p = ratio TilT„ 

I = moment of inertia of rotating masses 
2p = number of poles 

0 = angular distances between stator and rotor fluxes in 
electrical radians 

0 ) — slip, in mechanical radians/second on load torque Ti 
pet) = slip, in electrical radians/second. 

Assume that the d.c. excitation of the rotor is switched on at the 
instant 0 = 0 , and that synchronism is reached by the time 0 = 7 r/ 2 , 
then the average value of the synchronizing torque is (2/7 t)T,„. The 
initial value of the asynchronous torque is, of course the load torque 
Ti = pT^, and the final value when synchronism is achieved is zero, 
since 6 is then zero. Since the relationship between Ti and p is very 
nearly linear for the operative range of a>, the average value of the 
asynchronous torque is ^pT^, The load torque remains throughout at 
pTmy thus for the torque available for acceleration, we have 

^acc == “ + iP^m P^m 

2 

= -T„ — 

* The mathematical solution of the equation of motion is discussed by L. H. 
A. Carr (Zoc. cU.) and H. Cotton {loc, cU.), also by Edgerton and Zak, **The pulling 
into step of a synchronous induction motor/* Joum, 68 (1930) 1205. 



Ch. 23] THE INDUCTION MOTOR 609 

Let 8q == fractional slip before synchronizing, so that ~ average 
slip. A displacement of 0 = 7r/2 corresponds to one-qua^rter of a period 
of the induced rotor current, and since the average slip frequency is 
during which the above accelerating torque acts is 

t = l/4(i^o/) = l/(2/Sfo/) second 

The increase in speed, with velocities in mechanical radians/sec, is 
3co = CO, — co,(l — 8q) = /SqCO, 
where co, = synchronous angular velocity. 

/. from = /((5co/0 

we have ^ = I8q(o^{28J) = 2Ia)JS^^ 

= tt/coJ^o" + 0-78Ti 

This equation indicates the conditions which must be fulfilled for 
easy synchronizing, namely— 

1. The inertia of the rotating masses must be as low as possible: 
thus the high-speed motor of small diameter is indicated. 

2. A high value of co, makes synchronizing difficult. 

3. A high value of the supply frequency, /, makes s 3 mchronizing 
difficult. 

4. A high value of the initial slip 8^ makes synchronizing very 
difficult, because T^ is proportional to 8^. Now 8q is proportional to 
the rotor PR loss when running asynchronously, from which it follows 
that the rotor resistance must be made as low as possible, the amount of 
rotor copper therefore being greater than in a plain induction motor 
if the motor has to synchronize against a high load torque. 

5. A high value of Tj makes synchronizing difficult, not only because 
of the term 0-78Tj in the expression for but also because the value 
of Ti directly affects the value of 8^. 

The induction motor run as a synchronous motor has the following 
advantages compared with the ordinary salient-pole synchronous 
motor— 

(а) It will start and synchronize against greater than full-load 
torque, whereas the ordinary s 3 aichronous motor must be started under 
light-load conditions. 

(б) Its air gap is not much greater than that of an ordinary induction 
motor, whereas the gap of a salient-pole motor is long. The exciter is 
not therefore of such large capacity as that for a salient-pole motor, 
but, on the other hand, it must be a low-voltage, heavy-current 
machine owing to the very low resistance of the rotor winding. 

(c) The rotor winding combines the functions of exciting and 
damping winding: the salient-pole motor requires a separate damping 
winding. 

(d) No special starting gear is required. The salient-pole motor 
must be started up, either by a separate starting motor or by applying 
a reduced voltage to the armature, either method involving complica¬ 
tion and extra control gear. 

ax~(T.8i8) 
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The above compariBon shows that if a mechanical load is to be 
driven, but at the same time the phase-advancing properties of the 
synchronous motor are to be utilized, then the synchronous induction 
motor is a good proposition. If the synchronous motor is to act as a 
phase advancer only, without doing any mechanical work, then the 
salient-pole type is the best, because owing to its longer air gap it is 
able to supply a greater amount of wattless leading kVA without 
becoming unstable. 

In practice the choice between the salient-pole type and induction- 
motor type depends upon the conflicting requirements of high starting 
torque and high sjmchronizing torque, and stability during synchronous 
motor operation. The salient-pole motor cannot develop a starting 
torque equal to that of the induction-motor type unless elaborate 
and expensive modifications are made to the machine, and conse¬ 
quently where a high starting torque is necessary the induction-motor 
type is preferable. On the other hand, the salient-pole machine has a 
field system which is magnetically strong in comparison with the 
armature, because of the long air gap, with the result that it is very 
stable on violently fluctuating loads. The induction-motor type is at 
a disadvantage in this respect, as the very small air gap means a 
magnetically weak rotor, and in this respect it must be remembered 
that when a synchronous motor is operated at leading power factor 
the direct component of the armature reaction is demagnetizing. The 
best field of application of the synchronous induction motor is, there¬ 
fore, for drives requiring a heavy starting torque, but in which the load 
torque is fairly steady. 

There is another type of synchronous induction motor which is of 
salient-pole construction, but in which the simple damping winding of 
the synchronous motor is replaced by a complete three-phase winding 
connected to slip-rings. By this means the motor can be started up 
like an orthodox slip-ring motor, with ample starting torque, and 
after it is synchronized it runs with the stability of the ordinary 
salient-pole motor. Now in order that the induction-motor charac¬ 
teristics may be unimpaired it is necessary that the air gap shall be 
small, whereas, to retain the magnetic strength of the rotor with 
consequent stability on fluctuating load and on leading power factor, 
the air-gap must be large. For example, a medium-speed salient-pole 
machine of 2 m rotor diameter will have an air-gap of about 6 mm, 
whereas an induction motor of the same diameter wHl have an air-gap 
of only about 1*5 mm. In the salient-pole s 3 nnchronous-induction 
motor this difficulty can be overcome by coopting the smaller air-gap 
and inserting non-magnetic liners between poles and hub, thereby 
increasing the reluctance of the main magnetic circuit by the required 
amount. This type of motor is valuable where the requirements of 
the drive are a ffigh starting torque and also a high pull-out torque, 
as, for example, tube mills for making cement. 

The comparison of the performances of the three types of synchronous 
motor is afforded by the following data. The figures are based on 
800 h.p., 6600 V, 176-6 r.p.m., 50 c/s, unity power-factor machines. 
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and they should be compared in the light of the previous discussion of 
the different types of synchronous motor.* 


Type of 
Motor 

Starting 
Torque 
(% Full 
load) 

Starting 

Current 

(%Full 

locul) 

Efficiency 
(Full load) 

Synchronous 
i Pull-out 
! Torque 
! (% Full load) 

Excitation 

(A) 

(kW) 

Standard 

Salient-pole 

Motor 

50 

250 

93-6 

220 

125 

15 

Synchronous 

Induction 

Motor 

100 

150 

91*5 

150 

600 

21 

Salient-pole 
S.I. Motor . 

100 

200 

93-5 

200 

220 

14-5 


The values of 50 and 250 for the starting torque and starting current 
of the standard salient-pole motor are based on auto-transformer 
starting with a 60 per cent tapping. 


The Induction Motor run as a Generator. If the rotor of an induction 
motor is driven by another motor, or by a prime mover, and at the same 
time the stator winding is connected to a three-phase supply, then so 
long as the rotor speed is less than synchronous speed, the rotor will 
develop a motoring torque which, for small values of the slip, is pro¬ 
portional to the slip. If it is driven at a gradually increasing speed, its 
torque will gradually decrease and will become zero at exactly syn¬ 
chronous speed. The rotor will then carry no induced current. If its 
speed is now increased above synchronism, its slip will be negative, the 
back e.m.f. induced in the stator by the pulsations in the useful rotor 
flux will be reversed, and will no longer have a component in direct 
opposition to the supply e.m.f. Hence, the induction motor will now 
be acting as a generator. The complete torque v. speed curve for 
speeds below and above synchronism is as shown in Fig. 23.45. When 
the induction motor functions as a generator, it is called an “asyn¬ 
chronous” generator. It differs from the ordinary synchronous 
generator in the following respects— 

(а) It has no direct-current excitation. 

(б) It will only generate when its stator is connected to a line of 
fixed frequency, its exciting current being the wattless magnetizing 
current drawn from the line. This current, as we have seen, produces 
a rotating field, and there is obviously no difference between a rotating 
magnetic field produced by polyphase alternating currents, and one 
produced by a direct-current excited system which is itself driven at 
synchronous speed. 

* For a full discussion of the characteristics of the synchronous-induction 
motor see D. D. Stephens, “Salient-pole synchronous-induction motors,** 
Activities (July-Aug., 1956). 
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(c) The frequency of the magnetizing current fixes the frequency of 
alternating current supplied by the induction motor. Thus the 
frequency is not affected by the speed at which the as3nichronous 
generator is driven. There must be at least one synchronous alternator 
connected to the system in order to fix the frequency. 

(d) No synchronizing is required since the machine cannot generate 
any e.m.f. until it is connected to the line.* 

It will be seen that such generators have a somewhat limited appli¬ 
cation, and some uses have been examined on p. 566. They are e^o 
used in connection with the speed control of cage induction motors. 


Y Motor 




Fig. 23.46. Tobque-slip Curve Fig. 23.46. Circle Diagram or 

Induction Generator 

Thus, if a commutator motor is worked in cascade with a main induction 
motor for speed-regulating purposes, it can be direct coupled to an 
asynchronous generator whose stator is connected to the supply, 
instead of being coupled to the main motor. In such a case the slip 
energy of the main rotor is returned (less losses) to the line, instead of 
being converted into mechanical energy. 

Asynchronous generators, or induction generators as they are com¬ 
monly called, are nearly always provided with squirrel-cage rotors. 

The characteristics of the generator can be derived from the circle 
diagram, the working point being now below the horizontal axis. For 
any working point A (Fig. 23.46), 

Total power delivered to generator = AW 
Rotor copper loss = N'N” 

Stator copper loss = WN 
Stray losses = NW" 

* This property is extremely valuable in factories, where the same steam can 
be used both for the generation of electrical power and for process purposes. 
Where only p^ of the factory’s power requirements are supplied in this way, the 
remainder being imported, the parallel operation of the two supplies offers no 
difficulty or complication. See F. W. Cox, “New practice in induction generation,” 
Metro-Vick, QazeUe (Nov./Dec., 1961). 
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Output = N^^*A 
Slip = N'N'^IN'^A 
Power factor = cos AOY* 

We have seen that, for induction motor operation, the secondary 
current /g, and power developed Pg, are given by 

/g = kaEJ(R^^ + <T*Xg.o«)l 

Pg = mgPiJi2(yPg(l — (t)/{P 2* + ^*-2rg.o*) 



(b) Generating 


Fiq. 23.47. Vector Diagrams vor Motoring and Generating Regimes 
OF Induction Motor 


When operating as an asynchronous generator a is negative, so that 
the corresponding expressions become 

/g = — kaE^KR^ + 

Pg = — mjc^E^aRJA + 

The negative sign indicates, in each case, a reversal in direction so 
that, for a given numerical value of the slip, /g during generator opera¬ 
tion is in opposition to the corresponding /g during motor operation. 
The negative sign for Pg indicates that the rotor is now a receiver of 
power. The vector diagram for motor and generator operation are 
contrasted in Fig. 23.47. Note that in the motoring case is the 
vector sum of E^, and XJi, In the generating case E^ is the 
vector sum of F^, and XJi. 
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During motoring action we have seen that it is possible to represent 
the power converted into mechanical power by the power absorbed by 
a fictitious resistance "" When generating this 

resistance becomes 

R2 = ~ mi + 

the negative sign indicating that R^ now acts as a source of power. 
It is, in fact, the electrical equivalent of the power intake of the rotor 
via the shaft. 


Fig. 23.48. Torque-sup Curve for 
Single-PHASE Motor 


The Single-phase Induction Motor. This motor is similar in construc¬ 
tion to the polyphase induction motor, with the exception that the 
stator has a single-phase winding. The alternating field produced by 

the single-phase stator current 
can be resolved into two rotating 
'7 \ components, and if the motor is 

Synch. Speed / \ running at nearly synchronous 

^Backward _u speed under the influence of the 

_— forward component, then its 

\ Sunch velocity relative to the backward 

\ ^^eed component will be nearly twice 

\ A' Foryt^ard^ synchronous speed. The total 

torque is the sum of the torques 

^ ^ developed by each of these fields 

Fig. 23.48. Torque-slip Curve for 

Single-phase Motor assumed as acting independently. 

It can therefore be obtamed by 
drawing the torque/speed curves. The curve for the forward field is 
exactly similar to that of a polyphase motor. That for the backward 
field is below the horizontal axis, since this field produces a retarding 
torque owing to its direction; also the curve is reversed, since syn¬ 
chronous speed to the forward field is twice synchronous speed to the 
backward field, while full speed in the reversed direction is synchronous 
speed to the backward field. The two component curves are shown 
dotted in Fig. 23.48, and the total torque is indicated by the full-line 
curve. It will be seen that this characteristic is similar in shape to 
that of a polyphase motor with low rotor resistance, with the exceptions 
that the torque is zero at a speed slightly less than synchronous speed, 
and it is zero again at zero speed. Consequently, the single-phase 
motor is not self-starting. 

The mechanism of torque production is as follows: First of all let 
the motor be stationary. The single-phase stator winding produces a 
^tator flux Oy which alternates with respect to time but always acts 
along the same axis: this flux is called the transformer flux. Generally, 
the rotor has a cage winding which is therefore short-circuited on itself, 
and we can therefore imagine pairs of conductors connected to form 
separate coils by means of cross-connectors, a few of which are 
shown dotted in Fig. 23.49. These short-circuited turns act like the 
Sf»oondary winding of a short-circuited transformer and therefore 
carry induced currents. Let the flux be increasing then, by Lenz’s 
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law the induced current will set up an oppcMsing flux, that is, one in 
an upward direction showing that, at the instant considered, the 
induced currents are outward to the left of the axis and inwards to 
the right. Also, because of the differing flux linkage of the yarious coils 



^# 7 . Axis 


Fig. 23.49. Action of thb Single-phase Motor at Standstill 

the magnitude of the currents will be graded, as indicated. For clarity 
these currents are transferred to the simple right-hand diagram, and, 
applying the left-hand rule we see that the four sectors of the rotor set 
up a series of torques which are self-cancelling, the total standstill 
torque then being zero. 

Now let the rotor be travel¬ 
ling at synchronous speed, say 
in a counter-clockwise direc¬ 
tion, as in Fig. 23.60. Then 
dynamically induced e.m.f.s will 
be set up in the conductors 
and, since the regions of maxi¬ 
mum flux density are at the 
top and bottom, the space dis¬ 
tribution of these e.m.f.s will 
be as indicated in Fig. 23.50. 

The currents due to these 
e.m.f.s will lag by 90° if we 
assume that the rotor resistance 
is negligibly small. Consider the instant at which Oy is a maximum 
and is then on the point of decreasing. After a rotation of 90° by the 
rotor the current distribution in space will correspond to the e.m.f. 
distribution of Fig. 23.50, but the flux Oy will have fallen to zero. 
Hence, no torque can be produced by the interaction of the currents 
with this particular flux Oy. The currents will set up a new flux, the 
speed flux along the quadrature axis, but we have already seen that 
the interaction of induced currents with the flux they produce does not 



Fig. 23.50. Action of the Single- 
phase Motor when Running at 
Synchronous Speed 
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produce a torque either, and consequently at s 3 mchronous speed there 
is no torque due to either or Now if a coil is rotated at syn¬ 
chronous speed in an alternating field, the field has reversed by the time 
the coil has made one-half of a revolution, and consequently it can 
only carry induced currents of double frequency.* This means that 
the line frequency currents of the type discussed above, cannot exist 
at synchronous speed, and consequently at that speed the currents 
induced by the fiux Oy must neutralize those induced by the fiux 




Fig. 23.51. Resultant Magnetic Field of the Single-phase 
Induction Motob 

This is obvious from the fact that, at the instant represented by the 
e.m.f. diagram of Fig. 23.50, the current distribution in space is lagging 
by 90°, and is thus in opposition to that of Fig. 23.50. Thus for the line 
frequency currents to be zero we must have But these two 

fiuxes are in both time and space quadrature and consequently the 
total fiux of the machine is a pure, or circular rotating field. Fig. 
23.51 (a). 

Now let the machine rotate at some speed N < N^, then the 
motionally induced e.m.f. and currents are reduced and consequently 
is reduced, the combination of with Oj’ giving an elliptical 
rotating field, as shown in Fig. 23.51 (6). Again, the currents due to 
the motional e.m.f.s, although in opposition to those due to the trans¬ 
former e.m.f., are no longer equal to them, so that there is a total 
current distribution similar to that of Fig. 23.49. This distribution 
reacting with the speed flux produces a torque in the same direction 
as rotation, showing that motoring operation is possible so long as 
N > and < Ng, 

At standstill the only flux is Oy and the m.m.f. required to produce 
this draws a magnetizing current from the line. At synchronism 
there is an equal flux and so the magnetizing current becomes 
2 /^.q. At any slip a the flux is reduced to (1 — a) and so the mag¬ 
netizing current becomes 

4 " (1 = (2 — 

* See p. 619. 
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Now consider the alternating flux of the machine as equivalent to 
two rotating fluxes travelling in opposite directions, then denoting the 
corresponding induced rotor currents by I^.i and I^.^ respectively we 
have, for the forward component 

■^2*1 ~ COS <^2*1 = H^I(R^ + (7*jr2.o*)^ 

/. -P2-1 == ^2*0^2-l COS ^2«1 

= X {cE^.^IW + ^'^ 20 ')*) X (i?2/(^2' + CT*X2V)*) 

= 

Hence power converted into mechanical power 
P 2-X ^ P ■^2*l*-^2 
= /2.i^M1 - o)la] 

The power due to the backward component is negative and can thus 
be written 

p,.,' = - h.^^Rl(l - or)/(2 ~ or)] 

Again, if is very small, the currents / 2.1 and 72.2 are both approxi¬ 
mately equal to P 2 o /'^2 o equal in magnitude. Denoting 

each by I^ we have for the approximate power which is converted into 
mechanical power* 

P = - a)la ~ (1 - a)/(2 - a)] 

The motor can be made self-starting by supplying the stator with 
an auxiliary winding for starting purposes, spacing this winding 90 
electrical degrees from the main stator winding, and arranging that 
the current through it is as nearly in quadrature with the main current 
as possible. For starting purposes, the motor is thus converted tem¬ 
porarily into a two-phase motor. Ihe most common method of obtain¬ 
ing the required phase difference is the split-phase method, and several 
alternatives are illustrated in Fig. 23.52. 

In Fig. 23.62 (1) the starting winding 8 has a resistor R in phase 
with it, and this gives sufficient difference between the power factors 
of the main M, and starting winding 8 to enable the motor to start 
against no load. It is only suitable for small motors. When the motor 
has run up to speed a centrifugal switch, cuts out the starting 
winding and the motor then continues to run single phase. The winding 
8 is in circuit for such a short time that it need have very little thermid 
capacity and so can be made of a smaller gauge wire than the main 
winding. 

In (2) the main winding has a choke in series with it and this is short- 
circuited and at the same time the starting winding open-circuited 
when sufficient speed has been attained. In (3) a capacitor is placed in 
series with the starting winding instead of the resistor of circuit (1). 
As capacitors can now be made very cheaply this is a very common 
method of starting. 

* For a very complete analysis of the single-phase induction motor see E. Mallett, 
Vectors for Electrical Engineers, Chapman & Hall, London. 
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In aU three cases above the split-phase device is used for starting 
only, the auxiliary circuits having a low thermal capacity, and are, 
therefore, what are called short-time rated. Method (3) can be modified 
by giving the auxiliary winding 8 the same rating as if, using a con¬ 
tinuously rated capacitor C and omitting the centrifugal switch SW. 



Supply 



4 




(b) Capacitor Motors 


Fig. 23.52. Alternative Methods of Starting Single-phase 
Induction Motors 
M —main winding. S —starting winding. 


The motor then becomes a capacitor motor, as distinct from a capacitor- 
start motor, and it has the advantage of running, as well as starting, 
with a rotating field, although, owing to the impossibility of obtaining 
a phase difference of exactly 90° between the currents in M and 8, the 
field is not truly circular. The simplest scheme is that of method (4). 
In order to obtain a better starting torque a short-time rated capacitor 
C 2 can be arranged in parallel with the main capacitor Oj, as in method 
(6), this additional capacitor being cut out when the speed is sufficiently 
high. A similar effect can be obtained by using an auto-transformer 
with the capacitor, as in method (6). 

Capacitor-start motors are often of very small size, and the possible 
numbers of rotor and stator slots are therefore limited. Consequently, 
with slots parallel to the shaft there will be large variations in the gap 
reluctance as the rotor is turned with respect to the stator, with a 
consequent tendency to magnetic locking. This is overcome by 
skewing the rotor slots by one slot pitch.* 

♦ See C. G. Veinott, Fractional Horsepower Electric Motors, McGraw-Hill, New 
York; E. K. Bottle, F.H,P, Electric Motors, Griffin, London. 



C3h. 23] THE INDUCTION MOTOR 819 

The capacitor motor has appreciable advantages over the pure 
single-phase motor because the motor is virtually a two-phase motor. 
The advantages are mainly— 

(а) Mechanical. The power intake of a purely single-phase motor 
fluctuates with respect to time at a frequency of twice line frequency, 
as does the power factor of all single-phase appliances. As a result, 
the torque is also fluctuating and this sometimes sets up considerable 
vibration. 

(б) Electbical. The performance characteristics of the capacitor 
motor are better than those of the purely single-phase motor, the 
power factor, in particular, being considerably greater. For example, 
a 6h.p., 4-pole single-phase motor will have a power factor and 
efficiency at normal fuU-load, both of about 76 per cent. The capacitor 
motor of the same rating and speed will have a power factor of 95 per 
cent and efficiency of 80 per cent. 

Summing up, the presence of the backward-travelling field in the 
purely single-phase induction motor is a disadvantage in several 
respects. 

(а) It reduces the total torque since it acts in opposition to the 
forward field. 

(б) It renders the torque zero at starting so that an auxiliary 
winding has to be provided, thus increasing the size and cost of the 
motor. 

(c) It requires a wattless magnetizing current just as the forward 
field does, the total magnetizing current being twice what it would be 
if the forward rotating field could be produced alone. This large 
magnetizing current gives the motor a very poor power factor. 

(d) Owing to the greater magnetizing current, and the fact that 
the rotor current is not zero at synchronism, the copper losses in the 
single-phase motor are greater than in the pol 3 q)hase motor. The 
rotor core losses are also not negligible. 

Because of the increased losses and the space taken up by the 
starting winding it can be taken that, on the average, a frame which 
will give a certain horse-power at a given speed when used for a 
polyphase motor will only give about two-thirds of that horse-power 
when wound as a single-phase motor. 

Rotating Coil in an Alternating Field. Let a single-turn coil of area A 
rotate with an angular velocity cd^ in an alternating field whose intensity 
varies sinusoidally with respect to time, so that 

B = Bmax sin cot where a> = 27r/ 

The angular position of the coil at any instant is 

0 = (oj 

Let B = 0 and 0 = 0 when ^ = 0, then at any insta 4 t the con¬ 
ditions are as shown in Fig. 23.53. The projected area of the coil is 
A cos 0, and therefore for the fllux linkage we have 

O BmB.x sin cot .A cos 0 
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Now the linkage varies both with respect to time and to angular 
position, and therefore we have, for the induced e.m.f. 

e = - d<S>ldt = - [(d^lBd)(d6ldt) + aO/a<] 

9<I)/a0 = — Bm&xA sin . sin fl 
aO/a^ = BmfixAco cos (ot . cos 6 
ddjdt = (Oa 

e = J5inax-4(-“ o) cos (ot, cos cOgt + cOg sin cogt , sin cot) 



Fig. 23.53. Rotating Coil in Alternating Field 

The first component gives the transformer e.m.f., and the second the 
speed e.m.f. In the special case of cOg = o), that is the coil rotating 
at synchronous speed, then 

e = BjaKxAo) (sin^ cot — cos* oyt) 

= — Rjnax-^^ COS ^cot 

showing that the e.m.f. is of twice line frequency. The two components 
are proportional to cos cot and sin cot respectively showing that they 
are in quadrature time phase. They are also proportional to cos cogt 
and sincOo^ respectively, showing that they are also in quadrature 
space phase. Thus as the coil rotates one of the components waxes 
while the other wanes. 

The actual mechanism is illustrated in Fig. 23.54. The fiux density 
is a maximum and the direction of the flux is parallel to the plane of 
the coil. In this position the transformer e.m.f. is obviously zero because 
the rate of change of flux linkage is zero, but the speed e.m.f. is a maxi- 
munpi because the rate of cutting of the lines is a maximum. In Fig. 
23.54 (6), which represents the conditions after one-quarter of a period, 
the flux is zero, the rate of cutting is zero and so the speed e.m.f. is 
zero. The rate of change of linkage is a maximum and the flux is about 
to reverse, with the result that the induced e.m.f. tends to circulate 
a current which will produce a flux in the original direction, as shown 
dotted. Thus the transformer e.m.f., with respect to the coil, is in 
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(b) 


I II • I \ 
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* ^7 max 
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Fig. 23.54. Rotating Coil in an Alternating Field 


the opposite direction. In (c) the flux has reversed and the coil has 
rotated through 180° so that the transformer e.m.f. is a maximum and 
in the same direction, with respect to the coil, as in case (a), and so on. 
We see that when the coil has made one complete revolution there have 
been two maxima and two reversed maxima of the induced e.m.f., 
which is therefore of twice the frequency ft>/27r. 
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Examples on Chapteb 23 

1. A 6-pole induction motor is supplied by an 8-pole alternator running at 
750 r.p.m. If the slip of the motor is 3 per cent, what is its actual speed ? 

Ana. 970 r.p.m. 

2. A three-phase, 50 c/s induction motor, with its rotor stcu* connected, gives 
100 V (r.m.s.) at standstill between slip-rings on open circuit. Calculate the 
current in eewh phase of the rotor winding when joined to a star-connected 
circuit, eekjh limb of which has a resistance of 10 and a reactance of 10 O. 
The resistance/phase of the rotor winding is 0*2 Q and its reactance at standstill 
10 II. Calculate also the current in each rotor phase when the slip-rings are short- 
circuited and the motor is running with a slip of 4 per cent. (L.U.) 

Ana. 2*58 and 5*2 A. 

3. A 200-h.p., three-phase induction motor has at no load a speed of about 
500 r.p.m. and a slip of 1*5 per cent at full load. Show by a diagram drawn to 
scale how you would expect the torque of this motor to vary as the speed is varied 
from zero to 500 r.p.m. (L.U.) 

4. Define the “slip” of a three-phase motor. Draw two curves connecting 
the torque of the motor with the slip for two different values of the resistance in 
the rotor circuits. State the connection between these two curves and give the 
theory of the curves. (L.U.) 

5. What arrangement would you propose for altering the speed of a 600-h.p., 
three-phase haulage motor? The motor is required to start at twice full-load 
torque, to come up to speed in 30 sec, to run for 5 min at full speed, and then to 
stop. It is to repeat this operation every 12 min. (L.U., Mining.) 

6. Show how to arrange two windings on the rotor of a three-phase induction 
motor to provide automatically large torque at starting and low rotor copper loss 
when running. How would you calculate the starting torque of such a motor? 
(C. and G.) 

7. A 4-pole, 50 c/s, three-phase, 200 V induction motor is run on light load 
and tedces 12*6 A/line at a power foctor of 0*2. The same motor, when the rotor 
is allowed to rotate very slowly, takes 100 A when a pressure of 120 V between 
phases is applied, at a power factor of 0*25. Estimate the pull-out torque and 
maximum power factor at which the motor will work. (C. and G.) [Graphical.] 

8. The speed of a 400-h.p. electrically driven fan is reduced by (a) a shunt 
motor with field control, (6) an induction motor with rotor resistance control. 
Compare the economy obtainable per hour in the two cases when the speed is 
reduced 16 per cent. Assume that the torque of the fan varies as the square of the 
speed and the cost of energy is Id./kWh. Ignore losses in the motors. (C. 
andG.) 

Ana. There is a saving of 2s. 8d./hr. by using a shunt motor. 

9. Show how the losses in a three-phase slip-ring induction motor can be 
analysed from no-load and short-circuit tests taken when the power is supplied 
(a) to the stator and (6) to the rotor. (C. and G.) 

10. An induction motor whose windings can be arranged for 12 or 24 poles 
can be run in cascade with a direct-coupled induction motor which can be arranged 
for 2 or 4 poles. With such an arrangement the cascade control is never used for 
the 24-pole speed. Why is this ? Calculate the approximate speeds which can be 
obtained from the set, the supply frequency being 50 c/s. 

Ana. 500, 250, 428, 375 r.p.m. 
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11. A 4-pole, 35-h.p., 50 o/s induction motor has a full-load slip of 2 per cent 
and a pull-out torque equal to 2} times the normal full-load torque. Draw to 
scale the torque/speed curve for all speeds between zero and full speed. 

12. Draw the circle diagram for a 6-pole, star-connected, three-phase induction 
motor having the given data, and find the full-load power factor, stator current, 
and slip. Rated output 40 b.h.p., at 380 V, 50 c/s. No-load current 16 A. Power 
absorbed at no load 1550 W. Short-circuit (standstill) current 310 A at a power 
factor of 0*23. Resistance from terminal to terminal of stator winding (hot) 
0*156 n. 

* Ana, 0*91, 60 A, 6 per cent. 

13. From the circle diagram of the motor in question 12, plot the following 
characteristics against torque; speed, power factor, efficiency, output, and 
stator current. 

14. Determine approximately the starting torque of an induction motor in 
terms of full-load torque when started by means of (a) a star-delta switch, (6) 
an autotransformer starter with 50 per cent tapping. Ignore the magnetizing 
current. The short-circuit current of the motor at normal voltage is 5 times the 
full-load current, and the full-load slip is 5 per cent. (I.E.E.) 

Ana. (a) 0*14, (6) 0.31. 

15. A 4-pole, 50 c/s, 3-phase induction motor has a slip-ring rotor with a 
resistance and standstill reactance of 0-04 and 0*2 D respectively. Find the 
amount of resistance to be inserted in each rotor phase to obtain full-load torque 
at starting. What will be the approximate power-factor in the rotor at this 
instant? (L.U.) 

Ana. 1*29 a 

16. Describe briefly how a high starting torque is obtained with a double-cage 
induction motor. The resistance and reactance (equivalent) values of such a 
motor for stator, outer and inner cages are 0*25, 1*0 and 0*15 resistance and 
3*5, zero, and 3*0 reactance, respectively. Find the starting torque if the 
phaae voltage is 250 V, and the synchronous speed is 1000 r.p.m. (I.E.E.) 

Ana. 103 newton-metres. 

17. The equivalent standstill impedances per phase of the first and second 
cages respectively of a double-cage induction motor are 5 + jl and 1 -f j5. 
Calculate the ratio of the torques of the two cages, (a) at standstill, (6) at a slip of 
4 per cent. (L.U.) 

Ana. (a) 5 to 1, (6) 1 to 4*8. 

18. The short-circuit current of a 4 h.p. cage-type induction motor is 5 times its 
full-load current. The supply voltage is 400, and the full-load efficiency, power- 
factor, and slip, are respectively 0*84, 0*8, and 0*04. Ignoring magnetizing current, 
estimate the current taken from the mains at the instant of starting (a) when the 
motor is switched direct on to the mains, (6) when a star-delta starter is used. In 
each case calculate the starting torque in terms of full-load torque. (L.U.) 

Ana. (a) 32 A, torque equal to full-load torque. 

(6) 10*7 A, torque 0*11 of full-load torque. 
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COXVERTINO MACHINERY 

Methods of Conversion. At the present time over 90 per cent of the 
total electrical energy generated is produced in a.c. stations. A large 
proportion of this is utilized as direct-current energy, and it is therefore 
necessary to convert from alternating to direct current. The most 
important methods of effecting this conversion are— 

(а) Motor-generator sets. The motors are three-phase alternating 
current motors, either synchronous or asynchronous; and the generators 
are direct-current, shunt, or compound. 

(б) Rotary convertors. 

(c) Motor convertors. The motor convertor consists essentially of 
an induction motor and a d.c. generator mechanically coupled, and also 
electrically coupled by means of connections taken from the rotor 
winding of the motor to the armature winding of the generator. This 
machine is now quite obsolete, although there are a few still in commis¬ 
sion. It will not be considered further. 

(d) Mercury-arc rectifiers. 

(c) Valve, and other rectifiers. Rectification by means of electronic 
devices is considered in Chapter 27. 

The Rotary Convertor. This is essentially a direct-current machine 
having a direct-current armature of ordinary design, from which 
tappings are taken to slip-rings as well as the ordinary connections to 
the commutator. The field system is identical with that of an ordinary 
direct-current machine; it may be shunt or compound excited, and is 
usually fitted with interpoles. In all heteropolar machines, that is, 
machines with alternate N. and S. poles, whether for direct or alter¬ 
nating current, the e.m.f.s induced in individual armature conductors 
are alternating. The voltage across pairs of slip-rings will thus be 
alternating, while the voltage across the brushes at the commutator 
will be direct. The following are the rules for taking off the tappings 
to the slip-rings. If the armature is wave-wound, it has only two 
electrical circuits through it, whatever the number of poles. Hence, 
there will be only one tapping taken to each slip-ring. For single phase 
there will be two slip-rings, and there will be one-half the total number 
of armature conductors, in each path from one tapping point to 
another. For three phase, there will be three slip-rings and three 
tappings, the armature being divided into three equal parts. And so on. 

If the armature is lap-wound, it has as many paths through it from 
brush to brush as there are poles. Hence, for any given potential 
relative to that of either of the brushes, there will be as many points 
in the winding having that potential, as there are pairs of poles. The 
number of tappings taken to each slip-ring is thus equal to the number 
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of pairs of poles. The total number of tappings is equal to the product 
of the number of slip-rings and the number of pairs of poles. The 
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Fia. 24.1. Abrangement of Tappings on Rotary-convertor Armature 




arrangement of these tappings is shown in Fig. 24.1. The numbers of 
conductors in each path between two consecutive tappings must be 
equal. Hence, the winding must be such that it can be divided into the 
requisite number of identical paths. 

The existence of this condition shows 
that any direct-current winding is not 
necessarily suitable for use on a rotary 
convertor armature. 


Voltage and Current Ratios. Fig. ^ 
24.2 represents an armature rotating 
in a two-pole field. The voltage at 
the direct-current side, namely, the 
voltage across the brushes AB, is 
obviously the same as the maximum 
value of the single-phase voltage, since 
in a single-phase rotary the tappings 
are diametrically opposite. 



Fig. 24.2. Calculation oj 
Voltage Ratios 


Max. a.c. volts = d.c. volts = B, say 
Effective a.c. volts = Ely/2 


Consider now an ‘‘m” phase convertor. Two consecutive tappings 
such as C and D will be an angular distance of 27 r/w radians apart. If 
the direct-current voltage is represented by 2r, the diameter AB oi the 
circle, then the maximum value of the alternating-current voltage 
between the points C and D will be represented by the length of the 
chord CD, 
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Em&x = 2/8111 (tt/to) 

= E sin {Trim) 

_ J! X 

Hence, when there are m tapping points the voltage between adjacent 
points, and therefore between adjacent slip-rings, bears the following 
definite ratio to the direct-current voltage. 

a.c. volts __ sin 7r/m 
d.c. volts \/2 


The numerical values of this ratio are given in the following table— 


D.C. 

1-phase 

2-phase 

3-phase 

4-phase 

6-phase 

12-phase 

1 

sin (w/2) 

sin (7r/2) 

sin (tt/S) 

sin (w/4) 

sin (rr/B) 

sin (7r/12) 


V2 

V2 

V2 

V2 

V2 

V2 


0-707 

0-707 

0-612 

0-6 

0-364 

0-183 


The value of m taken in calculating the above ratios is only equal to 
the number of tappings when the voltage between adjacent tappings 
is required. Thus for single-phase there are two tappings and m = 2. 
For two-phase there are four tappings, but since each pair of diametri¬ 
cally opposite tappings can be regarded as being the terminals of a 
separate single-phase, = 2 in this case also. In the four-phase 
convertor, there are four equidistant tappings as in the two-phase, but 
the phase voltage is now taken as the voltage between consecutive 
tappings, so that rn = 4. 

We have now to calculate the current ratios. If = d.c. volts and 
/ = d.c. line current, then 

Power on d.c. side = El 

Let j&p = phase voltage and 7^, = phase current, i.e. the alternating 
current fiowing through the armature between two tapping points. 
Then if the power factor is cos 

Power on a.c. side = mEjJtj, cos <f> 

Now the a.c. line current 7^ is the vector difference of the phase 
currents in two consecutive phases. Hence, from the vector diagram 
in Fig. 24.3, we have 

1 1 = 21 j, cos (AOBI2) 

= 21 j, cos (7r/2 — Trim) 

= 21 j, sin (Trim) 


^ 2 sin (tt m) 
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Also 


Ej,=^E X 


sin (7r/m) 


Power on a.c. side = m x X x - , ; X cos A 

'V/2 2 sm {Trim) ^ 

= (m/2\/2)^/j cos<^ 



Assuming 100 per cent efficiency and equating the expressions for the 
power on the d.c. and a.c. sides, we have 

(m/2\/2)iB7/i cos <f> =: El 

I ill — {2y/2lm) sec </> 

For unity power factor, sec ^ = 1 and the current ratios are— 


D.C. 

1-phase 

2-phase 

3-phase 

4-phase 

6-phase 

12-phaae 

1 

1-414 

0-707 

0-943 

0-707 

0-472 

0-236 


Waveform of the Armature Current. Suppose that a rotary convertor 
is converting from alternating to direct current. Then relative to the 
alternating side it is motoring, while relative to the direct current side 
it is generating. The total current in the armature is thus the difference 
between the alternating and the direct-currents. Consider first of all a 
single-phase convertor; let A and B be the tapping-points (Fig. 24.2). 
For a point F midway between the tapping points, the alternating 
voltage has its crest value the instant F is opposite a pole centre; ana 
if the current is in phase with the voltage, the current will go through 
its crest value at the same instant. The direct current is constant in 
magnitude and fiows in one direction through the conductor at F 
while F is xmder the influence of the S. pole, and in the reverse direction 
while F is under the N. pole. It reverses each time the conductor passes 
imder a brush. Hence, the direct current in one conductor can be 
regarded as an alternating current of rectangular waveform, which 
reverses each time the conductor passes under a brush. For the point 
F, mid-way between A and J5, the alternating and rectangular waves 
are in phase, so long as the power factor is unity and the resulting 
waveform is as shown in Fig. 24.4 (A), 

For a point 0 displaced any angle oc from F, the alternating-current 
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wave has the same form and is in phase with that through F, but O 
reaches a brush a degrees before F does, so that the rectangular wave 
for 0 reverses a degrees in front of the rectangular wave for Fy thus 
modifying the resulting waveform as shown by Fig. 24.4 {B), 

For a conductor at the tapping point the alternating and rectangular 
waves are 90® apart, the resulting waveform being as in Fig. 24.4 (C7). 

An examination of these curves shows that the effective value of the 
resultant current, and therefore, the armature PR loss, is the greatest 



Fig. 24.4. Current Waveforms and Heating Effect in a Rotary 
Convertor Armature 


at the tapping points and least at the mid-points. Since the effective 
value increases as the phase angle between the sinusoidal and rec¬ 
tangular waves increases, we see that the greater the number of 
phases, the smaller will be the heating effect, because, as the number 
of phases increases, the maximum possible phase difference between the 
two waves decreases. 

The variation in the heating effect is best illustrated by curves of 
current squared, plotted against time for different values of the angle 
a. We will consider for simplicity a single-phase convertor, although 
the method can be extended to a machine with any number of phases. 
We require the relationship between I and /j, (not I ^ in order to draw 
the curves of resultant current. We have 

mEjylj, cos <f> El 




CONVERTING MACHINERY 


Ch. 24] 

For a single-phase machine EjEj, = 1*414 and w = 2, hence, consider* 
ing first of all a power factor of unity on the a.c. side, we have 

4 = i X 1*414 X / 

= //V2 

The direct current/conductor 

la = 11^ 

Ij) = and 

Ip^msix = 2 /^ 

The current curves are drawn to 
scale in Fig. 24.4, the cases being A for 
a conductor half-way between tapping 
points, B for a conductor displaced 45 
electrical degrees from A, and C for a 
conductor at a tapping point. In the 
lower half of the figure the curves of 
current squared are plotted to the same 
scale, and it is at once apparent how 
much greater is the heating at a tap¬ 
ping point than at the mid-point. 

Now suppose that the power factor 
is less than unity, say 0*8, then for the 


same value of I 


a> ■^j)*inax 


is increased in 


the ratio of sec to unity 

/. Ip.m&x = “ 2*5/g 


Resultant 
Heating 
Curve 


D.C. 

Heating 

Emct\ 



co54>'0-8 

Fig. 24.5 


The angle is 37 degrees, very approxi¬ 
mately, and as a result the maximum 
displacement between the direct- and 
alternating-current waves, which occurs 
at one of the tapping points can be 
(90 + 37) = 127 degrees. The corresponding curves for this case are 
drawn in Fig. 24.5, from which it is evident that the decrease in power 
factor produces a greater heating at one of the tapping points. It is true 
that the displacement at the other tapping point is now (90 — 37) = 53 
degrees instead of 90 degrees, but this is offset by the fact that is 
increased, so that on the whole the effect of a decrease in power factor 
is to produce a considerable increase in the heating. 

A mathematical expression for the total HR loss in the armature is 
derived as follows— 

We have seen that the alternating phase current 

= jr and Ii = (2-v/2/m) / sec (f> 

^ 2 sin {Trim) v v i / r 

Ip = (\/2/m) cosec {Trim) sec 0 X / 

(^p)max = (2/w) cosec {Trim) sec ^ X / 
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Oongidering the two-pole armature of Fig. 24.2, the direct current 
flowing through any conductor O is 7/2, and the alternating current, 
being (a — from its maximum value, is given by 

i = (7^)max cos (a - <f)) 

Hence, total current in any conductor 
= 7/2 i 

= (7/2)[l — (4/m) cosec (Trim) sec (f) cos (a ■— ^)] 

To And the total copper loss it is necessary to calculate the r.m.s. 
yalue of the above expression for one particular conductor as the 
armature makes half a revolution. The conductor at F passes from one 
brush to the other in half a revolution, and if angles are reckoned from 
the mid-position F, the alternating e.m.f. will go through one half¬ 
cycle between the limits — 7r/2 and + 7r/2. But we must consider any 
conductor. Let its distance from F be jS. The limits for this conductor 
are obviously 

- ( 77/2 + p) and ( 77/2 - p) 

Hence, the mean of the squares of the instantaneous values of the 
current, i.e. the square of the r.m.s. current in the particular conductor 
considered is 




cosec — sec J> cos (a 
m ^ 



. doi 


m 


sec 


d) cos (iS + 0) + A cosec^ ~ sec^ 6] 
^ ^ ^ m^ m 


We have now to fed the mean of this for the whole armature. This 
is obviously the same as the mean for one armature path between 
two consecutive tappings. Now two such tappings are 277 /m apart, 
and therefore, the limits of integration are — 77/m and + 77/m. The 
expression for the square of the r.m.s. value can be written 

(7V4){1 -^Aco8(P + <I>) + B} 

72 72 A rn f + Wm 

Mean value = {I + B) - X ^ \ cos (^ + ^) d/J 
4 4 Z77 


= -r- (1 + B)-X — . sin — COS d) 

4 ' 4 77 m ^ 


Finally substituting the values of A and B, we have mean value of the 
square of the current for the whole armature 

= (774){1 — 16 / 77 * + (8/m*) cosec* (77/m) sec* <f)} 

Hence, total 7*7? loss in the armature 

= 2 X (7*i?/4){l - 16 / 77 * + (8/m*) cosec* {Trim) sec*^} 
since we are considering a two-circuit winding, R being the resistance 
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of each circuit. If the armature were carrying a direct current only, 
its external value being /, as before, the PR loss would be 

2 X (//2)*fi 

Hence 

PR loss when acting as a rotary 16 8 g, 

PR loss as a plain d.c. machine tt* cosec ^ sec ^ 

This shows that as the number of phases is increased, the PR loss 
decreases, and is always less than the loss in a plain d.c. machine, 
except in the case of a single-phase rotary. For a unity power-factor 
load, for which sec 0=1, the square roots of the above ratio are 


D.c. 

m = 2 

m = 3 

w = 4 

m s=s 6 

m = 12 

1 

118 

0-76 

0-62 

0-62 

0*465 


If the output of the rotary armature were limited only by the armature 
copper loss, then the ratios of the maximum outputs possible to the 
output when working as an ordinary d.c. machine, would be the 
reciprocals of the ratios in the above table, namely 


D.C. 

m = 2 

m = 3 

m = 4 

m = 6 

m = 12 

1*0 

0-86 

1*33 

1*63 

1*92 

2-20 


This table shows how, in the case of all but a single-phase convertor, 
the output from a given armature increases as the number of phases 
increases. In practice it is usual to work rotary convertors six phase, 
since twelve-phase working involves too much complication. 

The heating effects in the armature, at different positions with 
respect to the tapping points, and also in terms of the number of 
phases, are illustrated graphically in Fig. 24.6. 

The above comparisons are based on the assumption that the power 
factor on the alternating-current side is unity. If it is not unity, then 
since the expression for the heating effect contains a term sec* 0, we 
see that as 0 increases, the heating effect very considerably increases, 
the rotary convertor being no longer so very superior to the plain 
direct-current machine from the point of view of armature heating. 

Armature Reaction in Polyphase CSonvertors. From the consideration 
of armature reaction in direct-current generators, we have seen that 
the m.m.f. due to the direct current is directed along the brush axis, 
and is therefore fixed in space. On the other hand, the armature is 
rotating at synchronous speed, so that we can also regard the armature 
m.m.f. due to the direct component of the current as rotating at 
synchronous speed relative to the armature itself. Its direction is at 
right angles to the main field. The alternating component of the 
armature current also sets up an armattire reaction which also rotates 
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at synchronous speed with respect to the armature, and in consequence 
these two components of the armature reaction have no relative 
velocity. Also, the m.m.f. due to the alternating component acts at 
right angles to the main field, but in a direction opposite to that due 
to the direct component, these two thus tending to cancel one another 
out. Actually they do not quite neutralize one another, the direct 



Fiq. 24.6. Relative Heating between Tapping Points op Convertob 
Armature having m Slip-rings 

m.m.f. being slightly the greater, but the difference is so small that to 
all intents and purposes the rotary convertor can be regarded as having 
negligible armature reaction. As a result of this there is no distortion 
of the field form, and the machine can therefore withstand very heavy 
overloads without serious sparking at the commutator. In fact, when 
rotary convertors are required for traction purposes, one of the 
standard works tests is actually to short-circuit the machine 
momentarily. 

Methods of Obtaining Six-phase Current. Since there is a fixed 
voltage ratio between the d.c. and a.c. sides, it wiU be seen that to give 
a definite voltage at the commutator, a definite voltage must be applied 
to the slip-rings, and this is almost sure to be different from the supply 
voltage. Transformers have therefore to be interposed between the 
alternating-current supply and the slip-rings, the necessary six-phase 
current being obtained by suitable arrangements of the secondary 
windings. 

(a) Double-delta. Each phase of the secondary has two separate 
winings, which are arranged to form two independent mesh-connected 
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secondaries, as shown in Fig. 24.7. By taking connections from points 
1, 2, 3 on the first, and T, 2', 3' on the second, one of the two voltage 
triangles is reversed, relative to the other. Again, both windings are 
connected to a symmetrica] armature, and this fixes the relative 
positions of the two voltage triangles, so that the lengths of the six 



Fig. 24.7. Double-delta System or Connections 


vectors obtained by joining their corners are equal to one another. 
These vectors are the voltages applied to pairs of slip-rings, and since 
there is a phase difference of 60° between two consecutive vectors, we 
see that a true six-phase supply is obtained. 

(6) Double-star. As before, there are two separate secondaries, 
but in this case they are star-connected (Pig. 24.8). The first secondary 
gives the ordinary three-phase voltage star 1, 2, 3, while the second 
gives the reversed star T, 2', 3', since the connections from it are at the 
opposite ends of the windings to the connections from the first. Also, 
the two star points must coincide because of the symmetry of the 
armature winding, and therefore, as before, the sides of the hexagon 
give the voltages of the six-phase supply. 

(c) Diametral. In the double-star method, the two star points 
have the same potential and they could therefore be joined together 



634 


ELECTRICAL TECHNOLOGY 


[Gh. 24 


if desired. If this were done, then each phase of the transformer 
secondary would have one winding only, the six ends being taken to 
the slip>rings, and the middle points, connected together. But the 


Supply 




Primary 



Fig, 24.8. DouBiiB-STAit Connection 



Fig. 24.9. Diametral Connection 

potential of the middle point is fixed by the armature of the convertor, 
and therefore, the star point need not be made, thus leaving the three 
separate phases of the secondary winding connected to the slip rings, 
as in Fig. 24.9. In this case the voltage induced in each phase of the 
secondary is given by the diameter of the circle, whereas in the double¬ 
star method, it is given by the radius. This method is the most com¬ 
monly used, because it is the simplest. If the rotary convertor is supply¬ 
ing a three-wire system on the d.c. side, then the star point is formed. 
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and the middle wire connected to it. This fixes its potential midway 
between the potentials of the positive and negative outers, and no 
extra balancing plant is required. 

Example. A star-connected three-phase alternator, giving 1500 V/ 
phase, supplies six-phase current by means of three mesh-connected 
transformers, each provided with two equal secondaries. The current 
is passed into a rotary convertor supplying direct current at 550 V. 
Calculate the change ratio of the transformers and the current supplied 
by each of the secondaries, if 200 kW are taken from the convertor. 
Neglect magnetic leakage and loss in transformation. Show by 
diagrams how the six contact rings of the convertor are connected to 
the secondaries. (London Univ.) 

The diagram of connections is given in Fig. 24.7. If E^ = r.m.s. 
voltage between adjacent slip-rings, and I^ = current supplied to 
each slip-ring, then 

Ea = {Elx^2) sin (nlm) = (650/^2) sin 30 = 194-4 V 
I = 200,000/550 = 364 A 
/. la = (2^/2/^) X / = (2V2/6) X 364 = 171-4 A 

The voltage induced in each secondary winding is given by the 
length of the side of an equilateral triangle drawn in the six-phase 
voltage hexagon. Each side of the hexagon represents a voltage of 
194-4 V. Hence, voltage in each secondary 

= X 194-4 == 337 V 

/, Transformation ratio of the transformer 

K = 337/(V'3 X 1500) = 0-1295 

/. No. of turns on each secondary = 0-1295 X turns on each 
primary 

Methods of Starting Rotary Convertors. In the great majority of 
cases, rotary convertors are supplied with alternating current, and 
deliver direct current. It is therefore unlikely that there will be any 
direct-current supply for starting, unless it is specially provided, so 
that the convertors in most cases are started up from the alternating- 
current side. If direct current is available, the procedure is as follows: 
The direct-current switch (Fig. 24.10) is closed, and the oil switch on 
the alternating-current side, left open. The rotary is then run up to 
speed like an ordinary shunt motor by means of the starting resistance. 
The shunt regulator is adjusted until synchronism is obtained, and the 
oil switch then closed. No voltage adjustment is necessary, as when 
synchronizing alternators, because the voltage ratio between the direct 
and alternating-current sides is fixed. 

If the load on the direct-current side is rapidly fluctuating while 
synchronizing, it may be very difficult to decide the correct moment of 
synchronism, because of the variations in speed produced by the 
variations in voltage. In such a case it is better to run the rotary up 
to a speed well above synchronism, open the d.c. switch, and thus 
allow the machine to slow down. As soon as synchronous speed is 
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reached, as indicated by the synchroscope, close the oil switch. 
Alternating current will then flow through the armature and keep it 
running at synchronous speed. There is no danger of a heavy rush of 
current on closing the oil switch, because no power is being drawn from 
the direct-current supply. At the worst, the armature wUl be violently 



Fig. 24.10. Connections for Three-phase Convertor to be Started 

FROM D.C. Side 


pulled into step if the switch is not closed quite at the right moment. 
Finally the d.c. switch is closed. 

There are three common methods of starting up from the alternating- 
current side— 

(a) By Taps on the Main Transformer. This is a very commonly 
used method, the arrangement of the control gear being as indicated in 
Fig. 24.11. It wiU be noticed that no synchronizing gear is required, but 
a moving-coil zero-centre voltmeter V is connected across the brushes 
on the d.c. side, and the field winding is split up into a number of sec¬ 
tions by means of a ‘‘field break-up switch.'’ On the a.c. side, either 
auto-transformers are interposed between the slip-rings and the main 
transformer, or the secondaries of the main transformer are used as 
auto-transformers, this second arrangement being sho^vn in the figure. 
When starting, the d.c. switch and the field break-up switch are 
opened, and the brushes lifted off the commutator. The a.c. switch is 
closed, the auto-transformer being arranged so that the smallest 
voltage is applied to the brushes. An alternating current flows through 
the armature and produces a rotating magnetic field, the lines of force 
of which sweep past the dampers on the pole faces, thereby inducing 
currents in them. Hence, the armature starts up like an inverted 
squirrel-cage induction motor. Now the rotating field produced by the 







CONVERTINO MACHINERY 


637 


Ch. 24] 

armature rotates at s 3 mchronous speed relative to the armature, and 
therefore, as the speed of the armature increases, the ^actual speed, in 
space, of the rotating field becomes smaller and smaller, until eventually 
its poles move so slowly past the salient poles of the field system, that 
they magnetize the latter. The two systems of poles then grip each 
other, the rotating field therefore becoming stationary in space. This 



Fig. 24.11. Starting by Taps on Main Transformer 

means that the armature must now be running at synchronous speed, 
the rotary having what is called “jumped into step.*' It is obvious that 
it is possible for the polarity of the d.c. side to come up in the wrong 
direction, because this polarity depends upon the ultimate polarity 
of the main poles, and therefore, on the relative positions of the main 
poles and the rotating field at the instant the convertor jumps into 
step. If the polarity on the d.c. side is wrong it will be indicated by the 
zero-centre voltmeter V being deflected in the wrong direction. It can 
be corrected by what is called “slipping a pole.” The field switch is 
momentarily reversed, thus causing the armature field to be repelled 
by the main field, and as a result each pole of the armature field moves 
on towards the next main pole. This is indicated by the needle of the 
zero-centre voltmeter swinging over to the right side, the field break-up 
switch being then closed in the right position. Finally the convertor 
is connected to the d.c. system by closing the d.c. switch. 

The field is split up into sections by the field break-up switch, 
because, at the moment of starting, the actual velocity in space of the 
armature field is the synchronous speed, and consequently, owing to 
the very large number of field turns, a very high voltage would be 
induced in the field winding. When the armature is running at syn¬ 
chronous speed, the armature field is stationary in space, and conse¬ 
quently no voltage is induced in the field winding, the sections of which 
can therefore be all connected in series. For the same reason, the 
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brush gear on the d.c. side is lifted at starting, otherwise heavy currents 
would circulate across the brush faces and cause excessive sparking. 

The full a.c. voltage is not applied to the slip-rings at starting, 
because of the very heavy rush of current which would be produced on 
the a.c. side. Also, this current would be very nearly wattless, so that 
it would probably interfere with the voltage regulation of the line. 

{b) By Sepabate Starting Motor. The convertor is started up by 
means of a small direct-coupled squirrel-cage induction motor. This 

motor has a smaller number of poles 
than the convertor, so that it is 
able to bring the convertor right 
up to synchronous speed. The con¬ 
vertor is started up by this motor, 
the field circuit being closed, so that 
the voltage is built up in the right 
direction exactly as in the case of a 
shunt dynamo when brought up to 
speed. Synchronizing is necessary 
before connecting the slip-rings 
to the alternating-current supply, 
the necessary speed regulation 
being obtained by means of an 
adjustable resistance in one stator 
phase of the starting motor. After 
synchronizing, the switch control¬ 
ling the starting motor is opened 
and the convertor main switch on 
the d.c. side is closed. 

At the present time it is usual 
to build the starting motor with a 
rotor consisting simply of a solid 
iron cylinder, since there is no 
possibility of trouble with such a rotor as it is only in operation a very 
short time. 

(c) Self-synchronizing Method. This method is due to Rosenberg. 
The convertor is started up by a small starting motor as in case (6), 
but the stator of this motor is in series with the convertor armature, 
as can be seen from Fig. 24.12. The main oil switch is first closed, the 
switch 8 across the starting motor being open. The shunt-field circuit 
is also closed, the regulator being set to the normal position. The 
starting motor M, having fewer poles than the convertor, brings the 
latter up to synchronous speed, and as soon as this speed is attained, 
the convertor jumps into step because its armature is also carrying 
the alternating current taken by the starting motor. There is very 
little possibility of reversed polarity, because the armature rotating 
field is produced by a very small current, and in consequence, it is not 
sufficiently strong to reverse the residual magnetism in the field. As 
soon as the convertor is in step the switch 8 is closed, thus short-cir¬ 
cuiting the starting motor. Brush-lifting gear and field break-up 
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Fig. 24.12. Self-synchbonizing 
Method 
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armature is mounted on the convertor shaft, and is connected electri¬ 
cally in series with the convertor armature, as shown diagrammatically 
in Fig. 24.15. The booster and convertor fields obviously have equal 
numbers of poles. If the booster field is supplied with series as well as 
separate excitation, the booster voltage will increase with the load, 
the voltage control thus being automatic. 

The disadvantage of booster control is that it is liable to affect 
commutation if commutating poles are used. Jf the commutation is 
good when the voltage is about the middle 
of the range, then when the booster raises the 
voltage the commutating poles become mag¬ 
netized by armature reaction, their effect then 
being too powerful. Conversely, when the 
convertor is giving the minimum voltage, the 
commutating poles are partially demagnetized 
and their effect is neutralized. This difficulty 
has been overcome by connecting diverters 
across the commutating poles when the con¬ 
vertor is delivering large d.c. voltages. 

(e) Split-pole Convertors. In the split- 
pole convertor the distribution of flux density 
under the poles is varied; this alters the wave¬ 
form of the voltage across the slip-rings and 
so alters the transformation ratio. 

Let El = line voltage; Eg = phase voltage; E = d.c. voltage 

for a six-phase machine (J£^,)max = ^(2 (= radius of the circle in 
Fig. 24.2). 

This can be put in the form 

E = 2[{Eg)iaELxl{Eg)ett] X [{Eg)ejtl(Ei)eJt] X (^i)eff 
= 2K^K^ X El 

Thus 2 K 1 K 2 is the transformation ratio. 

Now for a sine wave = ^^2 and = l/\/3. As the waveform 
alters, Ko remains practically constant, but varies very considerably, 
as shown below. ^ 


A.C. from Transformer 



PX.from Convertor 

Fig. 24.15. Voltage 
Regulation by Syn- 
CHBONOUS Booster 


Sine Wave 

Rectangular Wave 

Triangular Wave 


1 1 

A 

= 1-41 

K, = 1 

iCi == 1-74 

eo 

> 

II 

M 

Kg = 104/^3 

Kg = 1-006/V3 


Hence, we can say that the limits of 1 to 1-74, so that by 

varying the waveform, a very large change of d.c. voltage can be 
produced. This change is effected by altering the distribution of flux. 
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The pole conaists of three limbs provided with main shunt, and 
auxiliary series windings as shown in Fig. 24.16. If the shunt winding 
produces, say, N. polarity, and the series windings tend to produce 
polarities of the order N., S., N., then the d.c. voltage will decrease. 
If the series windings tend to produce polarities of the order S., N., S., 
then the d.c. voltage will increase. 

The objections to this method are: First, mechanical difficulties of 
construction; second, difficulty with commutation, which limits its 
application to low frequencies. It is 
therefore only suitable for small capa¬ 
city, 25 c/s machines. To simplify 
construction the split-pole convertor is 
often made with a two-part, instead of 
three-part, pole. 

Inverted Rotary Convertors. Usually, 
rotary convertors change the supply 
from A.C. to D.C., and if they are 
worked in the opposite sense they are 
styled “inverted.’* With a convertor Windings 

worl^g norm^y, the speed is fixed at Spi.rr.pous 

synchronism, because it is operatmg hke Convertor 

a synchronous motor on the a.c. side; 

and this also applies to an inverted convertor if it shares the load on the 
a.c. side with a s 3 mchronous generator. If it does not share the load 
in this way, there is nothing to fix the speed, and the speed will vary 
as the flux per pole varies. Thus, if the load is highly inductive, the 
lagging alternating current will produce a powerful demagnetizing 
effect, thus causing a serious increase in speed. To prevent this, 
inverted convertors are always separately excited from a (hrect-coupled 
exciter. The increase in excitation due to a rise in speed will increase 
the flux/pole and so bring down the speed again. 

Parallel Operation of Rotary Convertors. We have seen that two 
shunt generators work satisfactorily in parallel, because they have 
drooping voltage characteristics. Thus, if one machine takes too much 
load, its voltage drops, thereby automatically throwing the excess 
load on to the other machine. With convertors, the d.c. voltage is 
fixed because the a.c, voltage applied to the slip-rings is fixed. There¬ 
fore, if two convertors which are working from the same a.c. supply are 
also parallel on their d.c. sides, trouble due to unequal distribution of 
the load will result. This does not hold if they are connected to the 
a.c. supply via transformers, because the drop in the transformers gives 
the necessary drooping voltage characteristic. Often, to save the cost 
of transformers, two rotary convertors are supplied direct from a low- 
voltage alternator. In such a case, there are two methods of obtaining 
satisfactory parallel operation on the d.c. sides. 

(a) The alternator can have two separate armature windings, one 
for each convertor. 

*a-~(T.8i8) 
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(6) Balancing transformers can be used. The operation of these 
transformers will be understood by referring to Fig. 24.17, in which 
single>phase convertors are represented for simplicity. A single core 

has two windings, connected in series with 
each convertor on its a.c. side, as shown. 
They are arranged so that they produce 
fluxes through the core in opposition, so that 
when the load is balanced, the core will carry 
zero flux. If convertor A carries a greater 
load than its transformer coil will pro¬ 
duce a greater flux than that of jB, so that 
the transformer will now carry a finite resul¬ 
tant flux. This flux induces in the balancing 
coil of convertor B a current in the same 
direction as the ordinary load current, thus 
automatically equalizing the load. 

These balancing transformers are quite 
small, and therefore cheap, since they have 
to deal, not with the total intake of the 
convertors, but only with temporary differences in load. 

Fubtheb Reading 

Hill, E. P. Rotary Convertors, Chapman & Hail, London, 1927. 



Fig. 24.17. Rotabies in 
Parallel 


Examples on Chafteb 24 

1. A six-phase rotary convertor is supplied from a transformer with the 
secondaries connected in double delta. If the convertor delivers 500 A to the 
d.c, load, what current will flow in the secondary winding of each transformer? 

Ans. 136 A. 

2. A rotary convertor with six slip-rings is fed from the secondaries of a 
three-phaae transformer with star-connected primaries. Each primary coil has 
ten times as many tmns as the secondary. A load of 200 A at 500 Y is taken 
from the continuous-current side. Draw carefully a diagram of the connections, 
and also a vector diagram showing the magnitude and phase relationship of the 
voltages of the line, of the transformer coils, and of the slip rings. Calculate 
the approximate voltages on the mains and the currents in the primary coils 
(assume the efficiency to be 100 per cent, and the power factor, unity). (L.U.) 

Ans, Assuming dicunetrical secondary connections, line voltage 6100 V, 
current in primary coils 9-5 A, voltage at slip-rings 353 V. 

3. A six-phase rota^ convertor is supplying 100 A to the d.c. side. Draw 
graphs of the current in the armature (a) for a conductor mid-way between two 
tapping points, (5) for a conductor at a tapping point. 

4. Ex|)lain the action of the rotary convertor, and explain why it is more 
economical to use a rotary convertor with a large number of phases. Show that 
in a six-phase rotary convertor working at unity power factor, the heating of a 
coil close to the tapping points is about twice as great as that of a coil mid-way 
between two tapping points. (L.U.) 

5. A 6-rmg, 12-pole, lap-woimd sjoichronous convertor with diametral tappings 
runs at 600 r.p.m. and supplies 2000 A d.c. There are 1200 armature conductors 
and the flux per pole is 6 x 10~* wb. The transformer is delta connected to a 
6600 V, 3-pha8e supply. Assuming unity power factor and an armature efficiency 
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of 96 per cent calculate (a) the turn-ratio of the transformer and the voltage 
between adjacent rings, (6) the current ^r ring and (c) the current in the 
armature correction between a slip-ring and a tapping point. (C. and G.) 

Ana. (a)15*55, 212 V; (b) 983 A; (c) 164 A. 

6. Compare critically the following methods of starting rotary convertors: 
(a) starting electrically from the continuous-current side; (h) starting electriccdly 
from the alternating-current side; (c) starting mechanicedly by a small motor. 
Consider the matter under the following headings: (d) ease of operation; (e) 
time te^en to come to synchronism; (/) reliability in tunes of stress when the 
generating voltage is unsteady. (C. and G.) 

7. Examine critically the suitability of the various methods of c^ljusting the 
voltage on the d.c. side of a rotary convertor when the range of voltage is a wide 
one, say, from 440 to 660 V. 

8. Explain why, in a rotary convertor, the heating of the armature for a given 
load is reduced as the number of phases on the a.c. side of the machine is increased. 
Show generally how the distribution of temperature in the armature changes as 
the excitation of the rotary convertor is changed. (C. and G.) 

9. The speed of a rotary convertor, when used to convert direct-current 
power into alternating power, varies with the power factor, of the load on the 
alternating-current side of the machine. Explain this result, and describe an 
arrangement which may be used to reduce the speed variation. (L.U.) 

10. Assuming an efficiency of 100 per cent, show that the ratio of the output 
of a synchronous convertor to that of the same machine run as a d.c. generator is 
1*338 at imity power factor and MO at 0*9 p.f. for a three-phase machine, and 
1*937 at imity p.f. and 1*46 at 0*9 p.f. for a six-phase machine. 

11. Prove that, in the case of a six-phase synchronous convertor, the ratio of 
the PR losses at the point of maximum and minimum temperature are 2*2 at 
unity p.f. and 4*9 at 0*9 p.f. 

12. A six-pole machine has an armature with 162 slots and 4 conductors per 
slot. How would the winding (a lap winding) be tapped for operation as a three- 
phase convertor ? 

Ana. Pitch of tapping points in conductors, 72. Tappings to first ring at con¬ 
ductors 1, 217 and 433. Add 72 to each of these for tappings to second ring, and 
144 to each for tappings to third ring. 



CHAPTER 25 


SINGLE-PHASE COMIIUTATOR MOTORS 

The e.m.f. of a Single-phase Commutator Motor. Let the armature 
rotate with an angular velocity of and let time be reckoned from 
the instant the flux is a maximum. We can consider two electrically 
opposite conductors as constituting a single coil, as on p. 179, but as 
this problem is more difficult to visualize than that of the d.c. machine. 


Y Brush 



Fio. 25.1. E.M.F. OF a Single-phase Commutator Motor 


we will imagine that the machine has a ring winding, Fig. 25.1. The 
flux per half pole is, at any instant 

(0/2) cos (ot where O = Omax, and (o = 27rf 

If we assume a sinusoidal distribution of flux-density in the air-gap, a 
reasonable assumption with a distributed winding, the flux linkage 
with a single turn A at an angular position a with respect to OXy the 
main field axis, is 

^ — (0/2) cos cot sin a* 

= — (0/2) cos cot sin coj, since a = (oj 

where is the angular velocity of the armature. The negative sign 
is used because the flux linkage is decreasing with respect to time: 
this is because cos cot decreases as t increases. 

* Assuming, for simplicity, a two-pole field. 
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The e.m.f. induced in the single turn at -4 is therefore 

ej = — d<bldt = (0/2)(tt)a cos . cos a — co siil at . sin a) 

With Z conductors altogether the number enclosed in an angular 
spread da is 

Z(da/27r) 

the e.m.f. induced in this group of conductors thus being 

de = (OZ/47r)(ft>o cos at . cos a — co sin o>^. sin a)da 

Since we are reckoning angular distance in a counter-clockwise sense 
the limits of integration when calculating the total e.m.f. induced in one 
armature path are — (tt — )3) and + The total e.m.f. between two 
adjacent brushes mth a spacing of tt electrical radians is thus 

r+^ oz 

e = - 7 — iaa cos at . cos a — a> sin a>/. sin a)da 

47r 

= (OZ/27r)(ft)a sin ^ cos at a cos ^ sin at) 

This shows that the induced e.m.f. has two components in quadrature, 
= (OZ/277)c0a sin ^ cos at, the speed e.m.f. 
ej, = (<I)Z/27r)ft> cos p sin at, the transformer e.m.f. 

Since the first of these is a cosinusoidal function of at, the same as the 
flux, we see that this component is in time phase with the flux. Its 
effective value is 

Eg = (OZ/2\/2ir)a)a sin /S 

We see that it is proportional to the speed of the armature but inde¬ 
pendent of the frequency of the supply. It is called the speed e.m.f. 
It is a maximum when ^ = 7r/2, that is, when the brush axis coincides 
with the magnetic neutral plane, as in a d.c. machine, and is zero when 
the brush axis coincides with the field axis. 

If the armature rotated at the speed a^ in a d.c. field system of flux 
O per pole, the induced e.m.f. would be 

Ea^ = OZw = a)Za>a/27r* 

/. Eg/E^c = sin PI\/2 = l/\/2 when sin /? = 1 

the relationship thus being the same as in a single-phase rotary 
convertor. 

The second component Ej, is an alternating e.m.f. of supply frequency 
/ which lags Eg in time phase by 7 r/ 2 . Its magnitude is independent of 
the armature speed cOo, showing that it is induced by variations in the 
flux linkage, and unassociated with the actual rotation. It is therefore 
called the transformer e.m.f. Its r.m.s. value is 

Eji = (<I)Z/2\/27r)ft> cos /S 
Ej,IE^c = (l/V2)(co/cUo) cos p 

= (l/\/2) cos p, if cOfl = CO 

* This assumes a lap winding, the wave winding not being analogous to the 
elementary ring winding of Fig. 25.1. 
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The Single-phase Series Motor. If an alternating current is sent 
through an ordinary d.c. series motor, the field and armature currents 
reverse simultaneously, so that a unidirectional torque is produced 
and the armature rotates. The motor has to be modified very consider¬ 
ably for work with alternating currents. Thus, all the iron has to be 
thoroughly laminated both in armature and field. ♦ 

There are two e.m.f.s induced in an element of the armature winding. 
First, the dynamically-induced speed e.m.f. Eg, caused by the rota¬ 
tion of the armature conductors in the magnetic field. Second, the 
statically-induced transformer e.m.f., Ej,y produced by the alternations 


A 



(A) (B) (C) 


Fig. 26.2. Compensated Semes Motor 

in the fiux, independently of rotation. Whatever the brush position 
may be, there is always an e.m.f. induced in the short-circuited winding 
element. Thus, when the brushes are in the normal position, the 
short-circuited element has a transformer-induced e.m.f.; and when the 
brushes are perpendicular to the normal position, it has the d 3 niamically- 
induced e.m.f. Hence, the motor shows a much greater tendency to 
sparking than a d.c. motor, and the elimination of sparking has been 
one of the most difficult problems in the evolution of the motor. Both 
excessive sparking and poor power factor are prevented by “compen¬ 
sating” the motor, the aim of which is to neutralize the effect of self- 
induction. This can only be done for the armature, since to neutralize 
the self-induction of the field means that the field fiux must be 
neutralized, which is obviously impossible. The armature can be 
compensated by employing coils carrying the armature current, and 
placed in such a way as to neutralize the armature fiux. Fig. 25.2 
shows how this can be done. In Fig. 25.2 (A), the field fiux is produced 
along the axis AB, and the armature produces its fiux at right angles 
to this, namely, along the brush axis CD. Thus the compensating 
coil must produce its fiux along CD and in a direction opposite to that 
of the armature fiux at every instant. In the figure the field and com¬ 
pensating windings are shown as solenoids; in the actual motor they 
are distributed windings. 

• For complete constructional details, see A. T. Dover, Electric Traction. 
Pitman, London. Also the works listed at the end of this chapter. 
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Since two fields at right angles produce a single resultant field, it is 
possible to combine the main field and compensating windings into a 
single winding producing its flux in the direction of this resultant, as 
shown in Fig. 25.2 (B). 

The compensating coil, instead of being connected in series with the 
main field coil, can be short-circuited as in Fig. 25.2 (C). It then acts 
like the short-circuited secondary of a transformer, of which the primary 
is the armature winding. Since the fluxes produced by the primary 
and secondary of a trai^ormer almost neutralize one another, we see 
that this method gives compensation which is good in practice, in spite 
of the fact that, due to the air gap, magnetic leakage is greater than in 
an ordinary transformer. 

The Torque of a Single-phase Series Motor. Consider again Fig. 25.1. 
The flux density at any instant at any angular position a is 

R = Baiax COS cot COS a 

The current in a conductor, when the operating power factor is cos ^ 
lagging, is 

= Ic.max cos (cot — ^), where is the conductor current 
The tangential force on a conductor at angular position a is thus 
/ = BIJ, where I = conductor length 

= B mfLx Ic COS cot . cos i^O)t ““ . COS oc 

The maximum value of the flux per pole assuming, initially a two-pole 
machine 

O = Bmax X 2Zr, where r == radius 

since 2lr is the area occupied by the main flux when reckoned at right- 
angles to OX. It is thus necessary to use the area 2lr and not the angular 
pole pitch Trlr, as in the case of a machine in which the radial air-gap 
density is uniform, 

.•. ^max = 0/2Zr 

I£ we multiply the tangential force by r we obtain the torque contri¬ 
buted by one conductor 

/. T^ = (0/2Zr) X It X ic.max COS (ot . cos {oot — cos oc 

With Z conductors per pole pair, the number enclosed in an angular 
spread da is (Z/27r). da, and their contribution to the total flux at in¬ 
stant i is 

dTg^ == (l/47r)<I>Z/c,max cos cot . cos {cot — . cos a da 

This must be integrated between the limits deflned by the angular 
brush positions, — (n — jS) and -f- It must also be integrated over 
a whole period of alternation of the current, the limits thus being 0 and 
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27r/a), where (o is again equal to 27r/. As we require the average value 
of the torque we must also multiply by ct)/27r. This gives 

1 O) r2flr/a» 

T = — (!>ZIc max n- I I cos cot cos {cot — <l>) cos Oi .doidt 

^ Jo 

= (l/27r)<I)Z/c.max sin /9 cos ^ 

Now /c.max = i -fmax, where I = total brush current in a two-pole 
machine 

= {^/2|2)I (r.m.s.) 

/. T = (l/2\/27r) . <i>ZI sin p cos ^ 



Fig. 26.3. Commutation in a Single-phase Commutatob Motor 


As we have integrated over only one-half of the armature winding, the 
above expression must be doubled, giving 

T = (l/v'27r)OZ/ sin P cos 0 

We see that the torque is proportional to the power factor, cos <f>, 
which we would expect, and it is also proportional to sin p. Thus, other 
quantities being equal, it is a maximum when the brushes are set in the 
geometric neutral plane, and is zero when they are set in the field axis. 
This is another proof of the principle, explained in a different way on 
p. 614, that the interaction of a current with the flux produced by it 
does not necessarily result in torque production. 

Commutation. In a d.c. machine the full conductor current is 
reversed during the period of commutation tc, so that the average rate 
of change of current in the short-circuited coil is 21 amperes/second. 
In the a.c. machine the instantaneous value of the current at the 
commencement of commutation can be anything from zero to /c.max* 
Suppose that the current is at the commencement and — ^2 at the 
end of commutation. Fig, 25.3. Let the commutation be linear, as 
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represented by the diagonal joining the extremities of the ordinates of 
1*1 and — ig. Then rate of change is 

(h + **)/<« 2 »av /<0 

The maximum possible rate of change is thus only \/2 times greater 
than in a d.c. machine whose is the same as the r.m.s. value of 
in the commutator motor, and for which is the same. We shall see 
that it is necessary to keep the inductance of the short-circuited coil as 
low as possible and therefore single-turn coils are the rule, thereby 
requiring the maximum number of commutator segments for a given 
number of armature conductors. Thus the segments are narrow and 
the brushes rather thin, and this shortens the period 

Example, 1250-h.p., 465-r.p.m., 16-pole, 16-c/s single-phase traction 
motor 

Current = 2640 A /. = 1320/8 = 166 A 

•fc.max = 233 A 
Z = 1162 conductors 

N:^ = 676 comm, segments, single-turn coils 

D 2 = 0*96 m, commutator diameter 
Segment pitch = tt X 0*96/676 = 0*617 X 10“^ m 
Mica width = 0*076 cm = 0*076 x 10”^ m 
Brush width = 0*9 cm = 0*9 X 10“^ m 
Commutator peripheral velocity = 77 X 0*96 X 466/60 

= 23*10 m/sec 

/. Time during which a coil is short-circuited 

= (0*9 - 0*076) X 10’2/23*10 
= 3*67 X 10"« sec 

With a frequency of 16 c/s the period of commutation thus corresponds 
to an angular interval of 

16 X 3*67 X 10”^ X 360 = 1*93 electrical degrees 

This very small value shows that there is complete justification for 
using the average current t'av 

The variations in the commuted current in the case of the 1260-h.p. 
motor are shown in Fig. 26,4. The width at the axis of each block of 
current is 

1/(16 X 16) = 1/240 sec; or 360/16 = 22*6 electrical degrees 

The maximum current is 233 A, and the r.m.s. current 166 A, so that the 
conditions in a comparable d.c. machine are as indicated by the dotted 
trapezoidal variation of current. 

It will be quite clear that this difference between the a.c. and d.c. 
cases is not sufficient to make commutation much more difficult in the 
a.c. case. The real difficulty is the transformer e.m.f. induced in a 
winding section while it is undergoing commutation and therefore 
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short-oircuited by a brush. Pig. 25.6 shows that a short-circuited coil 
is linked by the whole of the main flux at this particular moment. 
This transformer e.m.f. is in time quadrature with the main flux, and 
therefore with the motor current, and it causes a current to circulate 



Fig. 26.4. Commutation in a 1250-h.p. Fig. 26.6. Production of 

Series Commutator Motor compared Transformer E.M.F. in 

WITH THAT IN COMPARABUS D.C. MACHINE ShORT-CIRCUITBD CoIL 


round the short-circuited coil and across the brush face. Correction 
cannot be effected by the use of a simple interpole as in the case of a 
d.c. machine for two reasons— 

(а) at the moment of starting, the main current and therefore the 
main flux have their greatest value, so that the transformer e.m.f. 
is high. On the other hand the rotational e.m.f.s both with respect 
to the main flux and the interpole flux are zero, 

(б) when running, the transformer e.m.f. and the rotational 
e.m.f. are in time quadrature, as explained on p. 645, and therefore 
with a simple series-connected interpole the effect is even worse 
than at starting, because these two e.m.f.s combine to give a resultant 
which is greater than either e.m.f. alone.’*' 

The earliest method of suppressing the sparking resulting from 
inability to neutralize the transformer voltage was by the use of high 
resistance leads from the winding tapping points to the commutator 
segments, as shown in Fig. 26.6. It will be seen that such leads form 
high resistance paths for both main current and circulating current, 
and they cause inevitable PR loss. As the resistance is increased this 
loss due to the main current is increased, but that due to the circulating 
current is decreased, and it was the practice to choose a resistance such 
that the sum of these two losses was a minimum. 

* F, Nouvion, “Electric locomotives on the Valenciennes-Thionville railway.’’ 
Proc. I.E.E., 101, Ft. I (1964) 313. 
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This method is now rarely used by itself, a preferable method being 
to alter the phase of the interpole flux by shunting the uiterpole winding 
with a resistor.* By this expedient the rotational e.m.f. induced in the 
short-circuited coil has a component which is in phase opposition to 
the transformer e.m.f. The interpoles have few turns only, because the 
armature m.m.f. is almost completely 
neutralized by the compensating 
winding. In order to secure good 
commutation at starting it is usual 
to shunt the main fleld by a saturated 
reactor. The torque, for a given 
current is thereby reduced and the 
acceleration reduced. Fio. 25.6. Kbsistancb Leads 

Constraotioiial Features. In addition to the above, there are certain 
constructional features characteristic of the machine, at any rate in 
large sizes as, for example, series motors for electric traction. 

1. To keep down the transformer e.m.f. in the short-circuited coils 
the flux per pole must not be too great. Hence, for its output and speed 
the motor has a large number of poles. As a rough rule it can be taken 
that, for traction motors of this type there is a pair of poles for each 
100 to 150 h.p. 

2. The armature coils are single-turn coils and the brushes are 
narrow, rarely short-circuiting more than two coils at a time. 

3. The compensating winding cannot be a full-pitch winding 
because of the peripheral space taken up by the interpoles. Now a 
full-pitch winding cannot be compensated by a chorded winding, and 
therefore it is usual to chord the armature winding. As explained on 
p. 193, this gives a zone of zero armature m.m.f. adjacent to the inter¬ 
poles, therefore shortening the width of the m.m.f. distribution which 
has to be neutralized. 

4. To secure a high operating power factor the inductance of the 
main field winding must be as low as possible: we have seen that the 
flux per pole is kept low by the use of a large number of poles, and the 
minimum possible turns per pole are also used. This reduction in flux 
per pole necessitates a corresponding increase in the armature con¬ 
ductors in order that the required torque may be developed, and arma¬ 
ture e.m.f. set up. As a resiflt the armature ampere-tums per pole are 
greater than the field ampere-tums per pole, a condition which 
could not be tolerated in a normal d.c. motor. It is made possible 
because of the compensation of the armature m.m.f. 

5. The transformer e.m.f. is proportional to the frequency and there¬ 
fore good commutation is more easily secured at low frequencies. Thus 
early motors were operated at 15 or 16f c/s, but they can now be 
operated satisfactorily at 25 or even 50 c/s. 

6. The air-gap is very small, this being necessary because of the 
weak field. Thus the 1250-h.p. motor of the example has a rotor 

* See F. Nouvion, “Electric locomotives on the Valenciennes-Thionville rail¬ 
way.” Proc. I.E.E. 101, Pt. I (1964) 313. 
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diameter of 160 cm, but an air-gap of only 0-3 cm. A d.c. machine of 
comparable diameter would have a gap length of about twice this. 

7. Again, for the purpose of keeping down the inductance of all the 
windings of the machine, the operating voltage must be low, for a high 
voltage with proportionally low current would require a large number 
of turns to produce the same flux. Thus the 1250 h.p. motor of the 


Senes Commutatin/i 
Pole Winding 

Shunt Commuiatinii 
Pole Winding 

Compensating 
" Winding 



Fig. 25.7, Portion of a Railway Motor Stator 


example is designed for a terminal voltage of 430, the armature induced 
e.m.f. when operating under the stated conditions being 398 V. 

A portion of a railway motor stator is shown in Fig. 25.7. It will be 
seen that there is uniform slotting round the periphery, the interpole 
taking up three of the teeth. The reason for this is, that instead of 
shunting the interpole winding a similar effect is obtained by the use 
of an additional shunt interpole winding. The large interpole cross- 
section is necessary to prevent saturation since, if present, the relation¬ 
ship between current and flux would no longer be linear. With series 
excitation only, combined vdth the device of a non-inductive shunt, 
the interpole can consist of a single large tooth. 

Conditions Necessary for a Good Power Factor. From the circle 
diagram. Fig. 25.8, 

tan 6 — — statically-induced e.m.f. in the field 

^ OD ” dynamically-induced e.m.f. in the armature 

Let / = supply frequency 

Ta = No. of turns on the armature 
Tf = No. of turns on the field 
O = flux (max. value) 

Hence, statically induced e.m.f. in the field 

oc ^Tfj 



Ch. 25] SINGLE-PHASE COMMUTATOR MOTORS 653 


Now let the speed be such that the dynamically-induced e.m.f. in the 
armature is of frequency 

/. Dynamically-induced e.m.f. oc 
tan (l> oc <!>Tffl<^TJj^ 

= k X (fifi) X (TfJT^), where fc is a constant 
. , _ 1 _ 1 
^ (1 + tan2 (1 + 


Hence, for a good power factor the two ratios///^ and TfjT^ must be 
kept small. Now f is proportional to the synchronous speed co,, and 
/i is proportional to the actual speed coa- Thus, the ratio ///i is kept 
small by having a low-frequency supply and ^ ^ 

a high actual speed.* “ 

The Circle Diagram. Consider a compen¬ 
sated motor having no losses of any kind, and Torque 
connected to constant voltage mains. Let ' 

OC (Fig. 25.8) represent the applied e.m.f., 

JS7, and 01 represent the current, /, in phase. 

Then A COl is the angle of lag, The 
statically-induced e.m.f. due to self-induction 
of the field is equal to Z/coZ, and lags 90® 
behind 7. It is represented by vector OA on 
the diagram. The dynamically-induced e.m.f. 
in the armature is obviously the motor back 
e.m.f., and it is therefore represented by OB, yiq, 26.8. Cibclb 
in phase opposition to the current. Also, OB Diagram of Ideal Motor 
must have a component in phase opposition 

to E, since the machine is a motor. The applied voltage is equal and 
opposite to the resultant of OA and OB, 

E = oc = OB reversed + OA reversed 



If we draw a semicircle on OC as diameter and join CD, we see that E is 
the resultant of OD and CD, Again, OD is in line with OB and DC is 
parallel to OA, the point D being the intersection of the current vector 
with the semicircle. 


Hence, OD = OB, the dynamically-induced e.m.f. 
and CD = OA, the statically-induced e.m.f., Lcol 

Now OC is constant, and therefore, the semicircle ODC is the locus of 
the intersection of these two vectors. 

Again, CD = Lcol, and since L and o> are constant, CD represents 
the current in magnitude. If now a perpendicular CF is drawn, then 
A, DCF = A_ COD = (j), and therefore, referred to CF, the vector CD 


• Modem motors of this type can be operated satisfactorily at 50 c/s. See 
M. Getrreau, “Electric traction using 60o/s current.” Proc, I,E,E. 101, Pt. I 
(1964) 309. 
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represents the current both in magnitude and phase* If we assume 
that the iron is not saturated, but is worked on the straight part of 
the characteristic, a condition which approximately holds in order that 
the iron losses may not be too high, the flux is proportional to the 
current. Hence, CD also represents the flux. 


The power factor 

= COB <l> = ODjOC 

is proportional to OZ), since OC is constant. 

1 Torque is proportional to the product of 


components of current and nuz in phase. 


T K CD X CD 


ozCH xOC 


oc CH, since OC is constant 


Intake = El cos ^ 

Current 

ccOC X CD X cos <l> 

oc OC X DH 

Fig. 25.9. Chahacter- 
iSTics OF Series Motor 

ocDH 


Speed N is related to the dynamically- 
induced e.m.f. and the flux as follows— 

Dynamically-induced e.m.f. oc flux X speed, 

/. N oc ODICD oc cot ^ oc OOlOC oc 00 

If different positions of the point D are taken on the circle, and the 
above quantities measured off, the characteristics can be drawn. 
These are of the form shown in Fig. 25.9, Since the current is a maxi¬ 
mum at standstill, the speed becomes zero when the current reaches 
its maximum value. The speed tends to become inflnite when the 
current is very small, so that the mechanical characteristics of the 
motor are very similar to those of a d.c. series motor. The motor is 
thus very suitable for traction use, in which sphere it is very largely 
used. A motor designed for, say 25 c/s, will operate on 16 c/s, or on 
d.c., with improved performance. The supply frequency does not 
influence the speed, at any rate not directly, but ^vith increased 
frequency there is a greater reactive voltage drop and therefore a 
slightly lower speed at a given current. 

The Effect of Losses on the Diagram. 

Copper losses = PR == I X I. R 

IR is the resistance drop, and is in phase with 7. Hence, it can be 
represented by marking off a length DD' (Fig. 26.10) equal to IR. 

Copper losses = CD x DD' 

= 2 ACDD' 
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If we neglect for the moment the iron and friction losses, we have 
Output = 2 A OC72> - 2 A 
= 2 A OCD' 
ocD'W 

Again, the ratio DD^jCD = IRfl = R 

== a constant, 

and therefore the angle DCD' is a constant, = a, say; and the locus 
of D' is a circle whose centre is a little to the left 
of 00. 

„ , dynamically-induced e.m.f. 

Speed oc-^:-fei- 

oc {OD’IGD) {OD’ICD') 

Draw 00' inclined at the fixed angle a to 00, 
meeting CD' produced in O'. Then 

Speed oc (OD'ICD') {00'/OC) 00' 

The iron and friction losses cannot be repre¬ 
sented geometrically, because the speed and fiux 26.10. 

are both variables. If they are determined by a Cobbected Cibcib 
separate core loss test, or calculated from design Diaoeam 

data, a curve of these losses can be drawn as 
shown dotted. The output, taking losses of all kinds into account, 
is then D'H", 

Efficiency = D'H''IDH 

Another Vector Diagram. Let suffixes 1, 2, 3, and 4, denote main 
field, armature, compensating winding and interpole winding respec¬ 
tively, Fig. 26.11. Then the applied voltage V consists of the following 
components— 

1. Resistance drops Ril, RJ[, RJ[ and RJ. 

2. Inductive reactive drops XJ^, X^I and XJ. 

3. A component E' to overcome the rotational e.m.f. E of the 
armature. Now this e.m.f. is in time phase with the fiux, and so is the 
current, with the result that the component E' is in phase with the 
current. 

If we put Ef ^ Ri + + E^ 

and Xi = Xi + X 2 -^4 

we have V = [{E' + E^If + Z,*/*]* 

and cos = (Z' + E^)I[{E' + E^f + 

Now E' is a rotational e.m.f. and can therefore be written 

E' oc ON 
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again, if we neglect saturation, we have 

(b ocl 

/, E' = klN where A; is a constant 

This gives 

co8<l> =* (kN + Rt)l[(kN + Rt)^ + 

This shows that the power factor increases with the speed. Thus the 
1260 h.p. motor has a power factor of 0-95 under the stated conditions 
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of load. At the moment of starting E' is zero and therefore the starting 
current and starting power factor with full applied voltage are given by 

starting = 

cos ^starting = "f" 

The Repulsion Motor. This motor differs from the a.c. series motor 
in that no current is led into the armature, 
the brushes on the commutator being 
short-circuited, as shown in Fig. 25.12.* 

Consider an ordinary d.c. armature with 
short-circuited brushes placed in a bi-polar 
field excited by alternating current. 

(a) Let the brush axis be perpendicular 
to the main fiux as in Fig. 25.12 (A). 

Then the e.m.f.s induced in the two halves 
of the winding shown will neutralize one 
another, and the armature will neither 
carry any induced current nor produce 
any torque. 

(b) Let the brush axis be along the 
direction of the main fiux, as in Fig. 

25.12 (5). Then a current will be induced 
in the armature, the four quarters of which 
will produce four torques as indicated by 
the dotted arrows. These will neutralize 
one another, the total torque being again 
zero. 

(c) Let the brush axis be inclined at 
any angle a to the direction of the main 
flux, as in Fig. 25.12 (C), Then calling the 
torques T^ and Tg shown, 

Resultant torque, T = 2{T^ ^ T^ 

The torque is also given by the expression 

T oc (current between brushes) x (component of main flux 
perpendicular to brush axis) 

Now, current between brushes 

oc component of main flux along brush axis 
oc O cos a 

T oc O sin a X O cos a 
oc sin a cos a, oc sin 2a 

Hence, T is a maximum when 2a = 90®, i.e. when a = 45°. 

♦ For constructional information see A. T. Dover, Electric Traction, Pitman, 
London and Electric Motors and Control Systems, Pitman, London. 




Fig. 26 . 12 . Action of 
Repulsion Motors with 
Different Brush Settings 
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The actual arrangement of Fig. 25.13 (.4) can be considered as replaced 
by that in Fig. 26.13 (jB). If the total number of turns on the actual 
field is Tf, then 

Number of turns on winding T = Tf cos a 
Number of turns on winding E = Tf sin ql 

The axis of the winding T, namely, the brush axis, is called the trans¬ 
former axis of the motor. The winding E has no transformer action 
on the armature, except on those coils which undergo short-circuit at 



the brushes, and therefore, it transmits no energy to the armature. 
Its function is to supply the excitation only, and the axis of E is called 
the excitation axis. When the motor is running, the armature develops 
mechanical energy, and this energy is imparted to it along the trans¬ 
former axis, i.e. from the stator winding T, Also the flux in the 
transformer winding T induces a static e.m.f. in T ; and since the phase 
difference between a flux and the statically-induced e.m.f. it sets up 
is 90°, it follows that the flux in winding T is in quadrature with the 
current, and therefore, with the flux along the excitation axis. But 
these two fluxes are 90° apart in space as well as in time, and therefore, 
the motor possesses 

(а) A uniform rotating field, if the two fluxes are equal. 

(б) An elliptical field, if they are different in magnitude. 

In the armature there is a static e.m.f. along the energy axis set up 
by transformer action, and this is in quadrature with the flux producing 
it, i.e. with the flux through T, Again, the flux through T is in quadra¬ 
ture with the flux through E, and this latter flux produces the dyna¬ 
mically-induced e.m.f. in the armature, which is, of course, in phase 
with the flux through E, Hence, the armature dynamically-induced 
e.m.f. is in phase opposition, 180°, to the statically-induced e.m.f. The 
difference between these two armature e.m.f.s is equal to the armature 
drop in volts RI, If we assume an ideal motor with zero resistance, 
then the two are equal and opposite. 

Let Q>t = maximum flux produced by winding T 
Oe = maximum flux produced by winding E 
Tn = Number of armature turns 
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Then dynamic e.m.f. Ea oc ^^T^ X np .(1) 

and static e.m.f. oc Q>iTJ. \ , . (2) 

where n is the speed, and p the number of poles. 

But E^ is equal to E^ 

= (bj 

Again, if we call the synchronous speed r.p.m. then 

/ = n,pll20, cc n^p 

oc <t>tn^p 
<btl<be cc nju. 

Hence, the two fields are equal at synchronous speed only, and at this 
speed the total field is a pure rotating one. 

At speeds below n, <S>i < 

At speeds above 

Under these conditions the resultant field is elliptical, the major axis 
at speeds below n, becoming the minor axis at spee^ above n,. At 
synchronous speed, the armature and the rotating field travel at the same 
rate, and therefore, there are no armature core losses. Also, there are 
no circulating currents in the coils undergoing commutation. At speeds 
above synchronism, the transformer fiux increases rapidly with the 
speed, thereby resulting in large core losses and heavy circulating 
currents in the coils undergoing commutation. These conditions limit 
the operating speed of the motor to the neighbourhood of synchronous 
speed. If higher speeds are necessary, the transformer flux hSiS to be 
weakened. On a low-frequency system the repulsion motor must 
therefore be a low-speed machine with relatively few poles, so that it 
will be considerably heavier than a series motor of the same power. 
This is because the fewer the poles, the greater must be the cross section 
of the magnetic paths for the same output. Thus, whereas series 
motors are suited to very low frequencies in the neighbourhood of 
16 c/s repulsion motors are better suited for frequencies of about 26 c/s. 

Mechanism of Torque Production. The mechanism of torque pro¬ 
duction in the repulsion motor is hardly apparent from the figures of 
Fig. 26.12, which are purely diagrammatic. It is similar to that for 
the single-phase induction motor, the main difference being that, 
whereas the induction motor rotor is circumferentially short-circuited, 
and is therefore unaffected by its angular position, the repulsion rotor 
is short-circuited along a definite axis, with consequent dependence for 
its performance on the positions of this axis. Fig. 26.14 shows a rotor 
with 24 conductors short-circuited on an axis at right-angles to the field 
axis, and the flux is increasing. The transformer e.m.f.s in the various 
conductors will have the directions indicated since any induced current 
will tend to set up a fiux in opposition to the change in the main fiux. 
Fig. 26.16 shows the rotor winding developed in the usual way. The 
brush short-circuits can be represented by the connection shown. 



660 


ELECTRICAL TECHNOLOGY 


[Ch. 25 

There are two directly short-circuited coils, namely 1-12 and 13-24. 
The rest of the armature winding automatically divides itself into two 



Fio. 25.14. Repulsion Motor with Brush Axis at Right Angles to 
Field Axis—^E.M.F. Distribution 



Fig. 25.15. E.M.F. Circulation in the Rotor Winding of Fig. 25.14 


parallel paths, and one of these paths is shown separately in the form 
of an equivalent ring winding. It will be seen that there is a balance 
in the e.m.f. acting round the circuit, the resultant being zero and the 
current therefore zero. Consequently the torque is zero. 

Now let the brush axis be shifted through 90°, this being equivalent 
to shifting the points of short-circuit of the winding to conductors 6 



Current 



Current 

Fig. 26.16. E.M.F. and Cubrbnt Cibcuiation with Brush Axis In 
Line with Field Axis 



Fio. 25.17. Repulsion Motor with Brush Axis In Line with 
Field Axis 

causing current to flow. The short-circuiting connection acts as a return 
path for both paths and therefore carries twice the conductor current. 
Now consider the time-phase relationships. Let the main flux be zero, 
its rate of change thus being a maximum, then the induced e.m.f.s 
will be a maximum. The short-circuit will be almost a purely inductive 
load and consequently the induced currents will lag behind the induced 










662 ELECTRICAL TECHNOLOOT [Ch. 26 

voltages by nearly a quarter of a period. In other words, by the time 
the space distribution of dots and crosses in Fig. 26.17 represents the 
maximum values of the conductor currents, the main flux will have 
reached a maximum in the direction indicated, with the result that 
powerful tangential forces will be set up. Considering the armature as 
consisting of four quadrants we see that the four torques STj, T^, 
and T 4 , cancel out and the total torque is again zero even although 
there is now a large current flowing. 

Now consider the case in which the brush axis is shifted an angle 
a with respect to the fleld axis. Fig. 26.18 shows the brush axis rotated 



Fia. 26.18. Action of the Repulsion Motor with a Brush Shift a 
OF Less than 90° 

a® with respect to the main field axis, and the field, by the device of 
Fig. 26.13 is replaced by two windings in space quadrature T and E, 
Considering T above, the brush axis coincides with its field axis and 
gives rise to the current distribution shown, the current being a maxi¬ 
mum when the flux is a maximum, as explained above. The flux 
Ofi is also a maximum at the same instant, and the interactions of the 
currents induced by on the flux gives rise to a clockwise torque. 
Note that, with respect to the actual field axis, the brushes are given a 
forward sUft, and it is a general rule that, for small shifts, the torque 
always acts in the same direction as the brush shift reckoned from the 
actu^ field axis. 

Ibe Compensated Repulsion Motor. In the compensated motor, the 
fleld windings E^ which set up the excitation flux along the excita¬ 
tion axis are dispensed with, the excitation flux being set up by the 
armature itself. To do this, the armature has another set of brushes 
which have their axis along the excitation axis. (See Fig. 25.19.) Thus, 
the armature itself takes the place of the field E in the simple repulsion 
motor, two important advantages being derived from this arrangement. 
(a) Since the main field is produced by the armature itself, the leakage 
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which occurs between armature and field in all other motors is entirely 
eliminated. 

(6) Practically complete compensation of the induced voltage in 
the excitation winding can be obtained at one particular speed, so 
that at this speed the motor operates at unity power factor. If there 
were no losses in the machine, this speed would be the S3aichronous 
speed, but because of losses it is slightly greater than this. 

The Doubly Fed or Series Repulsion Motor. This is a modification of 
the repulsion motor to enable it to operate satisfactorily at speeds 



Kbpitlsion Motob 



Transformer 


Fig. 25.20. Doublb-fed 
Motor 


greater than synchronous speed. One scheme of connections is shown 
in Fig. 25.20. We have seen that at high speeds the transformer fiux 
increases rapidly with the speed, thereby setting up heavy circulating 
currents in the coils undergoing commutation, and also causing heavy 
core losses. In the doubly-fed motor this is overcome by weakening 
the transformer flux. The diagram indicates that the point A can be 
moved along the secondary of the main transformer, thus altering the 
voltage applied to the stator winding. At starting, the brushes are 
often short-circuited and the motor is thus brought up to speed as an 
ordinary repulsion motor. Then, when the speed is near to synchronism, 
the connections are automatically chang^ over to the doubly-fed 
arrangement. Thus, the doubly-fed motor combines some of the 
advantages of the series and the ordinary repulsion motor. 

Vector Diagram ol the Repulsion Motor. It is probable that the 
performance of the repulsion motor is more difficult to represent by 
means of a vector diagram than that of any other motor. There are 
many factors accounting for this, three of them being (a) the complex 
natures of the stator and rotor m.m.f. distributions, which depart 
considerably from the ideal sinusoidal distribution, ( 6 ) the difference 
between the shape of the two distributions and the fact that they can 
move relatively to one another, (c) magnetic saturation. The vector 
diagram is, of course, based on the assumed sinusoidal property of all 
the quantities represented, and thus it is possible for a diagram to give 
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a useful qualitative picture of the performance, but to be considerably 
in error if used quantitatively. 

Consider for simplicity an ideal motor having no losses. In the arma¬ 
ture there are (a) the transformer e.m.f., (6) the dynamic e.m.f. We 
have seen that in an armature with zero resistance these are equal and 
opposite. Now in the compensated motor the armature produces its 
own exciting field, as previously explained, and therefore there are 
two more e.m.f.s to consider. These are (c) the statically-induced 
e.m.f. set up by the pulsations in the exciting field; 
(d) the dynamically-induced e.m.f. set up by rotation 
in the transformer field. 

Let OA (Fig. 25.21) represent the stator current. 
Then a vector, such as OX, in phase with OA, will 
represent the exciting field, i.e. the field along the 
excitation axis. Let OB represent the dynamic e.m.f. 
(6) in phase with OX, Hence, OC, equal and 
opposite to OB, will represent the transformer e.m.f. 
(a). Now, OC is produced by the combined action of 
the stator and armature windings. The fiux pro¬ 
ducing OC is perpendicular to it, namely, along OH ; 
hence, OH also represents the transformer fiux. This 
flux, as well as the flux OX, links with the armature, 
and therefore, if OH is drawn proportional to the 
current producing this flux, the resultant of OH and 
OA, namely, HA, represents the total armature 
current. 

The statically-induced e.m.f. (c) lags behind the main field, as shown 
by the vector CF, and therefore the dynamically-induced e.m.f. (d), 
which is in phase opposition to CF, will be represented by a vector 
such as FK, Now the supply e.m.f., V, is equal and opposite to the 
resultant of the e.m.f.s, OC, CF, and FK, namely, equal and opposite 
to OK, It is therefore represented by OF in the diagram. 
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CHAPTER 26 


THE POLYPHASE COMMUTATOR MOTOR 

Action of the Commutator. Imagine first of all an armature with a 
two-layer winding brought out to a commutator, a d.c. armature, in 
fact, and let this armature be rotated in a magnetic field. First of all 
let this field be stationary in space, then the e.m.f.s induced in individual 
armature conductors are alternating e.m.fis, undergoing one complete 
cycle for an angular movement of two pole pitches. But the distribu¬ 
tion of induced e.m.f.s in all the armature conductors is stationary in 
space, the e.m.f. at any particular point in space being proportional to 
the fiux density at that particular point. Now, the action of the 
commutator is to connect the brushes which press on it to points in 
the winding which are fixed in space, and consequently if the magnetic 
field is stationary, the distribution of potential round the commutator 
is also stationary. Again, since each armature coil is connected to 
adjacent commutator segments (assuming a simple lap winding, as is 
usual), the potential distribution roimd the commutator is the coil 
e.m.f. integrated right round the armature. There will be a position 
of minimum potential, which for convenience can be called zero 
potential, and a pole pitch away there will be a point of maximum 
potential. Also there will be one point of zero potential and one of 
maximum potential for each pair of poles on the machine. Obviously, 
if the machine is to be used as a d.c. machine, these points will give 
the positions of the negative and positive brush positions respectively, 
so that the potential distributions and brush positions for two- and 
four-pole machines will be as shown in Fig. 26.1. The magnitude of 
the e.m.f. between brushes of opposite polarity will be 

E = <S>Zn, assuming a lap winding 

With a stationary magnetic field the external frequency is zero, i.e. 
the external circuit carries direct current, while the internal frequency 
is fixed by the speed n of the armature. 

Now imagine that the magnetic field rotates in space, as would be 
the case in a machine consisting of a stator fed with polyphase currents 
after the manner of an induction motor, and having a rotor carrying 
a d.c. winding. Then, since the distribution of e.m.f. in the armature 
conductors is, at any instant, dependent on the position in space at 
that instant of the magnetic field, it follows that as the field rotates in 
space, the e.m.f. distribution round the winding will also rotate in 
space at the same speed and in the same direction. But obviously 
the potential distribution round the commutator will move whenever 
the e.m.f. distribution round the winding moves, so that we see, finally, 
that the potential distribution round the commutator rotates in space at 
the same speed, and in the same direction, as the magnetic field. 
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Thus it is obvious that the p.d. between two brushes pressing on the 
commutator will now be alternating^ the frequency being determined 
by the speed of the magnetic field in space. But the internal frequency 
is determined by the relative speed of the armature to the stator 
rotating field, so that it follows that the commutator now acts as a 
frequency changer. Take, for example, the case of a 4-pole machine 



Fig. 26 . 1 . Potentiaij Distbibution Round Commutator 


having its stator fed from a 60-c/s supply, and let the rotor travel at 
1000 r.p.m. in the same direction as the stator field. 

Speed of stator field = 120//poles 
= 120 X 60/4 
= 1600 r.p.m. 

/. Relative speed of stator field to rotor = 1600 — 1000 

= 600 r.p.m. 

External frequency, i.e. frequency of the alternating p.d. at the 
brushes 

= frequency corresponding to field speed 
= 60 c/s 

Internal frequency, i.e. frequency of currents in the rotor conductors 
= frequency corresponding to relative speed 
= 4 X 600/120 
= 16-67 c/s 

It will be clear that (a) the p.d. between any two brushes will 
depend on their angular distance apart, and (6) that any number of 
phases of the external circuit can be arranged merely by providing 
the necessary number of brushes. Thus in the case of a 2-pole machine 
two diametrically opposite brushes will give single-phase, three equally 
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spaced brushes will give three-phase, and so on. Thus the commutator 
can act, not only as a frequency changer, but as a phase convertor as 
well. 

Suppose that the commutator is worked single-phase, then the 
brushes will be placed as in the case of a d.c. machine. The voltage 
given by the e.m.f. will be the maximum value, and therefore for the 
r.m.s. value (assuming a sinusoidal voltage) we have 

E = OZw7V2 

where n' is the relative speed of stator field to rotor in r.p.m. 



As in the case of the rotary convertor, we can regard the vector 
diagram per pair of poles as a complete circle and the voltage between 
two brushes of angular spacing a equal to the length of the chord 
which subtends an angle a at the centre. Thus, if the external circuit 
is three-phase, the angle a is 120° and we have to multiply the above 
value by 

sin (7r/m) = sin (tt/S) = 0*866 

Hence for three-phase external supply the brush voltage is given by 
E = (0*866/\/2) X OZw' r.m.s. volts 

Induced e.m.f. Equation. In the position shown in Fig. 26.2 the fiux 
of the pole shown is acting along OX, If O is the fiux per pole the flux 
crossing the armature core at an angular distance a from OX is 
(0/2) sin a. The linkage with a coil, one of whose coil sides is at is 
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therefore O sin a. Hence if the field rotates with angular velocity cof 
and time is reckoned from the instant the field vector crosses the OX 
axis we have for the flux linking the coil 

^ — O sin (a — co/) 

= m/O cos (a — a>/0 

Let there be Z conductors altogether, then there are (Z/27r)da con¬ 
ductors in the angle da, the e.m.f. induced in these being 

de = + i(Z/27r)da(d<^/d^) = (OZ/47r)ft)/ X cos (a — co/ <)da 

since the contribution of one conductor is one-half that of a coil. 

Again, if the angular velocity of the armature is 0 )^, the velocity 
relative to the field is (co^ — (Of) and consequently for da we have 
(cOfl — co/)d<, not <Oadt, Hence, since da/d^ = cOo 

de = (OZ/47r) [cos (a — C0f)]((0a — ft>/)da 

In the figure the brush is shown at an angular position ^ with respect 
to OX. For brushes with an angular spacing of tt electrical radians, 
the angular position of the corresponding brush is — (tt — and there¬ 
fore for the e.m.f. appearing between this pair of brushes we have 

C = -J— (ft)a %) I ^08 (a — 0)fl)doL 

= (OZ/27r)(cOa — (Of) sin {coft — jS) 

This is an alternating e.m.f. of magnitude proportional to the angular 
velocity difference (coa — (Of) but of frequency proportional to cof the 
latter being independent of the velocity of the armature. We found in a 
more general way on p. 665 that the frequency at the commutator 
depends only on the field speed in space, and not on the armature 
speed. 

Now suppose that O were a unidirectional flux. In such a machine 
(Of = — (Oa as in a d.c. machine, so that to compare it with the a.c. 
machine we must imagine its armature running with an angular velocity 
of (Of 

Then E^^ = OZn 

or, since n = (Ofl27T 

Eac == <t>Z(Ofl27T 

EJEae = [(<0/ — (ojo),)] sin {cOft — /?) 

When (Of > the e.m.f. is a maximum when 

(Oft — p 7r/2 (i.e. when (Oft = 7r/2 + jS) 
that is, when the field vector is in quadrature with the brush axis. 

The Three-phase Series Motor. As its name implies, the series motor 
has its rotor connected in series with the stator phases. The connection 
can be direct as in Fig. 26.3 {A) or via a current transformer as in 
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Fig. 26.3 (B), We shall see that the second method gives certain 
operating advantages but, fundamentally, the mode of operation is the 
same for both ceises. The stator sets up a rotating field whose speed in 
space is the synchronous speed, and consequently it induces in the 
rotor an e.m.f. which, when transferred to the brushes is of line fre¬ 
quency. Thus series connection of stator and rotor is possible. The 
action of the motor is most easily followed by comparing the stator 


Supply 



<"4) Without Transformer fS) With Transformer 

Fig. 26.3. Connection Schemes of Three-phase Commutator Motor 
S —stator winding, i?—secondaries of current transformers supplying the rotor. 


and rotor m.m.f.s. Fig. 26.4 {A) shows the three stator phases diagram- 
matically and the instant represented is that for which the current in 
phase 1 is /max- The instantaneous currents in phases 2 and 3 are 
therefore both — /max/2, and we see that the stator m.m.f. therefore 
acts, at this instant, along the axis of phase 1. Fig. 26.4 {B) shows 
the rotor at the same instant. This is, of course, mesh-connected and 
therefore, at the instant considered, the winding currents are J/max> 
i/max> and zero. The rotor m.m.f. therefore coincides at this instant 
with the axis of brush B^, The two m.m.f.s rotate at synchronous 
speed and therefore keep pace with one another. At any instant the 
position in space of m.m.f. 1 is fixed according to the position of the 
instant in the cycle, but that of m.m.f. 2 can be varied at will by shifting 
the brushes since, if the currents causing the distribution are fed in at 
the brushes, that distribution will be shifted, at any particular instant 
of time, by the same amount, and in the same direction as the brush 
shift. 

When the angle a is zero we see from the figure that m.m.f.^ and 
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are in line and act in the same sense. A magnetic field is set 
up but there is no torque because, as we have seen in connection with 
the operation of single-phase motors, the rotor m.m.f. must be in 
quadrature, or at any rate have a component in quadrature, with the 
stator m.m.f. for there to be a torque. The current is therefore a 



3 2 

(A) Stator 


Fig. 26.4. Similahity of Stator and Rotor Current Distributions 

magnetizing current and this position is called the no-load position 
because it is analogous to a transformer on no load. 

If the brushes are rocked through 180®, then m.m.f.^ and m.m.f.^ 
are again in line, but are now in opposition. If the rotor and stator 
ampere-tums are equal, then when a = 180® the total m.m.f. is 
zero. This is called the short-circuit position, since it is analogous to a 
short-circuited transformer. The current is large but again there is no 
torque. 

Now let the brushes be given any angular position, and put = 
(180® — a), the angle ^ then being the displacement from the short- 
circuit position. Since we are assuming equal stator and rotor m.m.f.s 
we can replace the m.m.f.s by the stator and rotor currents and I 2 , 
and the relationships are then shown in Fig. 26.5. The resultant 
of 1 1 and /2 is a magnetizing current which produces the motor fiux 
O. Now O is in time phase with but it is in space quadrature with 
it, since, in space, the point of maximum flux density is displaced 
half a pole-pitch from the point of maximum m.m.f. Hence Fig. 26.5 is 
a space diagram only. Again, since torque is only produced by the 
mutual action of current (or m.m.f.) systems and flux systems which are 
in space phase, it follows that the energy component of the current is 
the median of the triangle, namely the component 

Torque. Assume an unsaturated motor, then, if ki, k^, k^ and k^ 
are constants, we have 

I, = *i<i> 

T = W. 


and 
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or 


4 = 2/. tan 09/2) 

r = X X (ifci4»/2 tan (/9/2)) 
T = cot (^/2) 


Thus, as in other unsaturated series machines the torque is proportional 


I, 


m 




i 


Fig. 26.6. Space Belationsbips 
OP CURBENTS AND FlXJX 


to the square of the flux. 

The current diagram shows that 
is the vector sum of and 
showing that only half the magnetizing 
current flows in the stator. If the 
machine had its brushes short-circuited 
it would become an induction motor 
and the whole of would then flow 
in the stator. Thus the power factor 
of the motor is better than that of the comparable induction motor. 

Let fig be the synchronous speed and n the actual speed, then stator 
induced e.m.f. 

= k^^rig 

While the rotor induced e.m.f. 

^2 = — n) 

EJEi = (fig — n)lng == 1 ■— njug 

or n/n, = (E^ — ^ 2 )/^! 

Substituting O = EJk^fig in the previous equation for the torque 
P. N-O 

T = iki^iEj^jk^hig^) cot (PI2) 

= k^Ej^ cot (PI2) 

Speed. Let and be maintained 
constant. When the machine is 
stationary the induced e.m.f.s E^ and 
E 2 are numerically equal and the 
voltage diagram (Fig. 26.6) is similar 
to the current diagram of Fig. 26.6. 
The vector sum of Ej^ and E^ is the 
stator applied p.d. F^. With ^ fixed, 
the angle between E^ and E^ is fixed 
Q 00 and therefore the locus of the apex of 

the triangle is the circle circumscribing 
^ the equilateral triangle PAB, The 

Fig. 26.6. Voltage Diagram radius of the circle is 
FOR One Particular Value of 

THE Brush Angle P r = Fi/2 sin 

To the left of point P the locus corresponds to speeds within the range 
standstill at P to iV', at A, This follows from the fact that 

E 2 IE 1 = 1 — n/n, = 0 when = n. 
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The rotor induced e.m.f. is then zero, and the stator induced e.m.f. is 
equal to V^. For points between A and B along the arc ACB the speed 
is greater than n, because the sense of E^ is reversed. At C, E^ and E 2 
are numerically equal and the point thus corresponds to a speed of 2w,. 
At El is zero and the speed becomes infinite. All the above corres¬ 
pond to rotation in the same direction as the field. The right-hand 
portion between P and B corresponds to rotation against the field. 
In practice the motor is not worked in this region because commutation 
is difi&cult, and also the iron losses are very high. 

From Fig. 26.5 we saw that the total current 7, and the energy 
component have a phase difference of /8/2. In the case of a machine 
with a uniform rotating field, the space relationships also hold for current 
relationships. Now the energy component of the stator current is a 
current in phase opposition to Ei and it therefore follows that the 
current vector is inclined /3/2 to BP when inserted in Fig. 26.6. Hence 
if we denote the standstill current by this will be represented by the 
vector JB7 q lagging behind BP by /S/2. The power factor is thus zero, 
which is to be expected as we are considering an ideal machine with no 
losses and no leakage reactance, so the current /q has only to produce a 
flux. As the motor starts up the working point P moves round the circle 
in a counter-clockwise direction and the current vector must rotate also 
in order to maintain the angle /S/2 between stator induced e.m.f. and 
current. Thus for the point P' the current is 07' and the power factor 
cos /_ rBA, At s 3 nichronism Ei becomes equal to Vi and the current 
7, lags Vi by /S/2 so that the power factor is then cos /S/2. At double 
synchronism, when the working point is at C the current 7^, is in phase 
with Fi and the power factor is unity. Owing to the dependence of 
the power factor at the angle /S it is desirable to work with as small a 
value of /3 as possible, say not greater than 30° electrical. 

From Fig. 26.6 we also have 

= E^ + — 2 E 1 E 2 cos B 

Again, = Ei[(n, — »)/w,] = 

Fi* = Ei^{l + or® — 2(7 cos P) 

Torque T = k^Ei^ cot (/S/2) 

k^Vi^ cot (/S/2) 

1 + <T^ — 2(7 COS /S 

Suppose that the normal rated conditions of the motor are torque 
stator e.m.f. brush angle /S„, then 

cot (P„12) 

*‘==£„®oot"(/3„/2) 

. ^ ^ Fi® cot (PI 2) _ J__ 

T„ E„^ cot (^„/2) * 1 + < 7 ® — 2(7 cos 


or 
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By giving a series of values the torque-slip characteristics can be 
drawn, and they take the form indicated in Fig. 26.71 It will be seen 
that for jS < 40® the curves are similar to those for a d.c. series motor, 
the operation of the motor being stable on any type of load. When 
jS > 40® the curves become progressively steeper and also bend back 



on themselves. Consider the effect of this on stability. The dotted 
parabola gives the torque-speed curve of a fan whose output is chosen 
so that the curve passes through the point TjT^ = 1, N/Ng = 1. 
This cuts all the motor characteristics at a sufficiently large angle to 
ensure stability. Now let the load torque be independent of the speed, 
three such characteristics are indicated by the dotted vertical lines 1, 
2 and 3. In case 1, the curve for = 100® is crossed twice and there is 
little difference between the motor and load characteristics showing 
that, under such conditions, the speed could wander over a very wide 
range. Conditions improve as the ratio T/T„ increases, but it is clear 
that for loads of constant torque, the area indicated is to be avoided. 

In practice this instability can be largely overcome by supplying the 
rotor through a series transformer, as in Fig. 26.3 (B), the transformer 
being designed to take a relatively large magnetizing current. This 
gives the motor the characteristics of a heavily compounded d.c. 
machine and reduces the tendency to race at light load. 

*3—(T.8i8 
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From Fig. 26.6 we see that when the motor is running at twice 
synchronous speed its power factor is unity. This means that it gener¬ 
ates its own magnetizing ciurent, that is, it is self-exciting. Hence, if the 
machine is braked, as for example, by connecting to resistances, or 
on the mains by reversing the flux sequence or by bringing back 
the brushes through the zero position to a displacement in the opposite 
direction, the machine will act as a generator. 

The Three-phase Shunt Commutator Motor. We have seen that the 
frequency of the p.d. at the brushes is governed solely by the speed in 
space of the field of the machine, and not by the speed of rotation. 
Hence, an induction motor rotor supplied with commutator instead of 
slip-rings, can have the brushes coimected directly to a source of line 
frequency. Suppose that such a machine has the rotor turns per phase 
designed so that the commutator can be connected directly to the 
supply, then it becomes comparable with a d.c. shunt motor, the stator 
takmg the magnetizing current from the line and the commutator the 
energy component. Its performance is that of the ordinary induction 
motor, and the cost and maintenance associated with the commutator 
therefore completely unjustified. It thus follows that the justification 
of a commutator on a shunt machine is dependent on (a) improvement 
in the power factor, (6) control of the speed, or (c) both. 

Consider first the possibility of improving the power factor. The 
plain induction motor runs with a power factor less than unity for two 
reasons (a) the magnetizing current is drawn from the line, (6) the 
locus of the induced stator current is a circle which passes through the 
origin and consequently, as the length of the vector of induced current 
increases, its lag with respect to the applied voltage increases. As the 
induced stator current is a reflection of the rotor current the problem 
is to advance the phase of this. For a given slip the rotor current lags 
the rotor voltage by a definite angle, and if an e.m.f. is injected into the 
rotor circuit so that the total rotor e.m.f. is advanced then, provided 
there is no change of slip, the rotor current will be advanced by the 
same amount. This is made clear by the vector diagrams of Fig. 26.8, 
in which (a) is for the uncompensated motor, and (6) for the compen¬ 
sated motor, the injected, or compensating e.m.f. being 

It is clear that the frequency of Ej^ must always be the same as the 
slip frequency, and consequently it can only be supplied via a 
commutator. 

Now consider speed control. In the rheostatic method some of the 
rotor induced e.m.f. is utilized externally in the form of a volt drop, 
and the speed correspondingly reduced. This is not only wasteful but 
it gives the motor a drooping speed characteristic which is often 
undesirable. There is a similar phenomenon with the d.c. motor and 
the difficulty can be overcome by using a series connected d.c. generator 
to inject an opposing voltage of the required amount. If this generator 
boosts, instep of “bucks,” the armature voltage then the speed is 
increased. A similar effect is obtained if a voltage of the correct phase 
is injected via a commutator into the rotor circuit. The speed can be 
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reduced or even raised above synchronism, and for all values of the 
boost or buck the motor will retain its shunt charactdristic. 

The Expedor. This is a device for phase compensation only. Com 
sider an armature with d.c. winding rotating inside a stator without 
any windings, the stator being present merely to complete the magnetic 
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Fio. 26.9. The Exfedob 


path of the flux. Then, since the stator can produce no flux, this must 
obviously be produced by currents flowing in the armature winding. 
For example, if the armature is connected via the commutator to the 
slip-rings of an induction motor, as in Fig. 26.9, it will carry the current 
of the main motor and so set up a rotating field. The speed of this field 
in space will depend on the external frequency, as explained above, 
this external frequency being the rotor frequency of the main motor: 
the speed will be entirely independent of the speed of the armature. 
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First, suppose that the armature is stationary: then its conductors 
will be cut by the lines of force of its own rotating magnetic field, and in 
consequence it will act like a choke in series with the rotor of the main 
motor. As a result the power factor of the main motor will be reduced. 

Now let the armature be rotated in the same direction as its own 
field in space; if its speed is less than the field speed, the relative 
velocity of field to armature will decrease, and consequently the 
induced e.m.f. in the armature will decrease. Hence, although still 
acting as a choke, the effective reactance of the armature will be 
reduced, and the overall power factor consequently improved. 

Now suppose that the driving motor rotates the armature at exactly 
the same speed as the field speed, and in the same direction, then the 
relative velocity of field to armature will be zero and the induced 
e.m.f. will be zero. Consequently the armature will have no effect on 
the operation of the main motor beyond the slight increase in slip due 
to the additional I^R loss in the rotor circuit caused by the resistance 
of the armature and leads. 

Finally, let the armature speed be greater than the field speed, 
then the relative velocity of field to armature is reversed, the phase 
of the induced e.m.f. is reversed, and as a result the armature now 
acts as a capacitor instead of a choke. It therefore follows that so long 
as the armature is driven at a speed greater than that of its own 
field, and in the same direction, it will improve the power factor of the 
main motor, the amount of the improvement increasing as the excess 
of armature speed above field speed is increased. 

The machine is called a phase advancer, or sometimes an exciter. 
As it carries the full rotor current of the main motor it is also a series 
exciter, and to this class of machine Miles Walker has given the name 
Expedor.* Because it is a series machine the improvement in power 
factor effected by the expedor will be zero at no load, but will increase 
as the load current increases. 

For the purpose of comparatively small industrial motors it is clearly 
desirable that there should be a single machine instead of a combina¬ 
tion of three machines. G.E.C. Ltd, developed a single machine in 
which an expedor is incorporated with an induction motor. In such 
a machine it will be clear that there can be no control over the speed 
of the exciter armature, or, as it is called, the compensating winding. 
Consequently the compensator field must be quite separate from the 
main field of the induction-motor part of the machine. This is accom¬ 
plished by housing the compensating winding in entirely separate 
slots near the inner periphery of the rotor core. The core discs are 
therefore of the type shown in Fig. 26.10. The compensating winding 
is a lap winding brought out to a small commutator, and the electrical 
connections of main winding and compensating winding are the same 
as for Fig. 26.9. 

* It is possible for the stator of the expedor to be provided with windings so 
that it can contribute to the total m.m.f., also interpole windings can be provided 
for the purpose of assisting conunutation. See **Speci6cation and Design of 
Dynamo-electric Machinery,** Chap. 20. 
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The essential feature of this class of expedor is that the compensator 
field speed must be less than the actual speed of the compensator, and 
in the 6.E.C. machine this is effected by arranging the compensator 



to have a different number of poles from the main field. A numerical 
example will make this clear. 

Let / = supply frequency 

Pi = number of main motor poles 
P 2 = number of compensator poles 
a = fractional slip of motor 

Then 

synchronous speed of motor = I20flpi 
and actual speed of motor = (120//pi)(l — a) 

slip frequency of motor = af 

= UOaflp, 

= (120/(1 - a)lp,) X ipjmaf) 

= i»2(l — 0)IPiO 
= 6 poles 
= 2 poles 

= 5 per cent, i.e. 1/20 

_ 2(1 - 1 / 20 ) 

6/20 

= 6-33 

the compensating winding is rotated 
6*33 times as fast as the field produced by it, thus fulfilling the necessary 
condition. 


Speed of compensator field 

motor speed 
compensator field speed 


Thus if 


Pi 

P 2 

a 


then 


motor speed 


compensator field speed 


Hence under these conditions 
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The Susceptor* In the expedor type of machine the compensating 
winding is in series with the main rotor. There is a class of machine in 
which the compensator is in the nature of a shunt exciter, and to this 
class Miles Walker has given the name Susceptor. Consider again an 
induction motor with external exciter. The simplest susceptor is a 
small rotary convertor armature rotating in a stator without any 
windings. This armature is coupled to the main motor so that its speed 
cannot be varied independently of the main motor. Its slip-rings are 



Stator without 
windings 

Fig, 26.11. The Susceptor 

connected to the main supply, while its commutator is connected to 
the main rotor, the scheme being shown in Fig. 26.11. 

The supply at line frequency to the susceptor will set up a rotating 
field at synchronous speed relative to the armature. Also since the 
slip-rings are connected to fixed points in the armature winding, this 
relative speed will be maintained whatever the actual armature 
speed may be. The connections are such that the rotations of susceptor 
and its field are in opposite directions, and therefore, since the actual 
speed is the same as the main motor speed, the speed of the field in 
ajpace is the slip speed. We have seen that the external frequency on 
the commutator side corresponds to the actual field speed in space, 
and consequently this frequency is the same as the slip frequency of 
the main motor. It is for this reason that the commutator can be in 
direct electrical coimection with the main slip-rings, as shown in Fig. 
26.11. 

Now, since the susceptor m.m.f. is produced by currents fed in at 
the slip-ring end, the position of the susceptor field in space at any 
instant will be entirely independent of the positions of the brushes on 
the commutator. But we saw on p. 665 that the potential distribution 
roimd the commutator rotates in space with the field, and always keeps 
pace with it. Hence the e.m.f. at the brushes at any particular instant 
depends on the relative position of the brushes and the commutator 
potential distribution. In other words, the phase of the e.m.f. at the 
commutator depends on the angular position of the brushes, and if the 
brush position is altered, the phase of this e.m.f. will be altered by a 
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corresponding amount. It therefore follows that the phase of the 
e.m.f. injected into the main rotor circuit, and consequently the overall 
power factor of the equipment, can be controlled by rocking the brushes 
round the commutator. 

Now, when considering the combination of induction motor and 
susceptor into a single machine, it will be realized at once that with an 
ordinary stator-fed induction motor this will be impossible, because 



Fig. 26.12. The Compensated Induction Motob—Susceptob-type 
Compensation 

the motor field speed is the sjmchronous speed, N^, whereas the 
susceptor field speed is oN^, The difficulty is overcome by using a 
rotor-fed motor, i.e. a motor whose rotor is used as the primary and 
stator as the secondary. In such a motor the field speed is the slip 
speed cN^j with the result that one and the same field can act as both 
main field and susceptor field. This further simplifies the construction, 
since both main rotor (primary) winding and compensating winding 
can be housed in the same rotor slots. The scheme of connections is 
therefore somewhat different from that of Fig. 26.11 and is given 
diagrammatically in Fig. 26.12.* 

The Stator-fed Motor with Induction Regulator Control. This is an 
induction motor in which the variable voltage for speed control is 
supplied from an induction regulator. Imagine an induction motor 
with slip-ring rotor having the rotor fixed. An e.m.f. of supply fre¬ 
quency will be induced. If the rotor is given an angular shift then the 

* This motor must not be confused with the Schrage motor described on p. 683. 
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e.m.f. will be constant in magnitude but its phase will change in 
accordance with the amount of the shift. This briefly, is the principle 
of the induction regulator. A means is provided for giving the rotor 
any angular position and therefore the e.m.f. can be given any phase 
with respect to the supply e.m.f. This e.m.f. can be injected into the 
rotor of the motor to be controlled via a commutator, and the resultant 
rotor voltage E 2 is then the vector sum of the induced voltage JEg 
the e.m.f. Eg injected from the regulator. Fig. 26.13 (a) shows the 
effect of a single regulator. The limits of voltage are (E 2 — Eg) and 
(.£^2 + Hg) and for these two values only E 2 is in phase with 
other values E 2 is not in phase with E 2 , the maximum difference being 



(a) Single Regulator (b) Double Regulator 

Fig. 26.13. Voltage Injection by Induction Regulator 


the angle a. If the injected voltage is to perform one function only, 
say speed regulation, then its phase must correspond to this function 
otherwise a component of it will be utilized by the motor in changing 
the power factor, in accordance with Fig. 26.8. To overcome this diffi¬ 
culty the double regulator consists of two separate regulators with the 
rotors coupled, but arranged to rotate in opposite directions. This 
gives the effect of Fig. 26.13 (b) and we see that E 2 is always in phase 
with J& 2 - Now it is desirable that there should be a certain amount of 
phase compensation from a device which is capable of providing this, 
and for this purpose it is merely necessary to ensure that the component 
of Eg in the direction of Fj, of Fig. 26.8 is of the desired magnitude. 
The simplest way of doing this is to adjust the brush position at the 
commutator, this being possible because the potential distribution 
round the commutator is independent of the source from which Eg is 
derived. Fig. 26.14 (a) shows the effect of such a fixed-angle injection, 
the three cases of top speed, middle speed, and bottom speed being 
chosen. It will be seen that the phase compensating component Ej, is 
variable in amount and that it reverses in phase when the motor is 
run through synchronism to hyper-S3mchronous speeds thus causing 
an undesirable lowering of power factor. This difficulty is overcome by 
using the voltage from the induction regulator solely as voltage Eg 
for the purpose of speed regulation and, at the same time injecting a 
constant phase compensating voltage E^, which is derived from a phase- 
compensating transformer. The vector diagrams are then as given in 
Fig. 26.14 (6) and Fig. 26.16 shows the circuit diagram. 
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Instead of the phase-compensating transformer indicated in Fig. 
26.15 it is possible to use a boosting transformer, in which case its 



Bottom Speed 

(a) Fixed Angle Injection (6) Fixed Phase Compensation 
Fio. 26.14. Speed and Power-factor Control of Stator-fed Motor 


Supply 



Motor Phase-compensaimg Double Induction 

Transformer Regulator 

Fig. 26.16. Circxjit Diagrams for Stator-fed Shunt 
Commutator Motor 

primary windings are connected in series with the stator phases of the 
motor, and the secondary windings connected directly to the rotor 
brushes. With this arrangment it is possible to reduce the flux of the 
motor with reducing speed, by introducing the boosting voltage into 
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the circuit in the necessary direction. Useful improvements in 
efficiency and power-factor are thereby obtained with such drives as 
fans and centrifugal pumps, for which the torque reduces rapidly with 
the speed. 

Oommutation in the Stator-fed Machine. With a fractional slip of 
a the rotor speed is (1 — or) times the synchronous speed, and therefore 
during one complete cycle of the impressed p.d. the rotor turns through 
(1 — a) of two pole pitches. Hence while the rotor turns through two 
whole pole pitches, that is 360 electrical degrees, the change in the 
applied p.d. extends over 1/(1 — o) of the periodic time. But there are 
three brush sets per pair of poles and, therefore while any particular 
commutator bar is moving from one brush to the next, the changes 
in the impressed p.d. will have extended over 1/3(1 — cr) of the periodic 
time. Again since the actual frequency of the rotor current is af it 
follows that the periodic time of a complete cycle of rotor current is 
1/a times that of the impressed p.d. The periodic time of the rotor 
current therefore corresponds to an angular distance moved through 
by the rotating field of 360/a electrical degrees. This again corresponds 
to an angular distance moved through by the rotor itself of 

[(1 — a)/a] X 360 electrical degrees 

Take three values of a, namely, 1/20, 1/10 and 1/5 corresponding to 
percentage slips of 5,10 and 20 respectively. Then while a coil is moving 
from one brush to the next it will, in these three cases, have moved 
along the wave of applied p.d., and therefore of impressed current 

[1/3(1 — a)] X 360 = 125-2, 133-5 and 150 degrees respectively 

Now let /i, 1 2 and /g be the currents flowing in the rotor phases which, 
of course, are in mesh connection. Then, taking the case of a == ^ 
any given rotor coil will be carrying current while it moves 150® 
along the wave of Then it wiU pass under the next brush and carry 
current /g for the next 150°. Finally it will carry current /g for the 
next 150°. It will then pass under the first brush and carry again 
but now the starting point will be 450° from the previous starting point 
so that the cycle of changes during the subsequent tour of the three 
brushes will be different. The period of a complete series of cun*ent 
changes in a given coil will therefore be equal to the time taken for 
the current to attain its initial value at the instant the coil passes 
the first brush. For a == J this time reckoned in periods of the impressed 
e.m.f. is equal to the least value of n which makes 

n X 360/450 a whole numb.^r 

This value is w = 5. To draw the curves of current changes in any 
coil for a = i, it is therefore necessary to draw the three sinusoidal 
curves of /j, /g and A. and to follow each for 150° and then change 
abruptly to the next. The curves for the above three values of a are 
given in Fig. 26.16, only that for a = ^ being shown completely* 
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The change of current during the commutation period sets up a 
reactance voltage as in all machines with commutators: in addition 
there is the transformer voltage. This is proportional to the relative 
speed of rotor to rotating field and thus becomes zero at synchronism. 
If the speed is decreased the transformer voltage is set up, but the 
reactance voltage decreases so that good commutation is possible over 
a wide speed range below synchronism. For speeds above synchronism 
the transformer voltage is present and increases with excess of speed 




Fig. 26.16. Commutation in a Three-phase Commutator Motor 


above synchronism, and at the same time the reactance voltage 
increases, with the result that good commutation is not possible over 
such a wide range of hypersynchronous speeds. 

The Schrage Motor. This is a motor in which power-factor correction 
and speed control are both available in one and the same machine. 
It has been explained that the speed of an induction motor is dependent 
on the total e.m.f. acting in the secondary circuit. If the secondary 
is short-circuited in the usual way, this e.m.f. is the induced e.m.f. 
and the motor runs at normal speed. If an e.m.f. of the correct frequency’ 
from some other source is injected into the secondary circuit, then if 
this injected e.m.f. has a component in direct opposition to the induced 
e.m.f., the speed will be below normal. On the other hand, if it has a 
component in phase with the induced e.m.f., the total e.m.f. acting in 
the secondary will be increased, and the speed will be above normal. 
In other words, if the injected e.m.f. bucks the induced rotor e.m.f., 
the motor will run at subsynchronous speeds, whereas if it boosts 
the induced e.m.f., the motor will run at hypersynchronous speeds. 
In addition, if this injected e.m.f. has a quadrature component which 
leads the induced rotor e.m.f., the power factor of the motor will be 
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improved. The Schrage motor is a machine in which these adjustments 
are available. It is essentially an induction motor with integral 
compensator of the susceptor type, so that it is rotor-fed. It differs 
from the motor of Fig. 26.12 in that each brush set is duplicated, thus 



Stsitor 

Seconda.ry 


lUir // Primary 




Fig. 26.17. Connection Scheme of Schrage Motor and Arrangement 
OF Stator and Rotor Slots 

giving two separate brush sets, and these are arranged so that the 
brushes as a whole can be rocked round the commutator, or one set 
can be rocked relative to the other. Each phase of the stator (secondary) 
winding is connected to the brushes of one set according to the scheme 
of Fig. 26.17. 

There are three possible modes of action illustrated in Figs. 26.18 (a), 
(6), and (c). In (a) the two brushes a and 6 of a set are in line with 
one another, so that at every instant they will be in direct electrical 
contact through a commutator bar. Hence each secondary phase is 
short-circuited and the motor will run like a plain induction motor. 
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In (6) the brush sets are opened out and the connections are such that 
the commutator p.d. between the points a and b will hiave a component 
in direct opposition to the secondary induced e.m.f., so that the motor 
will nm at subsynchronous speed. In (c) the position of the brushes a 
and b is reversed, so that the e.m.f. picked oS at the commutator is in 
phase opposition to that of (6). Hence this e.m.f. will have a component 
in phase with the rotor induced e.m.f., and the motor will run at hyper- 
synchronous speeds. For any given setting of the brushes the motor 
will have a shunt characteristic. 

Although the magnitude of the e.m.f. between the brushes a and b 
is dependent on their relative angular positions, the pha.se of the e.m.f. 



Fig. 26.18. Methods or Opebatioh of the Schragb Motob 


depends upon the position of the centre line with respect to the centre 
of the rotor winding. Hence if the brushes as a whole are rocked round 
the commutator, the phase of the e.m.f. injected into the secondary 
circuit will be varied relative to the rotor induced e.m.f., and therefore 
the power factor of the motor will be varied. Hence the speed depends 
on the angular distance between the individual brush sets a and 6, 
while the power factor depends upon the angular position of the brushes 
as a whole. 

In the case of Fig. 26.18 (c) there will be a certain angular distance 
between brushes a and 6 for which the motor runs at exactly syn¬ 
chronous speed. The field speed will then be zero, or, in other words, 
the field will be stationary in space as in a d.c. machine. The com¬ 
pensating winding will therefore act like the armature of a d.c. gen¬ 
erator, and it will deliver a direct current to the secondary winding. 

Theory of the Schiage Motor. Consider the machine at standstill. 
The rotating field will induce the following e.m.f.s— 

(1) in the primary (rotor) an e.m.f. E^ which in a machine without 

internal volt drops is equal and opposite to the applied p.d. Fj. 

(2) A secondary e.m.f. 

(3) An e.m.f. Ej^ in the compensating, or regulating winding. 

If the p.d. between brushes 180 electrical degrees apart is l?jb,max> 
then for any brush position with respect to the neutral position, we 
have 

Ej^ == sm ^ 

since, as with the rotary convertor, the p.d. between any pair of brushes 
is proportional to the length of the chord joining them. 

Now let the rotor travel at any speed whatever. The relative speed 
of the motor field to primary and regulating winding remains equal to 
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the synchronous speed and therefore E^ and Ej^ are unchanged. The 
magnitude of E^ changes, being given by 

E 2 = <t -&2 o as in a plain induction motor 

When O’ == 0, jB/g ®'nd when a is negative, E 2 is reversed in phase. 

Suppose that Ej^ is exactly equal and opposite to i^ 2 » no current 
flows in the secondary and this condition is therefore the light-load 
condition. Let Oq and Nq be the light load slip and speed, then 

^ 0^2 0 ~ -^jfc.max sin 

(To =■■= ('^jfc.max/-^2-o) ®in ^ 

Now ^fc.max is proportional to the turns per phase, Tg, on the regulating 
winding, and ^g-o we can write 

— k sin ^ 

and Nq = N,(1 — Oq) 

= ^^.(1 — k sin jS) 

The lowest possible light-load speed is thus 

= N,{\ - k) 

and is given by ^ = 90®. If the brushes are gradually brought together 
sin P decreases and so the speed increases until, when /S = 0, and both 
brushes are at the neutral axis, Nq = Ng, If the separation is now 
increased in the opposite sense, jS becomes negative, and the speed 
becomes greater than synchronism. The maximum possible speed 
above synchronism is thus 

-^o.max ^ Hg{l + k) 

A very commonly designed range is from N^ min = Ngl2 to iV^Q max = 
1*6 Ng, that is, a range of 1: 3. We then have 

(1 - h)l{i + A) = i k = i 

If the motor is put on load a current /g flows in the secondary and 
regulating windings, and since these two are in series and form a closed 
circuit their m.m.f.s are in opposition. The combined ampere-turns 
are therefore 

■^2(^2 ^3 fi ) 

The primary induced current Ii is therefore given by 

Ii'Ti = ^ 2(^2 ^3 P) 

/i' = /2[(^2-^3 8ini5)/TJ 

= /g(^g/^i)[l ~(?^8/^g)sin^] 

= / 2 (^ 2 /^i )(1 — A; sin /?) 

This current combined with the primary no-load current gives the 
total primary current as in a plain motor. 

On no-load, since the resultant voltage in the secondary is zero, we 
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have ^2 ~ ~~ ^ ^0 no-load we also have E^ == 

On load there is a resultant voltage given by ^ 

•^resultant = 4“ = — OqE^-q 4" ^^a*o 

/. O — (Tq = Etea\iliajitl^2^0 * 

Now the torque is proportional to / 2 , and is proportional to 
-^resuitantj also JS/g-o ®' constant. Hence the fall in speed is constant for 
a given torque and is not a function of Cq, Thus if a motor is worked at 
constant torque its slip will be independent of the no-load speed to 
which it is adjusted. 

In Fig. 26.19 the total angular separation, 2j8, of the brushes is 
symmetrical with respect to the neutral axis with the result that the 




Fig. 26.19 


Fig. 26.20 


whole of the voltage Ej^ = sin ^ is utilized for speed regulation 

If there is an angular shift p of the brush pair as a whole, as in Fig. 
26.20 then the speed regulating component becomes 
Eg = max sin ^ cos p 
while the quadrature component 

Ej, = jE7;b.roax sin sin p 

is a phase compensating component which acts exactly in accordance 
with the vector diagram of Fig. 26.8. Thus phase compensation is 
possible, but only at the expense of a reduction in the speed range. 

The vector diagram of the motor for both sub- and hyper-synchronous 
speeds is given in Fig. 26.21. The difference between the two diagrams 
is due to the fact that as the speed passes through S3nichronism JSj 
becomes zero and then reverses in phase, thus coming into phase with 
El instead of in opposition to it as at subsynchronous spe^. Also, 
the frequency of the regulating voltage Ej^ changes, although the 
r.m.s. value remains constant. At synchronism the frequency is zero 
and the regulating winding acts like a d.c. generator and delivers 
direct current to the secondary. At hypersynchronous speed the 
frequency is, in a sense, negative, so that the phase sequence of the 
machine is reversed. To attain this condition the brushes are crossed 
over as shown in Fig. 26.18, and therefore the vector of E,, is also 
reversed. Owing to the negative slip the inductive reactance of the 
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secondary becomes negative, and the current I 2 leads the resultant 
secondary voltage. 

At exact synchronism the machine behaves, in a sense, like a syn¬ 
chronous motor, the regulating winding functioning as a d.c. exciter. 
There is, however, nothing to hold the machine in step because this 
mode of operation is only one of many, all of which can be passed 
through smoothly.* In the synchronous motor the exciter is external 



M) Sub-synchronous ("3) Hyper Synchronous 

Speed Speed 

Fia. 26.21. Vector Diagrams of the Schraoe Motor for 
SUBSYNCHRONOUS AND HyPERSYNCHRONOUS SpEEDS 

and the poles are fixed with respect to the field system, even on a cylin¬ 
drical rotor machine. In the Schrage motor, synchronous running is 
merely operation with 0 = 0 and the slightest change in operating 
conditions will cause the field to slip in one direction or the other. 

Cascade Control with Commutator Machine as the Rear Machine, (a) 

With Rotary Convertor. It will be seen that in the ordinary cascade 
control, speed variation is obtained by utilizing the slip energy of the 
main rotor in a second motor, instead of wasting it in a rheostat. In 
the Kramer method this slip energy is first converted into direct- 
current energy by means of a rotary convertor (Fig. 26.22), and it is 

* This does not apply at synchronism at which the effects of space harmonics 
of flux and imbalance in the secondary circuits give rise to superimposed speed 
oscillations and primary-current hunting. See 1. Thomas, *'Second-order Torque 
Components in the Sewage Motor operating at Synchronous Speeds,** J. Inst, 
Elect. Engrs., Ft. C, 108, 1956, p. 11. 
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then utilized in a direct-current motor which is direct coupled to the 
main motor. The speed is controlled merely by altering the excitation 
of the direct-current motor. This alters the back e.m.f., which, being 
approximately the same as the voltage at the commutator of the 
rotary alters the voltage at the slip-rings of the latter. This slip-ring 
voltage is injected into the rotor circuit of the main motor and causes 
the required reduction in speed. The advantage of this method is that 
any speed within the working range can be obtained, instead of only 
two or three speeds by the other methods. Also, if the rotary con¬ 
vertor is designed to operate with high excitation, it will take a leading 
current, and thus considerably improve the power factor of the set. 



Fig. 26.22. Rotaby Convertor in Cascade with Induction Motor 

The Kramer system can be used with a flywheel load equalizer if 
means are provided to reduce the speed automatically when the load 
increases. This is done very simply by compounding the auxiliary d.c. 
motor. An increase in load causes an increase in rotor current in the 
induction motor, and this in turn passes through the rotary to the 
direct-current motor, whose back e.m.f., as a result of the increased 
series excitation, increases. This, as explained previously, brings down 
the speed, so enabling the flywheel to give up some of its stored energy. 
With a load equalizer of this kind the system is frequently used for 
driving continuously-running rolling mills. Without the load equalizer, 
and with a shunt-excited auxiliary motor, it is used for driving mine 
ventilating fans. 

(6) With Auxiliary Polyphase Commutator Machine. Imagine 
an ordinary induction-motor rotor, without a stator, provided with the 
usual slip-rings and supplied with alternating current from an external 
source. If the rotor is stationary, a rotating magnetic field will be set 
up, this field travelling at synchronous speed with respect to the rotor, 
and therefore at synchronous speed in space. The field will induce in 
the rotor a back e.m.f. in a manner similar to the production of a back 
e.m.f. in the primary winding of a transformer on open circuit, and the 
current which flows will be practically wattless, and its magnitude will 
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be limited almost entirely by the standstill reactance of the rotor wind¬ 
ings. If the rotor is provided with a commutator as well as with slip- 
rings, the arrangement then being that of the rotor of the rotary 
convertor {see Chapter 24), there be an e.m.f. of supply frequency 
between any brushes pressing on the commutator. This e.m.f. will not 
vary in magnitude if the brushes are rocked round the commutator 
and the angular spacing of the various brushes kept constant, but it 
will obviously vary in time-phase whenever such movement occurs. In 
fact, if the brushes are capable of movement throughout two pole pitches, 
phase displacement through 360 electrical degrees will be possible. 

Now suppose that the rotor is made to rotate, say, in a direction 
opposite to that of the rotating magnetic field, then since the tapping 
points to the slip-rings are points which are fixed relative to the rotor 
winding itself, the rotating field is compelled to maintain its syn¬ 
chronous speed relative to the rotor itself. Thus, if the rotor itself 
moves in the above stated direction, the actual velocity of the rotating 
field in space will be reduced. If the rotor speed is just equal to the 
synchronous speed, the rotor field will be stationary in space, and the 
voltage appearing at the commutator end will then be unidirectional, 
as distinct from alternating. The r.m.s. value of this voltage is, how¬ 
ever, unafiFected by the movement of the rotor, because it is fixed by 
the relative velocity of the rotor itself with respect to the rotor field, 
and this relative velocity is always equal to the synchronous velocity. 

If the speed of the rotor is not equal to its synchronous speed, then 
the e.m.f. at the commutator wiU have a frequency equal to the 
difference between the actual and the synchronous speeds, so that in 
this respect the appliance becomes a frequency convertor. In this 
form it can be connected in cascade with a large induction motor, and 
used for the purpose of speed regulation. There are three points to 
notice in connection with this frequency convertor— 

(1) The frequency of the alternating voltage appearing at the 
commutator is not proportional to the speed of the convertor, but to 
the difference between its speed and the synchronous speed. 

(2) For a given angular spacing of the brushes, e.g. three brushes 
spaced 120° apart for a three-phase two-pole machine, the e.m.f. is 
independent of the brush position. 

(3) The time phase of this e.m.f. can be altered by rocking the 
brushes round the commutator. 

Although we have only considered three-phase current fed to the 
slip-rings in the above discussion, the number of phases of converted- 
frequency current taken off at the commutator can be anything we like, 
being fixed simply by the number and spacing of the brushes. 

Now consider a winding having a commutator and having the 
alternating-current supply brought to the commutator instead of to 
the slip-rings. It is now to be noted that, as long as the brushes are 
set in a definite position, the current is supplied to the rotor, not at 
points which are fixed relative to the rotor winding as when shp-rings 
are used, but at points which are fixed in space. This is so because, the 
brushes being fixed, the commutator puts them in electrical connection 
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with the various rotor coils in succession. The result of this arrangement 
is that the rotor field always travels in space at synchronous speed, no 
matter what the actual speed of the rotor itself may be. It is therefore 
possible for a rotor fed in this manner to run at any speed inside a poly¬ 
phase stator and still have a unidirectional torque acting on it, and this, 
in brief, is the mode of operation of the polyphase commutator motor. 
In fact, the rotor can run in either direction, because this dnection does 
not infiuence the direction of the rotor field, which is decided only by 
the electrical phase sequence of the brushes pressing on the commutator. 

The actual frequency of the currents fiowing through the rotor 
windings is, of course, the slip frequency, this condition holding, no 



Fia. 26.23. Speed Contbol of Large Induction Motor by 
Frbqubnoy Convertor 


matter how the current is supplied to the rotor, i.e. whether induced 
as in the plain induction motor, or whether supplied to a commutator 
from an external source. Hence, with this method of supply also, the 
commutator acts as a frequency convertor. 

It is also to be noted that in the case of the rotor of an induction 
motor, the commutator need not be part and parcel of the rotor 
construction, i.e. not integral with the machine as in the case of a 
direct-current armature and its commutator, since the action is 
exactly the same if the commutator and the winding connected to it 
constitute an entirely separate armature driven by a small motor. A 
separate frequency convertor of this type can be applied to the speed 
control of a large induction motor, one such scheme being given in 
Fig. 26.23. A is the main motor which, after being started up by an 
ordinary resistance starter, has its rotor winding connected to a 
frequency convertor B. This, as explained above, is a rotor provided 
with both commutator and slip-rings; a stator winding is not required, 
but the iron part of the stator is provided so as to give a low reluctance 
path for the magnetic fiux. It will be seen that the frequency convertor 
is fed with alternating current from the rotor of the main motor at its 
commutator end. The current taken off at the slip-ring end of this 
convertor is used as supply for a synchronous motor jD, which is 
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direct-coupled to the main motor A, The frequency convertor is driven 
by another synchronous motor C. Suppose the main motor is running 
with a fractional slip of a, then the frequency of the currents supplied 
to the commutator end of the frequency convertor is o/, with the 
result that the rotating field of this machine will rotate at a speed of 
oN^, The actual rotor speed due to the synchronous motor drive is 
N^y the relative speed of rotor to rotating field thus being ^,(1 — a). 
Hence the frequency of the current taken off at the slip-rings is/(I ~ a) 



Fio. 26.24. Induction Motor Cascaded with Commutator Machine 
(Kramer System) 


and the speed of the synchronous motor D is iV^g(l ~ cr). But this is 
also the speed of the main motor A to which it is coupled, showing that 
the frequency convertor used in the above manner supplies D with 
current of the correct frequency. The speed is obtained, as in the 
Kramer control, by varying the excitation of Z>, while power-factor 
control is obtained by varying the excitation of the synchronous 
motor C, 

The stator-fed commutator motor, both with shunt-connected 
stator winding and series-connected winding, have already been dis¬ 
cussed. Such motors can be cascaded with a main induction motor, and, 
for this application the stator can be shunt, series, or compound excited, 
as in a d.c. motor. The method of connecting a shunt commutator 
motor in cascade with an induction motor is shown in Fig. 26.24. It 
will be seen that the stator is supplied through a regulating transformer, 
and the speed of the set is adjusted by means of this transformer. 
The effect of an alteration of the number of turns on the secondary 
winding is to alter the back e.m.f. of the commutator motor, and thus 
to alter the speed of the set. The speed/torque characteristic of a set 
of this kind is fixed by the characteristics of the commutator motor, 
being similar to that of a shunt or compound motor, according as the 
commutator motor is shunt or compound wound. 
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(c) With SoHBRBius Machinb. The Scherbins machine is essentially 
a dynamo having an armature with comnmtator, and a stator carrying 
its own exciting winding. Iitespective of the speed of the armature the 
nature of the p.d. at the brushes is decided by the nature of the exciting 
current. If this is d.c. then the brush p.d. will be unidirectional, if it is a.c. 
then the brush p.d. will be alternating, of the same frequency. Hence if 
the machine is excited at the slip frequency of an induction motor the 
commutator can be connected to the slip-rings of the motor and the 
e.m.f. thereby injected into the rotor used for the purpose of speed 
control. The fundamental requirements for cascading are therefore— 

(а) That the Scherbins machine shall be excited at the slip 
frequency of the main motor and that this condition shall prevail 
under all conditions of operation. 

(б) That there shall be control over the magnitude of the injected 
e.m.f. in order that there may be control of the speed of the main 
motor. As this e.m.f. is a function of the exciting current it follows 
that this control is analogous to the control of the voltage of a d.c. 
generator by change in exciting current. 

Compensation of the armature reaction m.m.f. is necessary for two 
reasons— 

(а) This m.m.f., if operative, would induce a voltage in quadrature 
with the current, and this voltage, superposed on the output voltage 
would modify the operation partly because of its phase and partly 
because it would vary with the current. 

(б) To limit the kVA supplied for excitation it is necessary to 
reduce the reactive volt drop in the exciting winding as far as 
possible. This drop depends on the total ampere-turns and therefore 
on the length of the air-gap, which must therefore be made as 
small as possible. This requires that ampere-turns required to 
neutralize the armature reaction must be provided by a compensating 
winding and not by the main exciting winding. 

The brush positions of the Scherbins machine are not varied and 
therefore the reactance voltage can be neutralized by means of inter¬ 
poles exactly as in the case of a d.c. machine. Because the brush 
positions round the commutator correspond to a spacing of 120 
electrical degrees, the machine must have three interpoles per pole 
pair instead of two, as in a d.c. machine. This gives a pole pitch of 
120 degrees instead of the usual 180 degrees. For the same reason the 
coil width of an armature coil is also 120 degrees. The arrangement 
of the machine is illustrated in Fig. 26.25. 

As so far described the machine is used for speed control only when 
connected in cascade with a main induction motor, its output voltage 
therefore being the e.m.f. Eg, If phase compensation is also required 
the stator can be provided with still another exciting winding. This 
shifts the phase of the output voltage and therefore gives it a quadrature 
component corresponding to the e.m.f. Ej,. 

(a) Single-range Regvkdi<mf If speeds below synchronism only are 
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required all that is necessary is that an e.m.f. E, of slip frequency shall 
be injected into the rotor bf the main motor in opposition to the 
induced e.m.f. This is provided by a Scherbius machine whose 
exciting winding is fed from the rotor of the controlled motor. The 
connection scheme is shown in Fig. 26.26 in which the Scherbius 




machine is shown direct-coupled to the main motor. An alternative 
arrangement is to separate the Scherbius machine and direct-couple it 
to a second induction motor whose stator is connected to the supply. 
The power received from the main induction motor rotor by the Scher¬ 
bius machine causes it to drive the second induction machine above 
S3mchronism, the regulating power, less losses, thus being returned to 
the line. This is a common method since the Scherbius machine and 
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the second induction machine can be high speed and therefore com¬ 
paratively inexpensive machines. The speed is regulalied by means of 
taps on the auto-transformer. 

The terminal voltage of the Scherbins machine is clearly equal to 
the volt drop in the exciting winding, and owing to the preponderance 
of reactance over resistance in the exciting winding it follows that the 
armature induced voltage balances the reactive induced voltage in 
the exciting winding. This leads the current by 90° and therefore a 
phase displacement of the order of 
90° is necessary. It is most easily 
accomplished by providing each pole 
with two exciting windings, as shown 
in Fig. 26.27 and connecting these 
so that the excitation for phase 1 is 
provided by phases 2 and 3, and 
so on. This is illustrated diagram- 
matically in Fig. 26.27, which shows 
the exciting windings only. 

The exciting current is equal to 
the quotient of the main rotor 
induced e.m.f. and the exciting 
winding impedance. As this imped¬ 
ance is mainly reactive it follows 
that this quotient is sensibly constant 
except near to synchronism. Hence if the set is running at any particular 
speed, the induced e.m.f. of the Scherbius machine is constant for 
deviations on either side of this speed, while the main rotor e.m.f. is 
proportional to the slip. There is equilibrium at the slip for which 
both e.m.f.s are equal. Thus the Scherbius machine acts as a check 
on any tendency of the main motor to vary its speed with the result 
that speed variation with change in load is exceedingly small. 

By providing series, as well as shunt, excitation the Scherbius 
machine can be compound wound. As this machine imposes its charac¬ 
teristics on the main motor it follows that, by compounding, a drooping 
speed characteristic of the main motor can be obtained and load 
equalization by flywheel adopted if desired. 

(h) Double-range Regulation, Imagine a Scherbius regulated set 
working at constant power, the Scherbius machine being direct 
coupled to the induction motor as in Fig. 26.26. Suppose that the 
range of speed is from 250 to 125r.p.m., then at the bottom speed 
each component provides one-half of the total power, the full-load 
power of the Scherbius machine thus being one-half the full-load 
power of the induction motor. Now suppose that the induction motor 
has a synchronous speed of 187-5 r.p.m., then the bottom speed of 
125 r.p.m. can be attained by using a Scherbius machine of oifly half 
the power of the previous machine. If the induction motor can, at the 
same time, be run through synchronism and then brought up to 250 
r.p.m. by this same Scherbius machine the same output and the same 
speed range have been obtained with a much smaller and cheaper 



Fig. 26.27. Connection Scheme 
or Exciting Windings on 
Scherbius Machine 
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Scherbius machine. This is the justification for double-range regulation, 
which provides hyper-synchronous as well as sub-synchronous speeds. 

In order that the motor may be run through S 3 nichronism it must 
first of all be brought up to synchronism, and the energy to do this 
must come from outside, that is, there must be something additional 
to the equipment of Fig. 26.26. An induction motor “slips’* because of 
the rotor HR loss and therefore one function of the additional appliance 
is the supply of this loss: in this respect it acts as an ohmic-drop 



Fig. 26.28. Connections for Double-range Regulation 


exciter. A second function is the supply of exciting current to the 
Scherbius machine, since the rotor output of the induction motor is 
zero at synchronism. The appliance used is a frequency changer of the 
susceptor t 3 q)e driven from the main motor through gearing which 
steps up the speed in the ratio, poles on the frequency convertor to poles 
on the main motor. Its slip-rings are connected to the supply and its 
rotation is in the opposite direction to its own field, so that the field 
speed in space is the slip speed. Thus the p.d. at the commutator is of 
slip frequency. In order to inject the e.m.f. into the exciting winding 
the star-point of the latter is opened, as in Fig. 26.28, in which the 
Scherbius machine is shown driving an auxiliary induction machine. 
When running at sub-S 3 nichronous speeds the frequency convertor is 
cut out of circuit, the connections then being the same as for single¬ 
range operation. At hyper-synchronous speeds the Scherbius machine 
acts as a generator, supplying power to the main motor and consequently 
the auxiliary induction machine functions as a motor. 

Control Equipment for Scherbius Machines. The circuit diagrams of 
Figs. 26.26 and 26.28 are reduced to their simplest terms and therefore 
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give no indication of the type of equipment used for speed control by 
means of the Scherbins macl^e. Fig. 26.29*^ gives a schematic diagram 
of a single-range set in which the winding represented by the thick line 
is the main stator winding of the Scherbins machine, this winding being 
the distributed winding housed in the slotted pole faces. The winding 



Brown Boveri) 

Fia. 26.29. Schematic Diagram op a Scherbitjs Regulating Set 
FOR Sub-SYNCHRONOUS Control, with Shunt Characteristic 

The exciting transformer E is connected to the slip rings of the induction machine A, 
and feeds the exciting winding h of the Scherbins machine Sch, The speed is controlled 
simply by setting a suitable voltage on the exciting transformer, by means of the 
tapping switch St. 

h is the exciting winding for the main poles, and w the exciting winding 
of the commutating poles. The slip-ring voltage of the main induction 
motor, which is equal to the terminal voltage of the Scherbins machine, 
is fed to the exciting transformer E, of the auto type, as explained 
previously. This has a large number of tappings, and the voltage 
tapped off is fed to the exciting windings. The p.d. applied to the 
exciting transformer is practically the same as the slip voltage, 

♦ Brown Boveri Rev., No. 6/6 (1951) 131; No. 7 (1962) 239; and No. 10/11 
(1947) 191. 
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and since the magnitude of this voltage, and its frequency, are pro¬ 
portional to the slip, the ratio of voltage to frequency is a constant 
and so the flux of the transformer is practically constant. 

In series with the secondary circuit of the exciting transformer is 
an additional secondary 8, The windings connected in series are not 

R - 



Fig. 26.30. Schematic Diagram of a Schebbius Regulating Set 
FOR Sub- and Super-Synchronous Control with 
Compound Characteristic 

The distinguishing feature here is the additional compound transformer T\ 
this influences the excitation as a function of the rotor current. 


on the same limb and the effect of 8 is therefore to cause phase dis¬ 
placement, its object being to impart the desired phase angle to the 
voltage fed to the Scherbins machine. A second method of producing a 
phase displacement is to insert a resistor R in the exciting circuit, the 
value of R being appropriate to the step to which it is connected. The 
losses in these resistors are very small. The above devices constitute 
a means of giving the main motor a high operating power-factor, and 
this is maintained over the whole of the range except near synchronism, 
where the slip e.m.f., and therefore the e.m.f. of the Scherbins machine, 
are so low that the effect on the main motor is very small. 

Fig. 26.30 gives a schematic diagram of a Scherbius regulating set 
for sub- and super-synchronous speeds. The current transformer T, 
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whose secondary is connected in series with the main exciting winding 
h, gives the main motor a compound characteristic; and the equipment 
is then suited to heavy-duty flywheel drives, e.g. continuous-running 
rolling mills. If this transformer is omitted then the main motor has a 
shunt characteristic. As in Fig. 26.29 the main additional equipment 
for double range operation is the frequency changer (ohmic drop exciter) 
F. The tapping switch St is a development of the simple switch of 
Fig. 26.29, since it has positions for sub- and super-synchronous speeds, 
the change-over from one to the other being through the reversing 
connections to the main exciting winding A. Again, the tapping switch 
has to select the appropriate voltage from the frequency-changer. 
This e.m.f. must correspond to the desired phase angle, and this is 
ensured by tappings on the polygon winding of an auxiliary trans¬ 
former H which supplies voltage to the slip-rings of F, The resistors R 
in the tappings from the exciting transformer E are used for phase 
control and the additional secondary winding S of the single-range set 
is not required. 

As explained previously, one advantage of the double-range over the 
single-range control is that a smaller Scherbins machine wiU suffice for 
the duty. There are two other alternative advantages: (a) the entire 
control range, which is fixed by the ratio of minimums to maximum 
speed is capable of enlargement, or (6) with a Scherbins machine of a 
certain capacity it is possible to control an induction machine of 
approximately double the output. There is an economic limit to the 
sHp, and for a supply frequency of 50 c/s this is reached at a slip of 
about 30 to 40 per cent. Where the desired control range by single¬ 
range method reaches such a value the double-range method has to be 
employed. 

Plate V (facing p. 481) shows the stator of a Scherbins machine, on 
which the various windings can be seen. 

Design Limitations of 3-phase Variable-speed Commutator Motors. 

We have seen that commutating poles can be used in connection with 
certain types of a.c. commutator machines, both single-phase and poly¬ 
phase, the reason being that the commutation zone is fixed in space. 
With the two general industrial types of variable-speed S-phase motor, 
commutating poles are not possible: (a) in the stator-fed machine, this 
being controlled by a separate induction regulator, and (6) in the 
Schrage machine, because speed control involves the actual shifting 
of the brush axes. 

Just as design limits were extended, and therefore increased outputs 
for a given weight of active materials were obtained for d.c. machines 
by the use of commutating poles, so also these advantages can be 
obtained for polyphase commutator machines if a means can be found 
of ameliorating the commutation conditions. In the case of d.c. 
machines the reactance voltage is neutralized by the rotationally 
induced e.m.f. due to the commutating field. This e.m.f. exists with 
commutator motors also, but, as we have seen, the current in a coil 
during the period of short-circuit by a brush, does not become reversed 
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in value, but changed suddenly from one value to another, the magni¬ 
tude of the change corresponding to the transfer of current from one 
phase to the next. In this respect an increase in the number of second¬ 
ary phases is an advantage for two reasons; (a) because an increase in 
the number of phases reduces the magnitude of the secondary current 
for a given power, and (6) the sudden jump in instantaneous current is 
reduced. This second advantage is illustrated in Fig. 26.31 which shows 

CAB ABC CAB A B C 3 Ph ^ 

Supplies 

Regulating 
Transformer 


(a) - (b) 


Cc) (d) 

Fig. 26.31, Impbovement in Cubbbnt Commutation by Incbeasing 
THE SeCONDABY PHASES 

stator-fed motor with its rotor connected: (a) S-phase, and (6) 6-phase diametral. 

Instantaneous current in one conductor of the rotor when it is running at 1*33 x syn¬ 
chronous speed, (c) 3-phase, (d) 6-phase. 

(J. E. Parton, Trans. Inst. Engrs. Shipbuilders in Scotland^ 1952.) 

for simplicity a stator-fed machine (a) with three-phase secondary, (6) 
with six-phase, obtained by diametral connection. 

There is a second difference (affecting commutation) between the 
d.c. machine and the three-phase commutator motor. In the d.c. 
machine the flux is stationary in space: in the commutator machine it 
rotates in space: (a) at synchronous speed in the case of the stator-fed 
machine, (6) at slip speed in the rotor-fed machine. Hence, since for 
any mode of operation, the brushes of either type are stationary, there 
exists in every armature coil, including those short-circuited by the 
brushes, a voltage induced by the main flux of the machine. In the 
short-circuited coil it is called the transformer voltage of commutation. 
The magnitude of this voltage is given by 

E^ = volts, where, 

Aj, = pitch-factor of the coil. 
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O = main flux in webers, ^ 

fa = frequency of main field relative to the commutator 
winding, 

T = number of turns per segment. 

Since, in the stator-fed machine the field speed in space is equal to the 
synchronous speed, the frequncy is proportional to the departure 
of the speed from synchronism. In the rotor-fed machine the value of 

is practically constant since = /. In both machines it is practically 
independent of the load. 

Assuming that the current changes uniformly from one value to the 
next during the period of short-circuit by the brush, the reactance 
voltage per segment is given by 

E, = L(AJ) 

where L is the effective inductance of the short-circuited coil, and A/ 
is the change in current, as in the case of a d.c. machine L is propor¬ 
tional to the square of the turns per coil, but the use of single-turn coils 
is more desirable in the case of the a.c. machine. The change of current, 
A/, is the brush current, and we see that is proportional to the load 
current. 

For 50 c/s machines the transformer voltage per turn in the case of 
a full-pitched winding varies from 1*11 V for a small machine of 1 h.p. 
per pole to 11*1 V for a large machine of 100 h.p. per pole*. It is this 
transformer voltage which causes the most difficulty, and the available 
means of combating it are: (a) by brush drops in the coil resistance, in 
the connections between coils and commutator bars (as explained in 
connection with single-phase motors) and, of course, in brush contact 
resistance; (6) by means of special auxiliary commutating windings in 
addition to the methods under (a). Resistance connections allow the 
use of a transformer voltage of about 2-6 per segment, but they make 
an important contribution to the armature heating and may therefore 
be dangerous if used with motors liable to heavy over-loads.f 

The transformer voltage can be reduced by choosing a brush width 
so that not more than two armature coils are spanned. Hence the 
maximum possible number of segments is used, the segment pitch 
being of the order of 4 mm. The brush voltage drop per contact can 
be between 1 and 2 V. 

The special commutating windings are of the nature of discharge 
or damping windings which consist of coils connected in parallel with 
the main coils, and so disposed that they are not themselves the seats of 
induced e.m.f.s In other words they behave like the non-inductive 
discharge resistances connected in parallel with highly inductive 
circuits, such as d.c. field windings, when it is necessary to open the 
circuit while carr 3 dng current. The scheme is illustrated in Fig. 26.32. 

♦ A. C. Lane, “Recent developments in armature winding of polyphase 
commutator motors,** Proc. B,T,H* Summer School, (1948). 

I See also p. 650. 
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Any energy associated with the inductance of the short-circuited coil, 
and not dissipated as brush-contact loss, is utilized in the production 
of PR loss in the discharge windings. These discharge windings are 


I 
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Fig. 26.32. Dischabge ob Damping Winding 


of three types, illustrated in Kg. 26.33 and described very completely 
in the paper by Lane.* 

(1) The Robinson discharge winding, invented by P. W. Robinson. 
The main armature coils are short-pitched, and the discharge coils over- 



(A) Robinson (B) Duplex (C) Embedded 

Discharge Discharge Damping 

Winding Winding Winding 

(Schwarz) 

(F.T.H.) 

Fig. 26.33. Three Types op Discharge Winding por 
Polyphase Commutator Motors 


pitched by the same amount. Fig, 26.33 (A) shows the arrangement: 
it will be seen that the discharge winding is housed in the tops of the 
slots so that its inductance can be less than that of the main winding, 
whereas its resistance is made greater. Thus the complete winding 
consists of two ordinary two-layer windings, one on top of the other. 
It will be clear that the resultant motionally induced e.m.f., acting 

♦ See also B. Adkins, “New auxiliary conunutating windings in a.c. variable- 
speed commutator motors,’* B,T,H. Activities, (Apr., 1941). 
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round the local path made up of a main coil and discha^e coil, is zero. 

(2) The dupl^ discharge tmnding. Fig. 26.33 (^). The main winding 
is a two-circuit duplex winding consisting of full-pitch coils connected 
to alternate segments. This permits the use of a lage flux per pole 
without exceeding the permissible voltage between adjacent segments. 
The discharge winding has two-tum coils of only 33J per cent pitch, 
its location being such that the voltage induced by the main flux in 
one two-tum coU is equal to that induced in a single-turn coil of the 
main winding. The discharge winding is a simplex winding, so that it 
performs the additional function of equalizing the potential between 
the two circuits of the main winding. 

(3) Embedded damping winding. Pig. 26.33 (C), invented by Dr. B. 
Schwarz.The main winding is again a duplex winding with full- 
pitch coils, while the damping winding is simplex with 33^ pitch coils. 
The damping winding is found at the bottoms of the slots and separated 
from the main winding by steel shims. Also the windings are so dis¬ 
posed that, whereas two consecutive main coils, like X and Y, lie in 
adjacent slots, the damping coils in parallel with them, x and y, lie in 
the same slots as one another. The effect of this arrangement is that 
every main coil is connected to another main coil in another pair of 
slots by a small transformer consisting of two auxiliary coils in the 
same slots. The second main coil thus acts as the discharge circuit 
for the first main coil, the connection being indirect, via the transformer. 
This has the advantage that the discharge coil, being a main coil, is 
the next coil to be commutated, the change of current in it prior to its 
commutation being such as to assist its commutation. 

H.P. per Pole and Flux per Pole. In machines not subject to com¬ 
mutation difficxxlties, such as s 3 nachronous alternators and induction 
motors, there appears to be no limit, beyond a structural imit, to the 
h.p. per pole. Thus two-pole alternators of 100,000 kVA, and therefore 
of 66,700 h.p. per pole at unity power-factor, are in use, while 2-pole 
induction motors of 1000 h.p. and more are not uncommon. The 
presence of a commutator drastically reduces the possible h.p. per 
pole, particularly on a.c. machines. Consider for simplicity the speed 
regulation of a d.c. motor by means of a series-connect^ machine 
winch can either buck or boost the supply voltage, V. Let this 
injected voltage be then, neglecting voltage drop in the armature 
circuit, the back e.m.f. is given by 

E,= V ±E^=V{1± E^V) = 7(1 ± k) 

say, where k is the regulating fraction. The speed, being proportional 
to .^5 in a constant flux machine is therefore given by 

N = Noil ± k) 

where Nq = normal speed with Ej^ = 0. 

For a given torque, and therefore for a given current, again in a 
constant flux machine, the power relationship is 

P = Po±P»=Po(l±i) 

* E.XJM., (Feb., 1934), 
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where P® is the power at normal speed Nq, Hence a regulating 
machine of power P^. can vary the motor power P and speed N between 
the limits Po(l ± k) and N^ (1 ± fc), respectively, showing that the 
greater the speed range the greater the power of the regulating machine. 
We can write 


and 


Pmax — -^0 "1" 


P min “Pq H= P max 2P^ 

NminlNjna,x = Pmln/Pmax = (Pmax — 2P;j.)/Pmax 
Pjfc/Pmax = — -^mln/-^max)* 


Giving iV^max/-^min ^ series of values we have the following relationship 


^mtkxj ^min • 

1-2 

1-6 

2 

3 

5 

10 

20 

60 

CO 

Pjfe/Pmax 

0-083 

0-167 

0-25 

0-333 

0-40 

0-45 

0-476 

0-49 

0-60 


Thus over a small speed range, say, up to 3 to 1, the value of Pj^ is 
approximately proportional to the speed range. 

The h.p per pole is intimately connected with the allowable value 
of the transformer voltage E^, The flux of a transformer is, for a given 
type, proportional to the kVA, and since an induction motor is 
fimdamentally a transformer it is possible to employ an empirical 
expression based on this, namely 

flux per pole O = fciVH.P./p/ 
where H.P. = synchronous horse-power 
p = number of poles 

f = supply frequency in cycles per second 

and 

ki = constant 

This gives H.P./p = 

We can simplify the equation for E^ to 

Et = Wa 

/. = VW 

or <D* = 

H.P./1, = E.^Kk^aT) X (//&!*) 

= \l(kjc^)^ X {E^ja^f) 

The presence of the term / in the denominator shows that, as with 
single-phase motors, a low frequency is an advantage. The dominant 

* J. E. Parton, “Polyphase commutator motors,” Trans. Inst. Eng. and 
Shipbuilders in Scotland, Paper No. 1167 (1952). 
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factor is the term and the following tabled shows how the values 
of HP.Ip and of O are controlled by the allowable value of E^. An 
examination of the figures shows that the value of H.P./p is approxi¬ 
mately proportional to Ef^ 


H.P. per pole 

<D (weber) 

Et per full-pitched turn 

1 

6 X 10-» 

1-11 

2 

7 X 10-* 

1-66 

5 

1*11 X 10-* 

2-46 

10 

1-67 X 10-* 

3*48 

20 

2-22 X 10-* 

4*92 

60 

3-6 X 10“* 

7*77 

100 

6 0 X 10-* 

IM 


Thielersf gives a somewhat different relationship, as follows— 

H.P .max /23 OC (1 + l/ff max )m{I,l2pmf) 

This can be deduced as follows— 

Transformer voltage E^ oc Ocr/ 

H.P. oc DHNBmeiii.n(cic) 

where D == rotor diameter 

I = rotor axial length, 

N = speed, 

-Smean = mean gap density over pole pitch, 

(ac) = ampere-conductors per unit length of periphery. 

/, H.P.gynch OC lyHNgR 

mean(^) 

If o'max is the maximum slip for speeds above synchronism 
H.P.max oc DHNg{\ O’max)^mean(^) 

OC (2)Z5mean)(I^(®o))(l + <^max)(//p) 

Z^ZJ^mean pO 
D(ac) oc 

and, since for a given rotor voltage ccljf 
D(ac) cc ml^lf 

H.P.max/p OC 0 (m/ 2 //)(l + 0’max)(//p) 
again O ccE,laf 

II*I^*max/z^ OC {EJ(rf){inl2lp)(l + l/Omax) 

OC ( 1+ l/(ymax)w(/2/jP)W/) 

* A. C. Lane, loc. cit. 

t G. Thielers, “The polyphase shunt commutator motor,** A,S.E,A, Joum, 
1 (1930) 98. 

34--(T.8i8) 
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This expression also shows that most favourable conditions are given 
when / is low. The term (1 + 1/crmax) shows that the output per pole 
is reduced as the range of speed is increased. The terms m and I 
must be taken together, since, as one increases the other decreases. 
The importance of an increase in m is that it decreases the current per 
brush arm, Ijp, and also decreases the reactance voltage, as explained 
previously. The two expressions for H.P./p, although dissimilar in 
form, are not contradictory, the first being based on a purely empirical 
expression in which the constant contains terms used in the develop¬ 
ment of the second. 

By using special windings of the type described previously Lane 
states that a Schrage-type motor could be built up to 1000 h.p. with 
12 poles, but that such a motor would not compete economically with 
other methods of obtaining the same speed range at the same output. 
He makes this comparison with the stator-fed machine—‘Tn the 
stator-fed motor the transformer volts vary with the speed. Provided 
then that they do not exceed 2 volts in the working part of the speed 
range, it would be possible to use higher flux values than those indicated 
(in the above table). The shorter the range, i.e. the less the departure 
from synchronism, the higher the flux permissible. The limitation 
then becomes that set by the permissible transformer volts upon 
starting and running up to the working range. Due to the short 
duration of this operation, transformer volts up to 5 or 6 are able to be 
handled without damage. Therefore a stator-fed motor with a balanced 
speed range of 3 to 1 or less could use about twice as much flux per pole 
as a Schrage motor, and with corresponding ability to handle large 
powers at high speed. The larger the speed range the less is this 
permissible increase of flux per pole, until, with say 10 to 1 or greater 
range, there would be no permissible increase.” 
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CHAPTER 27 


THE MEBCUBY-ABC BECTIFIEB OB 
CUBBENT CONVEBTOB 

The Mechanism ot Conduction. Consider an enclosure provided with 
two electrodes as shown in Fig. 27.1. If a p.d. is applied to the electrodes 
then current will flow only if there are charged particles capable of 


A 


\ 

{ & 


-► Electron, Motion 

< - Conventional Current 



• Electrons ® Ions o Norma,! Atoms, 

Fia. 27.1. Mechanism of Cubrent Conduction in a Two-bIiBctbodb 
Electronic Device 

producing current in virtue of their motion along the axis of the enclo¬ 
sure. If the enclosure is completely evacuated then there can be no 
current. Now let a number of electrons be introduced, as in Fig. 
27.1 (A), then these electrons will move towards the anode, thereby 
setting up a current whose conventional directions is opposite to the 
electron motion, that is, from anode to cathode inside the enclosure. 
When the electrons reach the anode they enter it and continue their 
motion as part of the electron gas of the electrical connections to the 
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anode. Eventually all the electrons will have entered the anode and 
the tube current will then cease. In order that the tube current may 
persist it is therefore necessary that new electrons shall be introduced 
into the enclosure to take the place of those entering the anode, and 
clearly these must be emitted by the cathode. One method of fulfilling 
this requirement is to raise the cathode to a high temperature, the 
method of thermionic emission. 

When the current is an “electron current” only, its magnitude is 
given by 

/ = 

where .4 = a constant of theoretical value 60*2 for most metals 

T = cathode temperature in 

B = another constant whose value depends on the metal and 
the nature of the atmosphere in which it is working 

I = emission current in amperes per square centimetre 

Imagine then that the device is connected to a battery as a source 
of p.d. and that the cathode is emitting electrons, at a rate decided by 
its temperature. Suppose, first of aU, that the p.d. is zero, then the 
emitted electrons wander about the enclosure at random, but there is 
no force to drive them into the anode surface, with the result that they 
form a cloud of electrons, the electron space charge, near the cathode. 
After a time electrons leaving the cathode will be repelled back to it 
by the space charge and an equilibrium thus set up. If a finite p.d. is 
applied then electrons can enter the anode, and a current thus set up 
round the whole of the circuit, as shown in Fig. 27.1 (-B). As the p.d. 
is increased the current will increase, and this will go on until the rate 
at which electrons enter the anode is equal to the rate at which they 
are emitted from the cathode. The device is then said to be saturated 
and the current is the maximum for the particular filament tempera¬ 
ture. To increase the current the filament temperature must be increased 
or, alternatively, the cathode material must be such that it gives a 
greater emission of electrons at a given temperature. 

It will be obvious that such a device can be used for the rectification 
of alternating current because of its unidirectional conductivity. So long 
as the current fiow inside the tube is due to the motion of electrons 
only, then the current is very small and the tube impedance high. 
For the supply by rectification of direct current for traction purposes, 
or for industry, currents of the order of hundreds of amperes are 
required, and tube impedances must be reduced to the minimum possible 
value in order that high efficiency and good voltage regulation may be 
secured. For this purpose it is necessary to introduce a chemically 
inert gas or vapour, as, for example, mercury vapour. Now consider 
the application of a p.d. to a device containing mercury vapour and 
some free electrons. The mercury atoms in the normal state are 
electrically neutral, and consequently they have no tendency to move 
in any particular direction. Thus their motion is the random motion 
due to the thermal state of the enclosure and also to collisions with 
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other particles. On the other hand the free electrons, acted on 
by the potential gradient, will acquire a progressively increasing 
velocity so long as their motion is not impeded. After travelling a 
certain distance, of average value decided largely by the vapour 
pressure, collision with a neutral atom will take place, and if the 
collision is of sufficient violence the valency electron of the atom will 
be removed, thereby converting the atom to a positive ion, and at the 
same time producing an additional electron.* There are then three 
charged particles, namely two electrons and one positive ion, in the 
place of the original electron, the conductivity of the path between the 
electrodes thus being greatly increased. The two electrons, acted on 
by the potential gradient, move towards the anode and when they 
have acquired sufficient velocity they will again take part in collisions 
with neutral atoms of sufficient violence to produce ionization. The 
ions wiU move towards the cathode at a much smaller velocity because 
of their mass but will nevertheless contribute to the total current. 
Thus, whereas the current in a metallic conductor is due to the axial 
drift of electrons only, the current in a gas or vapour filled electronic 
device is due to two components (a) the electron current and (6) the 
ion current. This is illustrated in an elementary way in Fig. 27.1 (C). 

It wiU be obvious that, unless it is deliberately restricted, the 
process of ionization by collision is cumulative, the number of particles 
associated with either positive or negative charges increasing at a rapid 
rate. The phenomenon is called an “electron avalanche,’* a few of the 
stages being shown in Fig. 27.2. It is clear that the ejBFect of the electron 
avalanche is to increase the current at a very rapid rate until conditions 
of near short-circuit are produced. If the electrodes are not able to 
deal with the corresponding emission, or acceptance, of electrons then 
the device will be destroyed, a well-known example being the behaviour 
of a small neon glow lamp when the limiting resistance is removed. 
The effect is to allow a rapid increase in conductivity which converts 
the discharge from a glow discharge to an arc, and so the lamp is des¬ 
troyed. In the rectifier the maximum conductivity is encouraged. 
As explained previously, the electrons, when they reach the anode, 
enter it, and so become part of the external current. Where the 
enclosure contains electrons only a negative space charge is produced 
in the neighbourhood of the cathode and this has the effect of producing 
a saturation effect and so limiting the current. When a gas or vapour 
is present, some of the ions, when they encounter the electrons, re-com¬ 
bine with them to form neutral atoms again, and in this way tend to 
eliminate the effect of the negative space charge.! 

Again, the ions, if they are in sufficient numbers can form a positive 
space charge in the immediate vicinity of the cathode, the effect being 
to pull the electrons from the surface layers of the cathode. The 
emission of electrons by this means is known eis field emission, and it is 

* Collision processes are discussed in greater detail on p. 823 

t Recombination takes place mainly near the electrodes and the inner surface 
of the enclosure. In the other regions the effect of the negative space char^ is 
partially ofiGset by those electrons which pass sufficiently close to the positive K>ns. 
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so eflFective that the cathode can he operated at a considerably lower 
temperature than if the emission were due to cathode temperature 
only. Thus the so-called “cold-cathode’' devices depend largely on 
field emission, but, where there is a gas or vapour present, the tempera¬ 
ture may be raised sufficiently high to provide thermionic emission as 
well, even though the cathode is not deliberately heated by the passage 
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Fig. 27.2, Stages in the Production of an Electron Avalanche 

of a heating current. This is because those ions which do not recombine 
with electrons before they reach the cathode, fall into it at high velocity 
and thereby raise the temperature by impact. The ions then recombine 
with electrons at the cathode surface, they do not enter it in the way 
that electrons enter the anode. 

From the above description it will be clear that, so long as the cathode 
can only emit electrons, but not accept them, and that the anode can 
only accept electrons but not emit them, the conductivity must be 
unidirectional and correspond to the conventional direction of current 
flow within the device from anode to cathode. It is this property 
which is utilized in the mercury-arc rectifier. 

Influence of fhe Vapour Pressure. The vapour pressure decides the 
relative magnitudes of the positive ion concentration and electron 
concentration in the arc path. This relative concentration determines 
the anode voltage, and for a given anode current, the anode voltage 
is a minimum when the ion concentration and electron concentration 
are about equal, the reason being that this condition gives the optimum 
mutual space-charge neutralization. Fig. 27.3 shows in a general way 
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the efifeot of vapour pressure on the performance of a gas-filled diode.* 
Curve 1 is for a vacuum, curve 2 for a very low vapour pressure, curve 
3 for a higher vapour pressure. At a pressure giving the characteristic 
of curve 3, the anode voltage is almost constant and independent of 
the anode current. This is because of equal ion and electron concentra¬ 
tions, resulting in a small potential gradient in a large proportion of 
the arc path, extending from . 

the anode almost up to the / 

cathode. This region is called the / 

plasma and it consists not only / ^ 

of ions and electrons in about / 

equal concentrations, but also ^ 
of neutral atoms, and of atoms ^ 
which have accepted energy ^ / / 

increments through collision, but 'q ///^ —'N. 

not of sufl&cient value to produce ^ n. 

ionization. These atoms are said 
to be in an excited state, and it /// 

is their return to the normal state / 
which results in the emission of / 

radiation from the plasma, t -!! I 1 

The very smaU potential ^ad- ^ 
ient along the plasma imparts 27.3. ^ode-voltaob/Anodb- 

to it a charactenstic flexibihty, Diode at Different Gas 

in fact the plasma can be regar- Pressures 

ded as a flexible connection 


between anode and cathode, a property which is utilized in the 
multi-anode rectifiers discussed later in this chapter. 

We have seen that ionization can only take place if the collisions of 
electrons with neutral atoms are sufficiently violent, i.e., if the electrons 
are accelerated to a sufficiently high velocity. This requires that the 
anode voltage shall be greater than the ionization voltage. This latter 
is a characteristic of the gas or vapour, a few values being: helium 
24*56, neon 21*56, argon 15*75, krypton 14*00, xenon 12*13, mercury 
vapour 10*43. These values illustrate the great advantage of mercury 
vapour. Other advantages are (a) the great mass of the ion favours the 
emission of electrons by the process of cathode bombardment, (6) the 
cathode itself can be a mercury pool and thereby indestructible so long 
as the enclosure is not destroyed, (c) mercury evaporating from the 
cathode surface condenses on the walls of the enclosure and returns by 
gravity to the cathode pool. Thus, in contrast to “hot-cathode’’ 
devices, the electron emission does not diminish with time. 


Arc Volt Drop. The total volt drop between anode and cathode is 
made up of three components, namely— 

♦ See M. J. Druyvestign and F. M. Penning, “Electrical discharges in gases.** 
Rev. Mod. Phya. 12 (1940) 87-174. 
t See p. 822. 
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(а) Th^ drop (U the calhode. This is largely due to the high potential 
gradient in the immediate vicinity of the cathode due to the positive 
ionic space charge, and the product of this drop with the current 
gives a component of energy which has to be dissipated at the 
cathode. In addition, as the cathode is a mercury pool, additional 
energy, necessitating an additional component of the cathode drop, 
is required for the evaporation of mercury. The cathode drop is 
practically independent of the current, its value being from 7 to 
9V. 

(б) The arc drop proper. This is the drop in the plasma, its value 
ranging from 0-05 to 0*2 V/cm. A good average value is 0*1 V/cm. 
Thus for a plasma length of I cm the plasma drop is 0-1 i volts. 

(c) The drop at the anode. Since the electrons enter the anode 
there is a tendency to form a negative space charge of waiting 
electrons. The repulsion of this on approaching electrons has to be 
overcome by a third component of the total volt drop. Its value is 
about 6 V. 

The total arc drop is thus of the order (14 + 0*1 Z) volts, and since Z 
is a constant for a given rectifier it follows that the arc drop is sensibly 
constant in that it is practically independent of load current. 

Cionstraction. The enclosure can be either a glass bulb or a steel 
tank. The former type is used for relatively small outputs, a limit 
being set by the intricacy and cost of very large bulbs. The limiting 
output is therefore of the order of 600 A at 600 V. The cathode is a 
mercury pool and the anode head can be of fine-grain cast iron or of 
graphite. We have seen that there must be free electrons present before 
an arc can “strike” and consequently provision must be made for the 
necessary supply of these when the rectifier is started up. The process 
is called “ignition” and it consists merely in producing a small arc 
close to the cathode surface by means of a special ignition anode. This 
anode is brought into contact with the mercury pool thereby closing 
an auxiliary circuit and causing current to flow. This circuit is then 
broken at the mercury surface, the resulting arc “igniting” the rectifier. 
This can be performed in various ways— 

(а) By tilting the rectifier so that the displaced mercury comes into 
contact with the ignition electrode, and then returning the rectifier 
to its normal position. This method is now practically obsolete. 

(б) By lowering the ignition electrode to the mercury surface and 
then raising it. This is carried out by means of a solenoid. 

(c) By the “pinch” effect, in which the electromagnetic forces 
produced by the current itself cause the required break in the circuit. 

(d) By means of a small mercury jet thrown up from the mercury 
pool so as to make contact with a fixed ignition electrode. 

In addition to ignition, provision has to be made for “excitation,” 
that is the maintenance of an arc under conditions of no-load as far as 
the output circuit is concerned. This is provided by two auxiliary 
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excitation anodes,* which enable the rectifier to supply a small single¬ 
phase load, thereby maintaining the conditions necessary for the 
creation of an arc to the main anodes when required. For ignition by 
the pinch effect the ignition electrode is situated close to the mercury 
pool cathode, as shown in Fig. 27.4, and the additional components 
of the ignition and excitation circuits are the exciter-ignition trans¬ 
former, exciter choke and ignition relay. The exciter-ignition trans¬ 
former has its primary connected to a tertiary winding on the main 

Main Anodes 



Fig. 27.4. Ignition and Excitation Ciboxtits of Glass-bttdb Bbotifieb 
{Nevelin Electric Supply Co .^ Ltd .) 

transformer and becomes energized immediately the set is switched on. 
Voltages are now induced in the two heavy-current secondary windings, 
one of which supplies the mercury pinch bridge between pool and igni¬ 
tion anode, via the ignition relay contact: the other feeds the thermal 
strip via the ignition relay and pinch bridge. These two windings 
cause a heavy current to flow in the pinch bridge in which the con¬ 
ductor, being mercury, and therefore in the fluid state, reduces its 
cross-section to such an extent that actual rupture takes place, resulting 
in a heavy spark which creates the necessary conditions for the striking 
of arcs to the excitation anodes. Before rupture, the mercury bridge 
can be regarded as made up of a large number of paths in parallel 
and all carrying current in the same direction at any one instant. 
Such conductors exert lateral attraction on one-another, and conse¬ 
quently if lateral motion is possible, as with a fluid conductor, the 

* It will be seen from the connection scheme of Fig. 27.4 that these are con¬ 
nected as a full-wave rectifier. 
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cross-section is reduced until rupture takes place. The cun*ent now 
flows in the ignition coil, causing the contacts to open and discon¬ 
necting the pinch bridge from its source of supply. If, for any reason, 
the depth of mercury is too great for rupture to occur, the thermal 
strip becomes rapidly heated and, in a few seconds operates the trip 
mechanism and thereby opens the ignition relay contacts. 

Mercury jet ignition is illustrated in Fig. 27.5 (5). It will be seen 
that, at the bottom of the mercury pool, immediately below the fixed 
ignition anode there is a tube with an annular iron plunger actuated 
by a solenoid. The plunger is the only moving part and it is acted on 
by the downward pull of the solenoid or by the upward thrust of the 
mercury in which it is immersed. When the rectifier is energized the 
plunger is sharply pulled down and the mercury beneath it forced 
upwards through the central tube in the form of a jet. This closes the 
circuit of the ignition anode and then, in falling away, breaks the circuit 
and sets up the necessary arc. If the excitation electrodes do not im¬ 
mediately pick up, the process is repeated through an excitation relay 
until they do. The solenoid circuit is then automatically opened. 

CoNSTEUCTiONAL DETAILS. For outputs greater than those possible 
with glass bulbs the steel-tank construction is adopted. A typical 
construction is shown in Fig. 27.5. Fundamentally, there is no differ¬ 
ence between the two types, the essential components such as mercury 
cathode, main anodes, ignition device and excitation anodes and circuits 
being common to both types. In the glass-bulb types the anodes are 
usually cooled by a motor-driven fan, and this method is also used 
with modem steel-bulb rectifiers of small output. Anode radiators are 
used with steel-tank rectifiers of large output. Since the inlet glands for 
the electrodes are of large size, considerable difficulties were encountered 
in trying to make these tight, since the vacuum must be maintained 
at about 0-01 mm of mercury. One arrangement is a combination of 
asbestos packing with mercury sealing. In order to maintain the 
vacuum, the rectifier was, at one time, supplied with a direct-connected 
motor-driven air pump. It is now possible to build medium-sized steel 
tanks which will maintain their vacuum for several years without the 
necessity for frequent pumping. Then, where necessary, the vacuum 
can be restored by portable pumping units.* A second constructional 
difficulty was that of cooling the anodes. If the anodes reach too high 
a temperature due, say, to continuous overloading, they will send off 
electrons just as the cathode does. As a result, the current will flow 
in both directions, destroying the valve action and constituting a short- 
circuit. Thus, efficient cooling of the anodes is essential. The greatest 
difficulty has been the elimination of the possibility of short-circuits. 

Internal short-circuiting can be caused by back-firing or cross-firing 
which is the result of a failure of the rectifying action. From what has 
been said, it will be clear that rectification can only take place if the arc 
continues to rotate round the ring of anodes, and to remain with each 
anode only for the correct length of time. If any of the anodes become 

* Modem seals of vitreous enamel give vacuum-tight joints with adequate 
insulating properties. 





Fio. 27.5. Rectiiteb Ignition^ Abbaitgements (EnglithEUi 
Sections of pumpless steel-tank mercury rectifier {left) and automatic ignition system (righty. 
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overheated they may emit electrons themselves and thus try to act as 
cathodes. Irregular firing commonly takes place when starting up 
from cold, and this is due to small globules of mercury which have 
condensed on the anodes. These are converted to vapour when the 
anodes are warmed up so that the trouble is only temporary. The 
anodes were usually made of iron but graphite is now preferred because 
at working temperatures of 400-~600®C impurities or occluded gas in the 
iron might lead to arc-back or loss of vacuum. Neither substance is 
wetted by mercury, and, in addition, the number of electrons emitted, 
even at the working temperature, is negligible. 

Back-firing and cross-firing are hindered by shielding the anodes from 
one another, and from the cathode. With the glass-bulb type this 
shielding is effected by housing the anodes at the ends of long extensions 
to the bulb, which are given one, or sometimes two right-angle bends. 
With the steel-container type the anodes and the mercury pool are 
fitted with insulating shields. 

Backfires are very rare on modern rectifiers under normal service 
conditions but may occur for the following reasons— 

{a) Poor vacuum. This is a rare occurrence, but it may develop 
after many years of service due to a seepage or gas release, or to 
accidental damage. Modern materials, manufacturing techniques, 
and leak detecting methods ensure that the rectifier envelope will 
maintain extremely high vacuum for many years. In steel tank 
rectifiers there is a considerable “gas clean-up’’ effect, any gas 
present being adsorbed into the surface of the rectifier. Thus gas 
clean-up can be a desirable feature in a rectifier, but undesirable in 
the case of an electric discharge lamp. 

(h) Overheating, This may be due to overloading or restricted 
ventilation. As with all kinds of electrical plant it is avoided by giving 
the rectifier adequate rating for its duty and by adequate ventilation. 
Backfires may be eliminated from this cause by a temperature- 
measuring device in contact with the rectifier, to give an alarm or 
automatic load disconnection should high temperatures be reached. 
In the rectifier of Fig. 27.5, it will be seen that the tank is supplied 
with fins and that it is also surrounded by an external cylindrical 
enclosure. A motor-driven fan at the bottom of this enclosure 
forces cooling air up the annular space between rectifier and enclosure. 
The main anodes are at the ends of arms which project through the 
enclosure and each is provided with a set of cooling fins. 

(c) Impurities in the graphite anodes. This is most unlikely with 
the very high purity graphite now in use. 

(d) Mercury condensing in the anode areas. This is avoided by 
designing for controlled temperature gradients and by the provision 
of drip shields for the anodes. In exceptional conditions, particularly 
for higher voltages, anode area heaters may be used. Every mercury- 
arc rectifier has an area segregated from the main arc path, in which 
the majority of the mercury evaporated at the cathode is condensed. 

(e) Impact of jets of mercury vapour, drops of mercury, or 
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radiation from the cathode. This is avoided by placing the anodes 
in separate bent arms, or, in some designs, in separate tubes pro¬ 
jecting into the main cylinder with the inner ox)enings screened. 

The efficiency of the rectifier is high, the maximum value being at 
about three-quarters of full load, and only falling off appreciably below 
one-quarter. It is thus superior to any running machinery, even the 
rotary convertor. 

If the current ceases for an interval of time as short as 1 X 10~* sec, 
it is sufficient to cool the “cathode spot,” which is the name given to 
the highly luminous cathode end of the arc, and thus stop the emission 
of electrons. Means must therefore 
be provided to prevent this occur¬ 
ring, the usual method being, as we 
have seen, to have a separate 
“exciting” anode worked from a 
separate external source. Cooling of 
the cathode spot can also be preven¬ 
ted by placing a choke in the d.c. 
circuit. This has the effect of pro¬ 
longing the half-waves of current, 
with the result that the alternate half-waves overlap, and the resulting 
direct current never falls to zero. This is shown in Fig. 27.6 for a single¬ 
phase full-wave rectifier. 

Even without this choke the transfer of the electron stream from 
one anode to the next cannot be instantaneous because the current 
changes associated with the transfer, combined with the appreciable 
inductance of the circuits, result in an inductive drop which opposes 
the change. In addition, the ionized mercury vapour has a tendency to 
remain in the neighbourhood of an anode for an interval of time which, 
although very small, is comparable with the period of commutation. 
This effect sets an upper limit to the frequency at which this type of 
rectifier can be operated, this limit lying between 2000 and 5000 c/s. 


i 'i -U./4/wtfe 

i : N i 

4 _ I ^ \Anaefe 

■> i I I ” ■ 


\Current 


Fig. 27.6, Wavefobms of 
Bectified Cubbents 


Single-phase and Three-phase Rectification. The rectifier can be 
operated with any desired number of phases and Fig. 27.7 shows two 
methods of operation with single-phase supply. In the first figure 
there is only one anode, and, consequently, as current can only flow 
through the rectifier from anode to cathode, it follows that the external 
load wOl only carry current during those half-cycles when the anode 
is positive with respect to the cathode pool. In other words, only 
alternate half-waves are utilized, the rectifier therefore being called a 
“half-wave” rectifier. 

In the second figure the load is taken to a centre tapping on the 
transformer secondary, with the result that each half-wave is utilized, 
the current stream being from anode to cathode K when A^ is 
positive with respect to the cathode pool, and from A^ to K when A^ 
is positive with respect to it. In other words, the arc switches over 
from one anode to the other at the end of each half-cycle. Thus both 
half-waves are utilized and the rectifier becomes a “full-wave” rectifier. 




duction period, at a potential of (V2F — rectifier p.d.) above the 
neutral point of the transformer (where V is the r.m.s. input voltage). 
This potential therefore appears across the load “resistance’’ during 
conducting periods. 






Ch. 27] THE MERCURY-ABO RECTIFIER 719 

In the three-phase rectifier there are three anodee, Kg. 27.8, and 
since none of the phases has a centre tapping, the rectifier can be 
regarded as three half-wave rectifiers combined, the three components 
of the total load current having the usual three-phase mutual dis¬ 
placement of 27r/3 radians. Now the arc will only pass between an 
anode and the cathode when that particular anode is at a higher 
potential than the others: as soon as the next anode in the sequence 
attains a potential higher than the first, the arc is immediately trans¬ 
ferred to this second anode. Again, on examining the waves of secondary 



voltage, we see that intersections occur at intervals of 27r/3 radians, 
and this shows that each anode only carries current for 27 r/ 3 , or one- 
third of a cycle, and not for one-half cycle as in the case of the single¬ 
phase rectifier. 

If the anodes are arranged in a circle round the cathode, as is usual, 
then the rectifier can be regarded as a rotating switch which makes 
one complete revolution in each cycle and which maintains contact 
with each anode for one-third of a cycle per revolution. This is, in 
fact, the best way in which to regard the polyphase rectifier, and it is 
important to note that the rectifier is not in any way the seat of the 
energy supplied to the load. This energy comes from the transformer 
secondary, and therefore originally from the a.c. supply. On comparing 
the curve of load current with either of those obtained from a single¬ 
phase rectifier, we see that an increase in the number of phases very 
appreciably diminishes the percentage variation. 

Still further improvement is effected by a three-phase full-wave 
rectifier, as shown in Kg, 27.9. The supply to this rectifier is shown as 
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double star, which means that each phase is, in effect, centre-tapped, 
and, as a result, we can regard the rectifier, supplied in this manner, 
as a combination of three single-phase full-wave rectifiers. To obtain 
the curve of load current, we therefore draw the waves for the three 
phases each with the negative half reversed. This gives intersections 
27 r /6 apart, showing that the period of commutation, i.e. the time 
during which the arc remains at any one anode, is now only one-sixth 
of the periodic time. 

Voltage and Current Relationships. Let Ej, = r.m.s. secondary 
voltage/phase. Then, with the origin at 0, Fig. 27.10, we have 

e = Em&x cos 6 = '\/2Ej, cos 0 

for the mean d.c. voltage, we have, for an m-phase rectifier, 

m 

Enc = X cos fl . dfl 

J-nim 

= ^2Ej, X (m/27r) X 2 sin (7r/m) 

= '\/2Ej.(ml7T) sin {Trim) 



Fig. 27.10. To Illustrate Fig. 27.11. To Illustrate Current 

Voltage Ratio Ratio 


Actually the terminal voltage will be the above, less the sum of 
the drops in the rectifier and in the transformer. 

Example. The full-load terminal voltage on the output side of a 
six-phase rectifier is to be 1500 V, and the sum of all the drops is 25 V. 
Calculate the transformer secondary phase-voltage. 

Vj ) Q = y / 2 Ej ,( ml 7 T ) sin (7r/m) — (sum of drops) 

1500 = V^Ep(6l7r) sin 30 - 25 
V2^p(3/7r) = 1525 

Ej, = 1525 X 7T|3^/2 = 1130 V 

In calculating the current relationship, we have to note that the 
rectified current is supplied in turn by each secondary phase of the 
transformer, and that this current persists in each phase only for 
27r/m of a cycle per cycle. The secondary current is thus in the nature 
of a series of intermittent blocks, as shown in Fig. 27.11. The mean 
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current per phase is thus Ijnol^> while the r.m.s. current is I 
Thus with a six-phase rectifier 

•^mean = IdcI^» while /t^ mh ~ I 

Nature of the Anode Currents. In determining the expression for the 
current ratio we assumed that the anode current consisted of a series 
of rectangular blocks The underlying assumption is that the output 
current is a perfectly steady current. Although this is not strictly 
correct, even with multi-anode rectifiers, it is a useful assumption to 
make when investigating the physical nature of the phenomena. In 
determining the nature of the currents in the transformer-rectifier 
combination we have to note that the rectified current is supplied by 
each secondary phase in turn. Consider first of aU a 3-anode rectifier 
with delta-star transformer connections. The rectified current exists 
in each phase for only 27r/3 of a cycle per cycle. This follows from 
Fig. 27.8. The anode currents, and therefore the secondary phase 
currents, are in the form of positive current blocks, as shown in Fig. 
27.12. The directions of these are from anode to star point, as shown in 
the key diagram of Fig. 27.13, and each secondary current, /g.j, /g.g, and 
/g.s, while flowing, will be balanced by a corresponding primary current 
/i.i, /j.g, and /i.g. We will adopt the conventions that these currents 
are reckoned positive when they flow from the line to the transformer 
winding, and according to this, the primary phase currents also con¬ 
sist of successive blocks of positive Section current. This illustrates 
an objectionable feature of the method of transformer connection under 
consideration, namely, that it results in static magnetization of the 
core. 

To determine the line currents, consider each of the three periods 
of 27 t/ 3 in turn. During the first period. Fig. 27.13 (2), anode 1 is 
conducting and the current /i.j flows from the R line though phase 1 
and directly to the B line. Hence during this period Ij^ is positive and 
Iff negative. 

During the second period, in which anode 2 is conducting. Fig. 
27.13 (3), we see that /y is positive and Iff negative. During the third 
period, Fig. 27.13 (4), Iff is positive and I^g- negative. During the three 
periods we therefore have 

Period 1. Iff +, ly = 0, Iff — 

Period 2. Iff ly +, = 0 

Period 3. = 0, ly —, Iff + 

These give the diagram of primary line currents shown in the lower 
portion of Fig. 27.12. 

Now consider the case of a 6-anode rectifier supplied by a delta-star 
transformer with diametrical connections, which gives full-wave 
rectification for each phase. The circuit diagram is given in Fig. 27.14, 
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in •which the voltage sequence is indicated by the clock diagr^. 
During their conducting periods, anodes 1,3 and 5 are at the potentials 
of the voltages Vi, Fj, and V^, while anodes 4, 6, and 2 are at the 
potentials of Vi, Vg', and Vg, these being the reverse of the potentials 
Vg, Vg, and Vg respectively. In the circuit diagram the terminals 



Anode 

Voltages^ 


Anode and 
Seconda ry 
Fhase Currents 


Primary 
Phase Currents 



Primary 
^ Line 
Currents 



Fio. 27.12. CuBBENT Diaobam fob the Cibcuit of a Thbbe-anode 

CONVEBTOB WITH DeLTA-STAB TbANSFOBMEB CONNECTIONS 


11', 2 2', 3 3' are the ends of the three secondary phases and therefore 
the anodes to which they are connected have to correspond with the 
numbering on the clock diagram: the anode numbers are enclosed in 
circles. The investigation of the current changes can now be made as 
before. 

When anode (1) is conducting, the secondary current, Jg.^, flows 
from N to terminal 1. Adopting the same convention as before the 
primary phase current acts downwards and is therefore positive, 
thus mal^g +> —» while /jr is zero. 

When anode (2) is conducting, acts from N to the terminal 3' 
with the result that the balancing current in the primary, acts 




Primary I, .2 Ijs 


hi 




(3) Anode 2 Conducting (4) Anode 3 Conducting 


ly f ; /o- 


h ^ ? i'r “ 


Fig. 27 . 13 . Ssquenoe of Cgbrent Changes During One Cycle 
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upwards. By the same convention it is therefore reckoned negative, 
and we then have = 0, / jr + and . Similarly when the other 
anodes are conducting. We can tabulate as follows 


Anode 

Primary phase 

Line Currents 

conducting 

current 

R 

Y 

B 

1 

positive 

Jr + 

4 = 0 

4 = 0 

0 

1 1 11 + 

2 

/j.g negative 


3 

positive 

Jr- 

Jr + 

4 

■^ 1*1 negative 

+ 11 1 
0 

4 = 0 

5 

/j.g positive 

Jt- 

II + 
0 

6 

/j.g negative 

Jr- 


These results are shown graphically in Fig. 27.16. Referring to the 
diagram of primary phase currents we see that during the six periods 
of 27r/6 into which the complete cycle is divided the currents are, in 
sequence, + /i.i, — /j.g, + — /i.i, + / 1 . 3 , — With respect 

to the closed delta, this corresponds to a current of three times line 



Anode ©Conducting Anode ® Conducting" 

Ir+ J 1b ly 


Fig. 27.14. Cxjurent Changes in a Six-anode Bbotifier with 
D iAMETRicAii Connection, a Full-wave Star Connection 

The positive direction of the primary phase current is reckoned downwards, and 
the negative direction upwards. 
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frequency, showing that an alternating m.m.f. of triple frequency is 
superposed on the normal supply frequency m.m.f. ‘ 


Meet ol Transfoimer Reactance. In practice, the current blocks 
flowing in each anode circuit cannot have the rectangular shape of 
Fig. 27.11 because the leakage reactance of the transformer windings 


Sequence of Anode Conduction 
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Fig. 27.16. Cukbbnt Diaobam fob Six-anode Convebtob with 
FxjIiL-wavb Connection 


(a) prevents an infinitely high rate of rise of current at the commence¬ 
ment and ( 6 ) prevents an infinitely high rate of fall of current at the 
end. Consider again a three-anode rectifier, for simplicity. The anode 
voltages overlap, as shown in Fig. 27.16. Now consider the instant 
This is the instant of overlap of anode voltages 63 and Cj, so that 
without reactance, the current I^ would be established suddenly, as 
shown by the dotted block of current /j. Actually the current rises 
gradually. At the instant the voltage is on the point of becoming 
greater than so that, without reactance, should be extinguished 
immediately and tg established suddenly. In practice dies away 
gradually while is established gradually, with the result that there is 
a current overlap. This, of course, means that for the duration of this 
current overlap both anodes are carrying current, but that there is a 
gradual transfer from anode 1 to anode 2 . Also during the overlap, 
the voltage at any instant will be the mean of the instantaneous values 
of Cj and Cg. Thus at instant it will be e^', while at instant ^3 it wfil be 
63 ^ where 63 ' is the mean of the instantaneous values of and 63 , for 
this particular intersection. 
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From the point of view of output voltage this means that the shaded 
triangular pieces are cut out of the voltage waves, the mean d.c. 
voltage thus being the mean of the heavy line curve. This has the 
effect of making the output voltage somewhat less than the value given 
by the e.m.f. equation. 

Denote the angle of overlap by a electrical radians, then a is the 
angular extent of the shaded triangle in Figs. 27.16 and 27.17. During 


_u!Lj_u£2j_l^lj_ lJu _i 



Fig. 27 . 16 . Illustbating thk Ovekuap dtje to 
Tbansfobmer Reactance 

the period of overlap the mean rectified voltage is the mean of the vol¬ 
tages and in Fig. 27.17, namely (e^ + €2)12. The voltages and 
62 now refer to the anode voltages and not to the particular instanta¬ 
neous voltages of Fig. 27.16. During the remainder of the period 
27 r/m, namely during (27r/m — a), the rectified voltage follows the 
anode voltage wave. Now the curve AB has the equation 

e == + ^ 2 ) = J^max (cos jS + cos y) 

the values of P and y being decided by the point taken as the origin. 
We will take the point 0, Fig. 27.17, corresponding to the point of 
intersection A of the waves of anode voltages and C2. Then 

Cl = Ejn&x cos (6 + Trim) 

62 = Ema.x cos {d — nlm) 

This latter equation also refers to the period subsequent to overlap, 
namely from 0 to 27r/m. Hence the mean rectified voltage is given by 

m r r* 

Vdo ~ 27 T I J € 2 )dO + J 62^0 
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= S. [l CO, (9 + £) +1 (e - 


= {ml'2m)Ejaa.JA [sin (6 + w/m)]" + i [sin (fi — w/m)]* 

+ [sin (0 — 




Fig. 27 . 18 . Conditions dxjbino 
Short Circuit 


This reduces to 

{ml27T)Em&x cos a sin {vim) + sin {v/m) 

== 2(m/27r)^/inax sin (7r/m)(l + cos a) 

= {mlv)Ejasi,x sin (77/m) cos^ (a/2) 

= {^/2m|v)EJ^ sin {vim) cos^ (a/2) 

Summarizing, we see that the d.c. terminal voltage of a rectifier on 
load is less than the no-load value for the following reasons— 

(1) The internal drops, made up of cathode drop, anode drop, and 
arc ^op. 

(2) The resistance of the transformer windings. 

(3) The resistance of the smoothing chokes, not shown in the 
diagram of connections. 

(4) The cutting out of the shaded portions of the voltage curve due 
to the effect of transformer reactance. 

Calculation of the Overlap. It will be obvious that the angle a 
will be dependent on the transformer reactance: it can be determined 
as follows. The period of overlap is a period of short-circuit, since two 
anodes are conducting. Fig. 27.18 indicates that the voltage acting 
round the short-circuit path is (ej — eg). This voltage has to overcome 
the reactance voltage of two phases in series, showing that the reac¬ 
tance voltage per phase 

C«t = K®! - *2) 
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= {®max/2) [cos (fl — w/m) — cos (8 + tt/wi)] 

= Emax sin ('irlm) sin d 

Hence short-circuit current 
i. = eJZ 

= (EjoaxIN) sin {irlm) sin (6 — 7r/2) 

its amplitude thus being (Eiaa,xlN) sin tt/ot. 

Note that for the shaded overlap of Fig. 27.17 the arc is about to 
move to anode 2 only, so that the short-circuit current is the commence- 



Fig. 27 . 19 . Effect of Short-cibcuit Current on the Starting and 
Stopping of the Current at the Anode 


ment of the block of current ig- Hence we regard Cg as positive and 
as negative; thus 

= i {^2 + reversed) 

The circuit of the short-circuit current is almost purely inductive, so 
that we can regard the current as being in qua^ature lagging with 
the voltage eg.. This gives the phase relationship shown in Fig. 27.19 
and the portion of the wave of within the angular width a is the 
initial portion of the current of anode 2. The overlap being the result, 
while the transformer reactance is the cause, we require an expression 
for a in terms of Xj, the reactance per phase. 

We can write 

— (Emsixl^) sin (nfm) cos a* = — /,.max cos 6 

During the periods of overlap the anode current can be regarded as 
being equal to the appropriate value of the short-circuit current with 

* 8ee H. Rissik, Mercury Arc Current Convertors, Chap. III. Pitman, London. 
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a steady direct current superimposed. For the anode currents and 
we can thus write ^ 

= (d — ig) and = {B + ig) 

= ^ + 4, max cos 0 
B ““ ^ 4 ,max COS 0 

when 0 = 0 ^^ = g and ig = 0, showing that 

~ — ^«.max 

B = ^4 max 

h = ^d.c — ^Vmax (1 — cos 0) 

^2 ~ ^ 4 .max (1 — cos 0) 

Now when 0 = a, 1*2 = Ia,c 

• • ^dc = ^4. max — ^ 4 .max COS a 

cos a = 1 — IdclKm&x 

= 1 — c^/j&max sin (Trim) 

Example. Calculate the drop in d.c. voltage in the case of a six- 
anode rectifier working with an overlap of 25 ®. 

cos a = 1 — /dc^/^max sin (7r/m) 
lacX = -Emax (1 — COS a) sin (7r/m) 

= y/ 2 Ej, [sin (tt/G) — sin (tt/G) cos a] 

= Ej,X ^2(0-5 - 0-6 X 0-9061) 

= 0-066J^7^ 

The average of this over the period of 27T/m 

= (0-066 X 6/27r)i2^p = 0-063Jg7^ 

Suppose for example that Ej, = 1130 V, as in the previous example, 
and that there is an arc drop of 25 V, then sum of volt drops 

= 25 + 0-063 X 1130 
= 96-2 V 

Voltage Regulation. Denote by E^c the output voltage given by the 
equation on p. 720, that is, neglecting all the causes of volt drop. Then 

^dc = \^2Ej,(ml7r) sin (7r/m) 

Now, even on very light load there must be an arc with its associated 
drop, and if we denote by Fdc.o output voltage at the lowest current 
the rectifier can supply without ceasing to function 

Vdc.O = ^dc-^a 
Vfg = the arc drop 


where 



730 


ELECTRICAL TECHNOLOGY 


[Ch. 27 

There are two other volt drops, namelythe drop due to transformer 
reactance, and that due to transformer resistance. Hence, on load 

^do ^ {^dc ^a) '^r 

~ ^dc.O 

In the previous example 

1130 V 

Eac = X 1130 X (G/tt) sin (tt/G) 

= 1525 

Vac.i, = 1525 - 25 = 1500 V 

We have seen that = 71*2, and we will assume that = 5. Then 
Vac = 1500 - 71*2 - 1429 V 
Percentage regulation 

= 100[(Vx + Vr)l{Eaa - V,)] 

= 100[71*2/(1525 - 25)] = 4-75 per cent 



Fig. 27.20. To Illustbate “Slipping of the Neutral” with 
Star-star Connection 

Star-connection of the Transformer Primary. So far we have dealt 
with simple star connection of the transformer secondary phases, but 
in each case with a delta-connected primary. Suppose that the 
primary is star connected. Consider the case of a three-anode rectifier, 
the circuit will then be as in Fig. 27.20. During the time that anode 
1 is conducting, the primary phase E is loaded, while phases Y and B 
merely act as choking coils. Also the load current in phase R draws 
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currents of one-half its value from the Y and B lines, since the resultant 
current at must be zero. These currents, flowing id the Y and B 
phases set up large potential drops in the phases because of the high 
impedances, the vector diagram of potential distribution therefore 
being modified by the displacement of the neutral point from 0 to 0\ 
The voltage of the red phase is thereby reduced from the correct value 
OR to a much reduced value O'R, resulting in distortion of the primary 
current distribution and in poor voltage regulation. 

This phenomenon is called “slipping of the neutraF’ and it is avoided 
by delta connection of the primary. 

Phase Equalizing Circuits. The rectifier systems considered so far 
have all been of the “simplex” type, in which, in an m-anode rectifier, 
each anode conducts for 27 r/m radians of the complete cycle of applied 
voltage with simplex working. The larger the number of anodes used 
the smaller the natural output voltage ripple, as is obvious from a com¬ 
parison of Figs. 27.8 and 27.9, so that where smoothing is adopted, the 
problem is simplified by an increase in the number of anodes. However, 
as only one secondary phase is in use at any given instant the utiliza¬ 
tion of the transformer-rectifier system is poor. 

The most satisfactory method of connection giving the greatest 
utilization of the plant and reduction in bulk of the transformer for 
a given overall rating, is that known as “multiplex.” In such systems 
two, three, or four anodes operate simultaneously during current 
conducting periods which are greater in length than in the simplex 
case. To effect this economy, the m anodes of the rectifier are split 
into a number of star-connected groups of three, e.g. two groups for a 
six-anode and four groups for a twelve-anode. Each anode group has 
its own individual secondary winding, and the star points of the various 
groups are connected to the neutral point of the secondary system as a 
whole through an interphase transformer, or, to give it its functional 
name, a “phase equalizer.” The common neutral point forms the 
negative pole of the system. The connection scheme for a six-anode 
rectifier is shown in Fig. 27.21, It is obvious that two anodes can only 
share a load successfully if they are maintained at the same potential 
relative to the cathode, and the function of the phase equalizer is the 
maintenance of this condition. 

The two half-windings of the interphase transformer are identical, 
but are arranged to oppose each other on a common magnetic circuit. 
The difference in the potential between the d.c. output terminals and 
the instantaneous potential of that anode in a group which is conducting, 
appears across the corresponding half of the interphase transformer, 
and causes, by transformer action, a voltage of equal magnitude to be 
developed across the other half, but of opposite polarity. This is added 
algebraically to the instantaneous voltage across the conducting phase 
of the other group, thereby equalizing the potentials of the two groups. 
The load current is divided equally between the two groups (neglecting 
the effect of the small magnetizing current) and hence, since the two 
halves of the interphase transformer are wound in opposition, the 
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nett magnetization of the core is reduced to a very small value. This 
results in an equalizing transformer of small physical dimensions. 

The voltage variations across the individual phases during a com¬ 
plete cycle of the supply voltage are shown in Fig. 27.22. The mean 



Fio. 27.21. Six-Anode Beotifibb with Phase Equalizers 
O nly one anode is shown, for simplicity. 

d.c. voltage is determined as follows. Let the origin correspond to the 
instant the voltage at anode 1 is a maximum, then 

e = j^max cos 0 
= '\/2Ej, cos 0 

Since anodes 1 and 2 are simultaneously conducting at this instant, 
the output voltage is the mean of the voltages of these two, namely 
^[y/2Ej, cos 0 + ^/2EJ, cos (0 + tt/S)] 

= '\/{3l2)Ej, cos (0 + 7r/6) averaged over the cycle 

= hllE^ 

which is identical with that obtained from a three-phase rectifier. The 
amplitude of the voltage ripple is clearly 

\/2Ej, cos (tt/B) — ('v/3/2)^j, cos (tt/O) 

= E^W2 X (V3/2) - (V3/2) X (^3/^2)] 

= 0162 ^?, 

This is the same as for the simplex six-anode rectifier. 
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At the intersections of the anode voltage waves, the potentials of 
adjacent anodes are naturally equal, so that at the corresponding 
instants the phase equalizer has nothing to do and its windings have no 
e.m.f.s induced in them. Thus at six equally spaced instants during 
the cycle of applied voltage the equalizer e.m.f. is zero. Now consider 
the instant 0. Anode voltage is equal to -Emax while anode voltage 



Phase Voltage 
Variations 


Voltage Variations 
Across Equalizer 
Winding 1,2,3. 


Current Flow in 
Anode Group 1,3,5 


Current Flow in^ 
Anode Group 2,4.6 


Fig. 27.22. Voltage and Current Variations in a Six-anode 
Keotifier with Phase Equalizing 


62 is For the purpose of load equalization the difference 

voltage iEmux niust exist in the phase equalizer windings, that is 
i^max in each half. This is accomplished by an increase in the current 
ii and a decrease in ig In order that the necessary unbalancing of the 
m.m.f. may exist, to set up the flux required for the inducing of the 
voltage J^max in each half winding. At instant O' a similar pheno¬ 
menon takes place except that it is ig which must now increase, the 
e.m.f. of i^^max in the corresponding half winding thus changing from 
+ i-fi^max to J-^max during the interval 00'. Again, the rate of 
change of voltage must be constant, and so we have across each half 
winding a triangular voltage of triple frequency, and of amplitude 
i-fi'max or EJ2'^2. Thus the core of the interphase transformer is 
magnetized by a third-harmonic current producing a third-harmonic 
flux and inducing a third-harmonic e.m.f. 

The above relationships enable the kVA rating of the interphase 
transformer to be calculated, as follows— 

Current loading = 

The voltage per half winding, in terms of the mean rectified voltage 
is fomid as follows. The lunits of the angle during which anode 1 
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and anode 2 are sharing the arc are, with reference to anode 1,7r/2 and 
27r/3. The peak-to-peak voltage across the interphase transformer 

2 _ /Instantaneous volts\ _ /instantaneous volts\ 

^ ^ \ on anode 1 j ^ on anode 2 j 

= '\/2Ej^ sin 0 — (® “ '”’/3) 

Hence the instantaneous voltage variation across one-half of the 
interphase transformer is 

c = 'v/2^j,[sin 0 — sin (0 — '?7’/3)]/2 
= (V^I2)E^ cos (0 - ttIQ) 

= (JE7//2) cos2 (0 - tt/O) 

U cos* (0 - 7r/6)i0l ^ 

r.m.s. value = -=L 

77/0 

= E„ [{6/2,r){i(0 - ,7/6) + ^ sin* (0 - W6)g*]* 

= ^^[(277 - 3V3)/877]i 
== Ejii - 3V3/877]* = 0-207^^ 

== 0-207 X l llEac = 0-242^^e 

The core of the interphase transformer is calculated for the same 
loss as in the case of a line-frequency transformer, the criterion there¬ 
fore being a stated iron loss. Since the frequency is increased the flux- 
density must be decreased. It is not possible to give any rule, but 
one-half of the normal value for 50 c/s magnetization is appropriate. 
Now the volts per turn 

V t = ^max Af 

OC Hmax/ 

Hence, since a 50 c/s transformer operates with about twice the flux 
density but only one-third the frequency of the interphase transformer, 
the volts per turn at supply frequency is only f of the volts per turn 
at 150 c/s. The equivalent voltage rating is thus 

(I) X 0-242^7^, = 0-161^^, 

/. kVA rating = 0-161iS7^c X O-5/dc/lOOO 
= 8-05 X lO-^E^Jac 
Example. Output 1500 kW at 500 V. 

Eac = 500 V, lac = (1500/500) x 10^ = 3 X 10^ A 
/. kVA rating = 8-05 x lO-® x 5 X 10^ x 3 X lO^ 

= 120-8 kVA 

Ctjebent Changes Dubing the Cycle. The current changes in the 
various circuits can be determined by the method previously des¬ 
cribed. Pig. 27.23 shows the conditions for two instants, one-sixth of a 
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period apart. In the first figure anodes 1 and 2 are conducting together, 
with the result that is split into two halves, whose directions in the 
secondary windings are towards anode ( 1 ) and therefore towards 
terminal 1 , and towards anode ( 2 ) and therefore towards terminal 3', 
respectively. The balancing currents in the primary phases are 



1. Anodes ^ and(2) Conducting 2. Anodes@and @ Conducting. 

Fig. 27.23. Cubrbnt Changes in Double Three-phase Rectification 
WITH Intbrphasb Transformbr 

and / 1 . 3 , the former being positive and the latter negative, according 
to the previously used convention. The line currents are thus— 

A i is positive 

ly = I 1.3 and is positive 

+ Jj.g) and is negative 

In the second figure anodes (2) and (3) are conducting together, and 
by the same procedure we now have 

= 1^.2 and is negative 
ly ~ / 1.2 + 1 ^ 1.3 and is positive 
and is negative 




R 


y 


B 



Line 

Currents 


Fig. 27.24. Cgbrent Changes Dubing One Complete Cycle pob 
Double Thbbe-phase Rectification with Intebphasb Transfobmeb 
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Similarly for the remaining instants in the cycle. All the currents 
are set out in graphical form in Fig. 27.24 and on comparing this figure 
with Figs. 27.12 and 27.15 we see that the transformer windings have 
a much better utilization, each winding carrying current for a greater 
fraction of the period,* 

Grid Control of Mercury-arc Rectifiers. Imagine that a perforated 
grid is interposed between cathode and anode in such a way that the 
electrons can only reach the anode via the grid. Then it is quite clear 
that the motion of the electrons will now depend on the potential of 
the grid relative to that of the cathode. If the grid is positive, the 

Anode + " Anode + 



Fig. 27.25. To Illustrate Grid Control 


electrons will be accelerated in their path to the anode, as in Fig. 
27.25 (a), whereas if the grid is negative, the electrons will be 
decelerated. Provided this negative grid potential is large enough, the 
electrons will be turned back by the repulsion of the grid and will not 
be able to reach the anode at all, as in Fig. 27.25 (6). In such a case, 
the flow of current will cease. Rissik defines the function of grid 
control as follows:! “The function of any system of grid control is to 
permit the establishment of a current arc at the anodes of a current 
convertor at a predetermined instant in the anode voltage-cycle by 
the application of a positive potential to the individual control grids, 
and to prevent the re-establishing of the arc at some other instant by 
the subsequent application of a negative grid bias. The former potential 
is usually referred to as the liberating voltage, whilst the latter is gener¬ 
ally known as the blocking potential.” The liberating voltage varies 
between the limits 25 and 150, and the blocking potential between 
100 and 300 V. 

It is clear that the grid control voltage will have to be synchronous 
with the voltage supply to the anodes, and therefore the most obvious 
method of obtaining the control voltage is to use an alternating voltage 
of suitable value derived from the supply. The control is carried out 
by varying the phase of the grid voltage. Consider the first figure of 
Fig. 27.26. The grid voltage is in phase with the anode voltage. 

* For the calculation of the supply, transformer, and rectifier loading with the 
various systems of connection, see H. Rissik, loc, cit, 

t Loc, cit,. Chap. IX. 


25—(T.8i8) 
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The horizontal ignition line of ordinate g represents the necessary 
voltage to be applied to the anode before ignition can take place, and 
therefore the point of intersection of this line with the grid voltage wave 
gives the moment at which the arc is struck. Now, once the arc is 
started, the grid has no further influence on the performance, the arc 



Fig. 27.26. Phase-shift Contbol 
(Mercury-arc Current Convertors, Pitman.) 


continuing at the anode as in the case of a rectifler without grids. In 
the figure, this is until the anode voltage falls to zero, and the anode 
delivers current for practically half a cycle. The angle a, by which 
ignition is delayed from the zero of the anode voltage, is called the 
ignition angle. In the second figure, the ignition angle ag is considerably 
greater than ai, with the result that the intersection of Vg with the 
ignition line occurs considerably later in the cycle, and the time of 
delivery of current by the anode is considerably reduced. In the third 
figure, the angle is still greater, and we see that when Vg is nearly in 
phase opposition to e the time of delivery of current by the anode is 
very small indeed. We have seen that the average direct voltage is the 
average of the anode voltage curve reckoned over the period of ignition, 
and we therefore see that grid control gives a means of var 3 ring the 
output voltage. Furthermore, since the grid voltage is inoperative 
once the arc has been started, this voltage need not be sinusoidal but 
can be in the form of almost instantaneous impulses, which can be 
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obtained from a synchronously-driven alternator which gives a very 
peaky wave form. 

The application of this method of voltage control in the case of a 
six-anode rectifier is illustrated by the figures in Pig. 27.27. In the 

6 6 

; 2 rT 1 4 5 6 1 2 

Cb = 0 

v^m% 

1 2 3456! Z3 

\.%l 2 3 4 5 6 ! 2 

06 = 30 ° 

V = 86 67o 

^ 2 3 4 5 6 /2 

06 = 60° 

V‘50% 


CO = 90° 
V =0 


06 = 120 ° 


1_JL_JLJLJLJLJLJ^ 

1 2 3 4 5 6 1 

Fig. 27.27. Vakiation or Output Voltage with Phase Angle of 
Arc Commutation 
{Etii/lish Electric Co.» IMJ) 

first figure, the grid impulses synchronize with the intersections of 
the various anode voltage curves so that the grids try to start the arc 
at the moment it would have started without their aid. The grids thus 
have no effect and the output voltage is that of a six-phase rectifier, 
without grids: this voltage is taken to be 100 per cent. In the second 
figure, the instant of application of the grid impulses has been advanced 
an angle a == 30° with the result that the arc starts suddenly at an 
anode when the impulse is applied, and persists until the impulse has 
been applied to the next anode in the sequence. With a » 30^ the 
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average output voltage, as represented by the average under the 
shaded area, is reduced to 86*6 per cent. With a = 60° this average 
is reduced to 50 per cent, and so on, until when a = 90° the output 
voltage is reduced to zero.* The above curves of output voltage varia¬ 
tion are theoretical curves corresponding to a pure resistance load. 




and, in practice, the irregularities are somewhat smoothed out by the 
inevitable inductance of the load circuit. If smoothing equipment is 
used, the output voltage can be made almost uniform. 

The connection scheme for such a method of voltage control is 
illustrated diagrammatically in Fig. 27.28 in which the liberating and 
blocking voltages are shown as derived from batteries, and the grid 
impulses applied via a synchronously-driven distributor.’ In such a 
scheme the instant of ignition is controlled by varying the angular 
position of the distributor. There are other systems of voltage control, 
one being the saturated transformer, or “peaking” transformer, 
method. The circuit diagram for one system is given in Fig. 27.29. 

The equipment comprises three peakmg transformers, with series 
reactors for providing the necessary impulses for firing the rectifier 

* For a = 90°, cos a = 0. The shaded regions in the figure for a ~ 90° only 
give the positive halves. The sine wave of anode voltages when extended below 
the axis gives similar negative halves, the total being a saw-tooth wave of zero 
average value, a = 120° takes the device into the region of inverted working. 



A. C. Supply 



{Nevdin Electric Supply Co,, 
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bulb, and auxiliary d.c. supplies for providing the necessary phase- 
shift. 

The peaking transformers are similar to simple single-phase trans¬ 
formers with two secondary windings, but the cores are of a nickel-iron 
alloy which has the property of rapid transition from the unsaturated 
to the saturated state. The series reactors have cores of silicon iron 
which changes from the unsaturated to the saturated state gradually, 
this property being employed to produce a current having a triangular 
wave form when a sinusoidal voltage is applied to the winding. 

The primary of each peaking transformer is connected in series with 
one of the series reactors, the whole arrangement being delta-connected 
across a tertiary winding on the main transformer having the same vec¬ 
tor relationship as the main secondary winding. Due to the effect of 
the series reactors a current having a triangular wave form flows in 
the primary of the peaking transformers, the ampere turns of which 
are of such a magnitude that the core is unsaturated only for a very 
small part of the cycle, and it is, of course, only during this period that 
voltage can be generated in the main secondary winding. The turns 
ratio of the primary to the main secondary winding is such that a con¬ 
siderable voltage is generated in the secondary during the period of 
non-saturation of the core, this being the peak which is applied to the 
grids of the rectifier bulb. Peaks will, of course, be generated twice 
during each cycle, one having negative and one positive polarity, and 
the peak having negative polarity is shunted by means of a small 
metal rectifier connected across the primary winding. 

The third windings on the peaking transformers are coimected in 
series to a source of d.c. power and by passing either a negative or 
positive current through these windings the total resultant ampere 
turns, being the sum or difference of the d.c. ampere turns and the a.c. 
ampere turns, can be made such that the period of non-saturation of 
the core is before or after the instant of zero a.c. amperes, thus dis¬ 
placing the grid firing peaks to a time either before or after the period 
of zero a.c. amperes. 

By correct arrangement of connections between the main trans¬ 
former, the peaking transformer and the control grids, the peak can 
be applied to the grids at the instant the anodes commence to become 
positive, or with a delay of up to, in theory, 150 electrical degrees, or 
in practice about 135 electrical degrees. 

The relationship between the mean output voltage with retarded 
ignition to the output voltage without any control of the ignition is 
very easily deduced as follows, the assumption being that the voltage 
waves are not distorted. Fig. 27.30 shows two consecutive intersections 
of the anode voltage waves. For uncontrolled ignition the period of 
ignition will be that corresponding to the angular range P to Q, and, 
as before, we have 

^dc = X o“ I cos 0 . dfl 

J- ir/m 

~ \/2Kj,(ml7T) sin {Trim) 
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If the ignition is retarded an angle a by means of grid control, then 
the arc commences at the instant corresponding to the point R and 
changes over to the next anode in the sequence, at the instant corres- 
pont&ig to point 8, The total period is the same as before, namely, 
27r/m, but the limits are now — (7r/m — a) to + (Tx/m + a) 

^ + +a) 

\W» / 

= y'2j&^(m/7r) sin (Tx/m) cos a 
E'aclEa, = cos a 



-(!-») ( 5 *“) 


Fio. 27.30. To Illustrate the Effect of the Angle of 
Grid Excitation 

In other words, the ratio of the reduced output voltage, obtained 
by grid control, to the output voltage given with no such control is 
equal to the cosine of the angle of ignition retard. 

The expression only holds for values of a up to 7x/2 — xx/m. Thus 
in the case of a 6-anode rectifier the limiting value of a is 
7x/2 — 7x/6 = 7x/3 radians 
= 60° 

Example. Calculate the average value of the output voltage of a 
6-anode rectifier with grids biassed to give a delay of 30°; the trans¬ 
former has a 3-phase mesh-connected primary supplied at 3000 V, 
and a 6-phase star-connected secondary, the phase turns ratio being 
160/11. Assume an arc drop of 25 V and neglect the effect of overlap. 
(I.E.E.) 

= 3000 X 11/150 = 220 V 
Mean d.c. voltage without grid control 

^dc = ^ ^ (^/^) sin (7x/6) 

= 2970 V 
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With grid control set to make a = 30® 

= 297 cos 30® = 267-2 V 
Hence deducting the arc drop of 25 V 

Mean rectified output voltage = 257-2 — 26 = 232-2 V 


Inverted Operation. The rotary convertor can operate either direct 
or inverted, but the rectifier, without grids, can only operate direct, 
because it is not possible to reverse the Erection of current fiow. 
With grid control, however, inverted operation is possible in spite of 





Fig. 27.31. To Illustrate the Principle of Inverted Operation 

the fact that reversal of current in the arc is not possible. To under¬ 
stand this, consider, first, the case of a direct-current shunt machine 
which, as we know, will either run as a generator or a motor. Fig. 
27.31 shows three possible modes of operation. In {a) the armature 
voltage is greater than the bus-bar voltage Ey and the machine 
generates. In (6), E^, is less than E, and the machine motors, but neither 
voltage is reversed in sign and consequently current has to reverse. 
In (c), E^ is again less than Ey but the connections to the bus-bars have 
been reversed, and Ea has been reversed in direction, with the result 
that motoring action has been secured without the reversal of current 
fiow. The inverted operation of a mercury-arc rectifier is analogous 
to the above; the current flow cannot be reversed, and consequently 
the voltage must be reversed, and at the same time must be reduced. 
Now without grids only the positive portions of the anode voltage 
curves are utilized so that reversal is impossible, but with grid control 
the impulses can be timed so as to utilize negative portions of the 
voltage waves and also to give this reversed voltage the required 
reduced value. For inverted operation the leads to what is now the 
d.c. source must also be changed over as in the case of the direct-current 
machine of Fig. 27.31. Fig. 27.32 shows, in a diagrammatic way, the 
difference between normal and inverted running of the rectifier. The 
external load is shown as a direct-current machine which in the first 
case runs as a motor, and when the rectifier is functioning inverted, 
runs as a generator. 

There are several practical applications of the mercury-arc invertor, 
one of these being Ward-Leonard control of a direct-current motor 
with two rectifiers taking the place of the motor-generator set, as 
shown diagrammatically in Fig. 27.33. The control of the speed is 
eflFected by grid control of the output voltage of a rectifier in place of 
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excitation control of the generator voltage in the ordinary system. 
One of the rectifiers is used for forward running, while the other is used 
when the direction of rotation of the motor has to be reversed. For 
simplicity, a single-phase supply is shown in the diagram, the dotted 



Fig. 27.32. Inverted Operation op Mercury-aro Convertor 


connections referring to the rectifier used for reverse running. So long 
as the driven machine is operating only as a motor, then neither 
rectifier will be used as an invertor, but if regenerative control is 
required, motor action will change over to generator action and one 
or other of the rectifiers will have to operate inverted, according to the 
direction of rotation. 
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The Single-anode Mezcury-arc Bectifler. In the conventional type 
of rectifier described previously the arc terminates at a luminous 
cathode spot on the surface of the mercury pool, and because of uncon¬ 
trolled thermal relationships this spot travels at high speed and in an 
erratic manner over the mercury surface. The necessary large cathode 
surface results in the production of an excess of mercury vapour over 

AC. 

Supply 



Fig. 27.33. The Application op Mebouby-aro Rectipiebs to 
D.C. Motors 

and above the requirements of the arc. The design of the rectifier is 
governed by the need to condense large quantities of mercury vapour 
at the walls of the enclosure. Hence, with air-cooling in particular as 
in glass-bulb rectifiers, large surfaces are needed, the volume of the 
bulb being very many times greater than the volume of the arc itself. 
Again, random jets of mercury vapour may be emitted at high velocity 
from the cathode surface, and to protect the anodes from these it is 
necessary to give the anode arms one or more right-angle bends, 
thereby greatly increasing the arc length and therefore the arc volt 
drop. 

One solution of the diflSiculty is the elimination of the mercury pool 
and its substitution by a heated oxide cathode, as described on p. 749, 
but such cathodes are restricted to low currents, they may be damaged 
by overloads, and their life is limited. The current distribution over 
the cathode surface is also uneven, particularly in the larger sizes, and 
all these disadvantages impose an upper limit to the cathode current 
of about 20 A, r.m.s. Thus, in spite of the disadvantage of the conven¬ 
tional design, the mercury cathode is the best for power applications, 
and the ideals aimed for are (a) elimination of mercury evaporation, (6) 
an overload capacity comparable with that of the conventional type.* 

♦ A more complete discussion is given by H. von Bertele, “Steady- vapour 
mercury-arc rectifiers.” Direct Current (Sept., 1962) 43. 
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The former problem has been solved by the anchoring of the cathode 
spot. It has been known for some time that another metal protruding 
from the surface of the mercury pool tends to cause the spot to remain 
stationary at the junction between the mercury and that metal. The 
requirements are stated by Von Bertele as follows: . . certain 

rather complex relations were observed between the thermal field of 
the cathode and the general temperature level of the other parts of the 
rectifying vessel. It was noticed that with an anchoring system, for a 
given current, it was necessary for the thermal resistance of the anchor¬ 
ing device to be substantially lower than with equivalent free-moving 
spots; in the latter case unexpectedly low values of thermal resistance 



Fig. 27.34. Sbctionaii Diaqbam of the Cathode System 

OF THE “NeVITRON” ReCTIFIEB 
{Dired Curre/rd) 


occur, and it was therefore difficult to devise anchoring systems of 
adequate current-carrying capacity, which possessed at the same time, 
not only the required low thermal resistance values, but also uniform 
heat conductivity along the full length of the anchor. This last point 
was important, because local differences in heat dissipation resulted in 
a tendency for the spot to concentrate at particular points on the anchor 
and the resultant heat developed at these points impaired the effi¬ 
ciency of the anchoring system.'* In the “Nevitron" rectifier the cathode 
spot is anchored at the periphery of the mercury pool, and is thereby 
in close proximity to external air-cooled fins. The mercury pool is 
contained in a molybdenum cup in intimate contact with an external 
copper ring of which the cooling fins are an integral part. The arrange¬ 
ment is shown in section in Fig. 27.34, which is taken from Von 
Bertele's paper. The general arrangement of the rectifier is illustrated 
in Fig. 27.35. The arrangements for ignition and excitation are 
similar to those used with other mercury-arc rectifiers, thus the ignition 
is by “dipper" electrode, the operating rod for which is located at the 
axis of the tube and passes through a cylindrical hole in the main 
electrode, as can be clearly seen in the views of Fig. 27.35. 

Under light load conditions the cathode spot appears at the edge of 
the mercury pool and, as the load is increased, it extends to form 
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ultimately a continuous luminous ring round the pool. As molybdenum 
is wetted by mercury a concave meniscus is formed, the mass of mercury 
at the actual cathode spot, or ring, thus being very small. As a result 
the vapour pressure within the tube does not vary widely with changes 
in load current, since it is not, as with the conventional rectifier, 
determined mainly by the condensation of large quantities of mercury. 



Fig. 27.36. Single-anode Rectifiers 
{Nevelin Electric Supply Co., Ltd.) 


The absence of uncontrolled evaporation from the cathode makes it 
possible to locate the anode (and control grid when fitted) directly 
above the cathode without any intervening screen or bafl9e: the general 
layout of the valve is therefore comparable with that of a thyratron 
(p. 751). 

This rectifier can be supplied with control grids, and for polyphase 
rectification the number required will correspond to the number of 
anodes on a single conventional type. A useful comparison with a 
six-anode grid-controlled 300 A rectifier is given below.* 

The low arc-drop results in a higher overall efficiency, which is 
naturally most marked at low d.c. output voltages. Thus, for one 
♦ H. von Bertele. Zoc. ciU 
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Six Single-anode 
Valves with 
Anchored Cathode 

Conventional Six- 
anode Glass Bulb 

Specific valve volume (lit/A) . 

0*015 

0*18 

Enclosure volume (ft®) . 

3*0 

42*0 

Mercury content (kg) 

1*2 

11*0 

Arc drop at normal load 

12*5 V 

21*5 V 

Excitation power (VA) . 

600 

360 

Weight (kg) .... 

7*6 

30 


particular capacity, the full-load efficiency of the anchored cathode 
rectifier is about 1*6 per cent higher than that of the conventional type 
when the output voltage is 600 V, but it is 6 per cent higher when the 
voltage is 100. 

Hot-cathode Rectifiers. The mercury-arc rectifier previously des¬ 
cribed is a form of cold-cathode rectifier, in that the heating of the 
cathode necessary for electron emission is localized at the small 
cathode spot. In the hot-cathode rectifiers, the cathode is heated as a 
whole by means of a heating current from an external source. The 
enclosure is highly evacuated apart from a very small amount of 
mercury. This mercury does not form the cathode, its function being 
to supply mercury atoms to be converted into positively charged ions 
by collision, so that, for a given anode voltage, the current output is 
greater than that of the device used as a vacuum valve. The operation 
is fundamentally the same as that of the mercury-arc rectifier, the 
current passing through the tube as a discharge, but only with a 
possibility of one direction of conventional fiow, namely from anode to 
cathode, because only the anode is capable of accepting electrons. With 
a single tube, half-wave rectification is obtained, while with two tubes 
and a centre-tapped transformer, the rectification is full wave. Com¬ 
parison of the connection schemes of Fig. 27.36 with those of Fig. 27.7 
will show that the hot-cathode rectifier and mercury-arc rectifier are 
essentially similar, the chief difference being that the cathode of the 
former is a filament which is heated by the passage of current derived 
from a small filament transformer. 

This type of rectifier has several advantages as compared with the 
mercury-arc rectifier previously described, namely— 

1. Smaller size for a given capacity. 

2. Smaller arc length, leading to a lower arc drop and therefore a 

higher efficiency. 

3. Lower drop at the cathode, this again increasing the efficiency. 

4. Freedom from back-firing. 

The cathode is usually on oxide-coated filament, since this type is 
very efficient from the point of view of electron emission and it is not 
necessary to raise its temperature to such a high value as a pure metal 
cathode. 
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Unlike the mercury-arc rectifier, in which the vapour pressure is only 
a small fraction of a millimetre of mercury, the gas or vapour filled 
rectifiers operate at about 1 mm of mercury. A low anode potential 
of about 20 V will, under these conditions, accelerate the emitting 
electrons to the velocity required to produce ionization by collision. 

The tungar rectifier is similar to the above, except that it has a 
tungsten filament and the tube contains an atmosphere of a rare gas, 
there being no mercury present. It is suited to low voltages and 
comparatively heavy currents, and is therefore commonly used for 
charging batteries and similar small power requirements. The kenotron 
is a highly-evacuated rectifier with no heavy gas molecules, such as 



those of mercury vapour, present. It is therefore only suitable for very 
small currents, its application being to high-voltage rectification. 

If the hot-cathode rectifier is provided with a control grid, then the 
rectifier becomes a gas-filled relay or thyratron. Just as the two-element 
hot-cathode rectifier is similar in operation to the mercury-arc rectifier, 
so is the thyratron similar in operation to the mercury-arc rectifier 
with grid control. Thus if an alternating potential of supply frequency 
is applied to the grid, the output will be dependent on the phase of 
this grid potential. The grid voltage necessary to prevent the anode 
current is called the critical grid voltage: it is not a constant, but 
varies with the anode voltage.* Hence, if the anode voltage is alter¬ 
nating, the critical grid voltage will also be cyclic (although not sinu¬ 
soidal), as shown in Fig. 27.37. If the grid is given a steady bias, as 
represented by the horizontal line below the axis, Fig. 27.38, the thjo'a- 
tron will start to pass current at the intersection of this line with the 
critical grid voltage curve. By altering the grid bias, the grid line can 
be shifted either up or down, and can be made to coincide with the 
axis. There is no current flow during the negative half-cycle and the 
range of control by this method is from the utilization of the whole 
of the positive half-cycle to the utilization of half of the positive half¬ 
cycle. Thus the average current can only be varied from full to half 
value by this method. 

By applying an alternating grid potential, and making use of 
phase control, then the average current can be varied from full value 
right down to zero, as illustrated by the curves of Fig. 27.37. The 

* Note that the grid loses control on the start of conduction. 
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usual circuit for illustrating phase control of the grid voltage is shown 
in Fig. 27.39, in which it will be seen that the grid is connected to the 
junction of a capacitor C and a non-inductive resistor R in series. By 
varying C and i?, the phase of the grid voltage can be varied, and 
therefore the output of the thyratron controlled. 

There are many industrial appliances of thyratrons, one of these 
being illustrated in Fig. 27.40. The thyratron is here operating as a 



Fig. 27 . 39 . Thyratbon Control Circuit 



relay in conjunction with a photo-electric cell. When light is thrown 
on the cell, current flows through the cell and a potential difference is 
established across the ends of the high resistance R, This brings the 
grid of the thyratron within the ignition range and consequently an 
arc is struck and the thyratron anode current flows through the 
operating coil of the relay. In some cases the circuit is arranged so 
that the relay is operated when the light supply to the photo-cell fails. 
Typical examples of this application are the automatic lighting of 
street lamps with failing daylight, and the operation of burglar alarms. 
In the latter application the light beam consists of ultra-violet radia¬ 
tion only and is therefore invisible. 
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The anode characteristics of a vacuum triode valve, that is, the 
curves of anode current against anode voltage, are of the form shown 
in Fig. 27.41, there being a family of curves in which each corresponds 
to a definite grid voltage. Suppose that the grid is made very negative, 
corresponding to curve 1, then no anode current can flow until the anode 
voltage has the value V^v corresponding to point A. This point is 
called the cut-ofiF point for the particular value of the grid-voltage, 
and the grid-voltage is called the cut-off bias. If the anode voltage is 
raised, say to Fo 2 > point J5, then, for the same grid-voltage an anode 
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Fig. 27 . 41 . Characteristics of Vacuum Triode and 
Thyratron Contrasted 


current, given by the ordinate BC, will flow. Suppose that the anode 
voltage is kept at the valve F„i, and that the grid is made progressively 
less negative then, for the particular grid voltages for which the curves 
are drawn the anode currents will be: 0, AD 2 , AD^y and AD^ respec¬ 
tively. If, for the fixed anode voltage Var a curve is drawn of anode 
current against grid voltage this curve will be roughly linear, showing 
a progressively increasing anode current as the grid is made progres¬ 
sively more positive. 

Now consider the thyratron: owing to the neutralization of the 
space charge, the anode-current/anode-voltage curve has the form 
shown, the whole characteristic, apart from the initial portion being 
almost a vertical line. Consider the device working with a fixed anode 
voltage and the grid made so negative that no current can flow. Now 
let the grid be made progressively less negative until the cut-off point 
is reached. The anode current then rises suddenly, owing to the shape 
of the characteristic, and its magnitude is limited only by the impe¬ 
dance of the external circuit. Any further increase in the “positiveness** 
of the grid has no effect whatever, for which reason the phenomenon 
is called the “firing** of the thyratron. 

The grid potential necessary for ionization to take place, and conse¬ 
quently for the thyratron to fire, is very dependent on the gas or vapour 
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pressure.* Thus 8is this pressure is increased the grid has to be made 
more negative. For this reason the thyratron with a mercury vapour 
filling is very susceptible to temperature, because there is sufficient 
metallic mercury present to ensure that the internal atmosphere is 
saturated. Where an inert gas is used instead of mercury this pheno¬ 
menon is not present and the temperature effect consequently very 
small. Hence if a thyratron has to be operated over a wide temperature 
range and is required, at the same time, to have a consistent perfor¬ 
mance, then the inert gas is preferable to mercury vapour. The life is 
shorter because the gas becomes gradually adsorbed by the glass and 
metal of the device, resulting in what is called gas “clean up.’' 

Metal Bectiflers.t Probably the oldest of the metal rectifiers is the 
copper disc rectifier, the action of which is based on the fact that a 
copper disc covered ^vith a layer of cuprous oxide has a greater resis¬ 
tance to the current flow in one direction than in the reverse direction. 
Copper oxide rectifiers for small outputs consist of copper discs having 
on one side a layer of cuprous oxide obtained by the oxidation of pure 
copper blanks. The oxide layer has a thin annular coating of graphite, 
and contact with this is made by means of a lead washer: The requisite 
number of discs is mounted on an insulated steel rod with coppered 
steel space and tinned cooling fins. The oxidation is carried out by 
heating in air for several minutes at about 1020°C, the melting point 
being 1040®C. The rectifying action is very poor, however, unless a 
special subsequent heat treatment is given, this consisting of annealing 
at about 600°C, followed by rapid quenching. The surface layer of 
black cupric oxide, CuO, formed during cooling is removed by cyanide 
solution. 

The forward average current rating for three-quarter inch diameter 
discs is about one-third of an ampere, and the maximum safe reverse 
voltage about 9 V. For large powers, of the order of several kilowatts, 
the large-plate type of element is used, consisting of a long oxidized 
copper strip about 2 in. wide. Series-parallel combinations involving 
standard elements can be arranged to meet any voltage and current 
requirements. 

Another very important metal rectifier is the selenium type, first 
developed in Germany. With this rectifier, discs of steel are used with 
a specially prepared surface on which is deposited a thin layer of 
selenium, a hard grey-coloured element. Contact is made by a ring of 
special alloy apparently deposited by sputtering. Selenium rectifiers 
are very efficient, and for the same output are more compact than the 
copper oxide type. 

* When the correct amount of gas or vapour is present in a thyratron the early 
current flow before firing is minute relative to the value after firing. 

t It is not possible to describe the many forms of rectifier which have been 
devised for different purposes, e.g, the synchronously driven commutator, 
vibrating reed, electrolytic rectifier, and so on; very full particulars are given by 
L. B. W. Tolley, Alternating Current Rectification and Allied Problems, Chapman 
& Hall, London; H. Rissik, The Rectification of Alternating Current, E.U.P., 
London. 
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As with other tj^pes of rectifier, the metal rectifier caabe used either 
for half-wave or for full-wave operation, the latter requiring a bridge 
arrangement of the elements, as shown in Fig. 27.42. Alternatively, 
full-wave rectification can be secured by means of two rectifiers and a 
centre-tapped transformer, exactly as with the other types of rectifier. 
Owing to its simplicity, and the fact that auxiliary batteries or fila- 
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Fig. 27.42. Half- and FuMi-WAVB Bectifiebs 


ment supplies are not required, this t 3 q)e of rectifier is very widely 
used. In a variety of small sizes it is used in the mains units of much 
radio and electronic equipment (and in measuring instruments, while 
in larger sizes with large current output it is commonly used in the 
place of batteries if direct current is required where only an alternating- 
current supply is available. 

Example. A half-wave rectifier is Volts 
used to charge a 40 V battery from an 
alternating-current supply of r.m.s. 
voltage 200. The resistance of the 
rectifier to current in one direction is 
200 Q, and in the other direction very 
high. If the battery resistance is 
negligible, calculate the ampere-hours ^. 
put into the battery in 24 hr. 

The battery e.m.f. of 40 V is opposed “5 
to the supply voltage during the 
charging half-cycle, so that for the re¬ 
sultant voltage we have Fig. 27.43 

e == ^max sin 0 — 40 

But charging cannot commence until the supply voltage has risen 
to 40 V, and charging ceases just before the end of the half-cycle at 
the instant the supply voltage has fallen to 40 V. The corresponding 
angles are 

8in“i(40/i7max) = 8m-i(40/283) = 8" 7' 

180 - 8° 7' = 171® 53' (Fig. 27.43) 



and 
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Taking the origin at the instant the applied voltage is a maximum, 
we have for the average charging e.m.f. over one-half period 

1 /•-!-81*63' 

- - 283 cos 0 - 40 

TT I _81*63' 

= (2/7r) X 283 sin 81° 53' - 40 
= (2/77) X 283 X 0-99 - 40 
= 179-40 
= 139 V 

/. Average charging current per half-cycle 

= 139/200 = 0-696 A, or 0-35 A/cycle 
Hence ampere-hours per 24 hr 

= 0-35 X 24 = 8-4 

Further Keadino 

Mabti, O. K. and Winogbad, H. Mercury Arc Power Rectifiers. McGraw-Hill, 
New York, 1930. 

Kissik, H. Mercury Arc Current Convertors. Pitman, London, 1941. 

Rosslyn, J. Power Rectifiers. Newnes, London, 1941. 

Tbaoo, F. J. and Gill, J. F. Mercury Arcs. Methuen, London, 1936. 

Examples on Chapter 27 

1. A 3-anode mercury-arc rectifier has a direct full-load current of 100 A. 
Estimate the equivalent inductance per secondary transformer phase if the 
overlap angle on full load is to be limited to 46®. The load inductance may be 
considered large enough to maintain a sensibly constant output current. The 
transformer phase voltage is 400 V, and the frequency 60 cycles. 

Arts. 4-6 mH. 

2. A 3-anode mercury-arc rectifier has a full-load output of 20 A at 250 V. 
The arc-drop is 24 V, and the loss in connections, reactors, etc. is 60 W. A separate 
test on the transformer gave a core loss of 160 W on open circuit, and an PR 
loss of 40 W in each primary and eeich secondary phase when the (sinusoidal) 
output current was 11’56 A. 

Calculate the full-load efficiency of the equipment for a highly-reactive load. 
The transformer has a mesh/star connection. 

Ana. 86 per cent. 

3. A six-anode, grid-controlled, mercury-arc rectifier equipment is supplied 
from a 440-V, 3-phase, 60-cycle system. The transformer has a 6-phase, 
diametrically-connected secondary and a 3-phase, mesh-connected primary. 
The phase-turn ratio is 110/63. Determine the mean output voltage when the 

grids are biassed to delay the ignition of the anodes by (o) 0, (b) j, (c) and 

(d) find the r.m.s. value of the output voltage and the fluctuation expressed as a 
percentage of the mean voltage in (6). Neglect arc-drop 6uid leakage reactance. 

Ans. (a) 288 V, (b) 203 V, (c) 0, (d) 212 V, 104 per cent. 

4. A double-three-pha.se (or duplex-six-phase) mercury-arc rectifier gives a 
full-load d.c. output of 900 kW at 600 V. 

Determine the required rating of the primary and secondary windings of the 
main transformer, and the interphase transformer, neglecting the losses in both 
the rectifier and transformers. 

Assuming that the angle of overlap is 30 degrees, deduce the regulation drop at 
full load, and the effective leakage reekctance of the transformer per phase. 

State, briefly, the advantages which this form of circuit has over the Simplex 
3- and 6-phase circuits. 

Ans. 1440 kVA, 1010 kVA, 84-5 kVA, 41 V, 0114 ohms. 
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COMPLEX WAVEFORMS 

Up to the present it has been assumed that alternating currents and 
voltages have been of simple sinusoidal form. Modern alternators 
are designed to give a terminal voltage which approaches very closely 
to a sine wave, but under certain conditions both current and voltage 
may be distorted very considerably. No matter what the waveform 
may be, the negative half-wave is an exact reproduction of the positive 
half. Fig. 28.1 {A) being a possible waveform, but not Fig. 28.1 {B). 
Since the waveform is repeated at regular 
intervals, it can be split up into fundamental 
and harmonic waves all of pure sinusoidal 
form. Also, because of the fact that the 
negative half is a reproduction of the positive 
half, there are no even harmonics. An alter¬ 
nating voltage of any waveform can therefore 
be represented by the general expression 

g =s JE’jinax sin (ot ■^ 3 iiiax sin {3(ot -f- 
4 “ -^sniax sin (5cot + <f)^) + . . . 

where Fimax? -^smax* -^Binaxj ©tc., are the Fio. 28.1 

amplitudes of the fundamental and harmonic 

waves, CO = 27 r/, / being the fundamental frequency, and the angles ^ 3 , 
05 , etc., the phases of the harmonics with respect to the fundamental. 

Effective Value of a Complex Wave. Consider the voltage wave 
represented by 

e — ^imax sin cot + i^^gmax sin (3co^ + 03 ) “h -^smax sin (5co^ + (f>^) + . . . 
Then JEJ = r.m.s. value 

= (average of 

Now == ^imax^ sin^ (ot + J^gmax^ sin^ (3co^ + 03) 

+ ^smax^ sin2 {6(0t + v^s) + • • • 

-f- 2 ^]^inax-^ 3 max sin (ot . sin {3cot 4 " 03 ) 

4 ~ 2 JE'jinaxA 5 max sin cot . sin {5(ot 4“ Y^s) 4" • • • 

The average value of sin^a, where a is any angle, is J. The average 
value of sin a sin /S, where a and are angles which correspond to 
different frequencies (as, for example, cot and 3co< 4“ ^ 3 ) is zero. 

Hence = Ji^imax^ + i-^gmax® 4” i-^smax® 4" • • • 

== (-^leff)® 4" (^seff)® 4* (-E'seff)® 4- • • • 

E = {(JgJieff)® 4- (^3eff)® 4- (^6eff)®}* 
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Hence, the effective value of a complex wave is equal to the square 
root of the sum of the squares of the effective values of the com¬ 
ponents. Or, in terms of the maximum values of the components, we 
have 

E = 0-101(Ei^ + E^^ + E^^ + . . .)* 


Influence of the Nature of the Circuit on the Shape of the Current Wave. 

Consider first a circuit possessing resistance only. Then we have 

= EJR; 4 = E^jR; /g = EJR, etc. 

Also, the various currents are in phase with 
the corresponding voltages. As a result the 
current wave is an exact reproduction of the 
voltage wave, and is in phase with it, as 
shown in Fig. 28.2 {A). 

Consider now a purely inductive circuit of 
inductance L, then 

Ii ~ E-j^lL(o\ /g — E^fSLcoi 

/g = Ej5La>, etc. 

Thus, the harmonics in the current wave are 
diminished in proportion to their frequency numbers, with the result 
that the current wave is much smoother than the voltage wave, as 
shown in Fig. 28.2 (B). 

We have 

E = 0’707(^iinax^ + ^smax^ "h ^smax^ + • • 0^ 

I ~ 0*707(/iniax^ + -famax^ + I^m&x^ 4“ • • 0^ 

= {O'l071Lco){E ijaa,x^ 4 “ E^m&x 2/9 + ^gmaxV^^ 4 “ • • 



Hence the effective reactance 


= E/I = L(o X 


Eim&x^ 4~ -^amax^ 4~ -^sniax^ 4~ ■ » » 
JS^imax^ 4“ -^amaxV^ 4~ -^smaxV^^ 4“ • • . 


Now consider a circuit containing capacitance only. Then = 
^imaxC^ft); /g = S^JgniaxCco; /g = S^gmax^w, etc., the effect of capaci¬ 
tance thus being to magnify the harmonics in the current wave. This is 
shown in Fig. 28.2 (C). 

Again, 

E = 0'707(^jinax^ 4“ -^amax^ 4" 4" • • 

I = 0*707(7jinax^ 4“ ^gmax^ 4” I^max^ 4“ • • 4^ 

= 0*707Cco X (Eijjxa,x^ 4“ Q-^smax^ 4“ 25^ginax^ 4” • • 0^ 
Hence, effective reactance 

— ~ JL x / -^imax^ 4“ 4" -^smax^ 4~ * « » 

/ Co) \^imax* 4" 9-®3max^ 4" ^Si^gmax^ 4" • • •/ 
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Thus the effect of a complex waveform is to diminish the reactance of 
a capacitor and to increase the reactance of an inductive circuit.* 


Selective Resonance. If the frequency of the supply is suitable, 
resonance may take place, not with the fundamental, but with one 
of the harmonics. This is called “selective resonance.’’ For resonance 
with the fundamental, we have the condition Leo = l/Cco. For 
resonance with the third harmonic, we have the condition 3La) = 
l/3Cco; and so on. The effect of selective resonance is to produce 
enormous distortion of the current wave, in which the fundamental 
may be actually of smaller amplitude than the particular harmonic 
which causes resonance, although in the voltage wave the amplitude 
of the harmonic is much less than that of the fundamental. 

Example. A voltage wave having a fundamental of amplitude 600, 
and a third harmonic of amplitude 10, is applied to a circuit containing 
= 1 £2, L = 1 H, and C == 1/50 juF in series. Find the frequency 
for resonance with the third harmonic, and draw the voltage and 
current waves for this frequency. 

For resonance with the third harmonic, 

= (1/9) X IILC; (o = (l/3)l/(l/50 X 10~« X 1)* = 2360 
/ = 2360/277 = 375 c/s 

Impedance of the circuit to the fundamental, 

= {R^ + (Leo - 1/Oco)2}l 
= {1 + (2360 - 60 X 1072360)2}! 

= 19,000 approx. 

Ji = EJZ^ == 500/19,000 = 0-026 A 



Fio. 28.3. To Illustrate Sbleotivb Resonance 

The impedance of the circuit to the third harmonic is the same as the 
resistance since there is resonance with this harmonic. 

/. /3 = ^3/i^=10A 

The voltage and current waves are shown in Fig. 28.3; and it will be 
seen that the harmonic is so greatly magnified in the case considered, 
that to all intents and purposes the current is a triple-frequency 
current. 

♦ See also E. W. Golding, Electrical Measurements and Measuring Instruments» 
Ch. XV, Pitman, London; P. Kemp, -4.(7. Wave Forms, Chapman & Hall, London. 
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Power Conveyed by Complex Waves. An alternating current can 
contribute power to a circuit only when it is flowing under the influence 
of a voltage of the same frequency. Hence if the voltage and cmrent 
waves are assumed to be resolved into their components, the total 
power is made up of the following terms— 

E^ acting on produces Eyl^ cos <f>^ watts; 

E^ acting on produces E^I^ cos watts; and so on. 

Hence, total power 

P = LJ^Ii cos <f>i EqI^ cos <^3 -j“ 4^5 “[“••• 

the various power factors being given by 

Cos^i = RjZi; cos ^3 = RIZ^; cos ^5 = RjZ^) and so on 
A more general solution is as follows: Put 0 = ojl, then 
e = ^imax sin (0 + ^i) ^amax siu (30 + <f>^) + . . . 
i == /imax sin (0 + y)^) -f- /gmax sin (30 + V^a) “!"••• 

= ^ J {^imax sin (0 + ^i) -^amax sin (30 + ^a) "!"•••} 

X {fimax sin (0 + Tfi) + /gmax sin (30 + *^ 3 ) + • • •} 

1 r2»r 

= ^ J {^imax sin (0 + ^iKimax sill (0 + ^ 1 )} + 

{•^amax sin (30 + ^a)'^ 3 naax sin (30 + V^a)} + 

{•®linax sin (0 “I" <f>i)I^maix sin (30 -j- ^ 3 )} -f- 
{-^aniax sin (30 -f- ^gl/imax sin (0 + V^i)} + . . •}d0 

= ('E'imaxfimax/2) COS (<f)i y)^) + (-^amax^amax/^) COS (<^3 — rp^) 

+ • • • 

= cos (<^i — y)i) + P 3 I 3 cos (^3 — -^ 3 ) + . . . 

All the terms which are products of e.m.f.s and currents of different 
frequencies become zero when integrated between the limits 0 and 2 'n, 
the total power therefore being equal to the above summation. 

With complex waves the power factor obviously cannot be denoted 
by the cosine of a phase angle, because the various components have, 
in general, different phase angles. It can be defined by the expression 

Power factor = (true power)/(apparent power) 

Now the true power in a circuit not containing motors, and in which 
there are no iron losses, is equal to the copper loss, i.e. to RP. 

Power factor = RPjEI = RlfE 



Ch. 28] COMPLEX WAVEFORMS 761 

Again, E = {E^^ + E^^ + + . . .)* 

I = (7,2 + 73* + 732 + . . .)* 

But 7i = ^ 1/^1 = (EJB)(RIZj) = (EJR) 00 s 
Similarly, = (J^a/JB) cos <^ 3 ; 75 = (JSg/i?) cos <^ 5 ; so on 

/, 7 = {llR){Ej^ cos^ + J& 3 ® cos® <f>Q + ^ 6 ® cos® 05 + . . ,)^ 

Hence, power factor 

_ /JS? 1 ® cos® 01 + -2^8* cos® 03 + J& 5 ® cos® 06 + . . 

“ \ + ^ 3 ' + iS^g® + . . . / 

This expression shows that with a complex wave the power factor 
can never have the same value that it would have with sinusoidal 
waves of the same effective value, except in the case of a pure resis¬ 
tance circuit. Also, resonance cannot bring the power factor to unity, 
as it does with sinusoidal waves, because if one of the angles 0 i, 03 , 05 , 
etc. is zero, then all the others will be finite. 

Effect o! Iron on the Shape of the Cnirent Wave. Consider an iron 
circuit, say, an anchor ring, of cross section A m®. Let it be wound 
with a coil of N turns, and a sinusoidal voltage, applied. The apparatus 
is then similar to a transformer on no load and a sinusoidal fiux given 

fey 

^ = 4-44 Bxnax^iV/ 

i.e. ^max = ^/4*44 ANf 

will be produced. Also, this fiux will lag 90° behind the applied voltage. 

The magnetizing force H is proportional to the current, and there¬ 
fore, if the B-H curve for the iron were a straight line through the 
origin, and there were no hysteresis, the current curve would be 
sinusoidal and in phase with the fiux density curve. The current curve 
would thus be in quadrature (lagging) with the applied voltage, and 
the power would be zero. This is to be expected, since under these 
conditions the area of the B-H loop for a complete cycle would be 
zero, and we are not taking eddy-current loss into account. Actually, 
the B-H loop has a definite area, and therefore, the current lags less 
than 90° behind the voltage in order that there may be some real 
power to supply the hysteresis loss. Also, since the B-H curve is not 
a straight line, but is a curve of the well-known shape, the current is 
distorted from the pure sinusoidal form. In order to be able to draw 
the current curve it is necessary to calculate Bmax and then draw 
the hysteresis loop corresponding to this value of J?max‘ {See Fig. 28.4.) 
Knowing Binax> and remembering that the flux density is sinusoidal, 
the curve of flux density can be very easily drawn as shown. Taking 
a series of points on this curve, projecting them on to the hysteresis 
loop, and reading off the corresponding value of the magnetizing 
current 7, the current wave can be plotted. This wave contains a 
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pronounced third harmonic whose amplitude, relative to the funda¬ 
mental, increases as the saturation of the iron is increased. If ordinates 
are drawn, the mean of the products of corresponding ordinates on the 
current and voltage curves over a complete cycle will give the true 
power. Also, the effective (r.m.s.) value of the current can be calculated. 
The equivalent sinusoidal current wave is that current of the same 



Fig. 28.4. Waveform of Magnetizing Current 


effective value, which, if acted on by the applied voltage, would 
produce the same power. If I is the effective value, as determined 
from the ordinates, and 0 is the angle of lag of the equivalent sinusoidal 
wave, then 

Average power = El cos (f) 

([> = cos~^ (average power/iS^/) 

The curve of the equivalent current wave thus leads the curve of flux 

density by an angle y) 

where y) = 90 ■— <f> 

The angle yj is called the “Hysteric angle of lead.’’ 

It will be seen that the magnetizing current of a transformer will not 
be of pure sinusoidal form because of the hysteresis loss in the core; 
hence, the assumption of a sinusoidal form as on page 395 is only 
approximate. 

The distortion produced by magnetic saturation is such that the 
current wave possesses a very pronounced third harmonic. This 
effect can be made use of to produce a triple-frequency current from 
a three-phase supply as follows. A transformer D (Fig. 28.5) has its 
primary winding in three separate parts, which are connected each in 
series with one of the chokers A, and C7, to a three-phase supply. 
These chokers are designed to be very highly saturated, so that the 
primary currents each contain a large third harmonic. Now, while 
the mutual phase difference of the fundamentals is 120°, that of the 
harmonics is zero. As a result, there is no flux of supply frequency in 
the core of D, but there is a flux of three times normal frequency. 
This induces an e.m.f. of triple frequency in the secondary winding of D, 
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This method is sometimes used when a small amount of power for 
lighting is required from a three-phase low-frequency supply. A low 
frequency, although suitable for power work, is unsuitable for lighting, 
especially with metal filament lamps. 

The above discussion of the effect of saturation of the iron applies 
to a circuit having a steady voltage of sinusoidal waveform applied to 
it. Now take the case of a coil with iron core, whose winding is con¬ 
nected in series with a circuit which is taking a sinusoidal current from 

3^phase Supply 



Fia. 28.6. Taylob’s Method of Frequency Trebling* 

the supply and whose impedance is so great that the introduction of 
the coil will not disturb this current. Then the curve of fiux against 
time will no longer be sinusoidal, but will be fiat-topped as is shown 
in Fig. 28.6. The fiux wave is here obtained by projecting from the 
sinusoidal current wave on to the magnetization curve. Now the 
voltage induced in the coil, and therefore the voltage drop (neglecting 
the effect of resistance) is proportional to the rate of change of fiux, 
the voltage drop curve thus being of the same form as the slope of the 
fiux curve. This shows that the drop of volts is not sinusoidal, but is a 
peaked curve, the peaks being exceptionally pronounced when the iron 
is strongly saturated. 

Waveform of an Alternator. The terminal voltage is the vector sum 
of the e.m.f.s in the individual conductors. Hence, to obtain a sinusoidal 
terminal voltage it is necessary that these individual e.m.f.s should be as 
nearly sinusoidal as possible. Each of these e.m.f.s has a waveform 
which is an exact reproduction of the distribution of fiux round the 
air gap, so that the first essential for a good waveform is that this fiux 
distribution should be as nearly sinusoidal as possible. There are 
three methods of obtaining this— 

(a) Rounding or Chamfering the Pole Face (Fig. 28.7). This 

* The illustration does not show a fourth wire connected to the neutral of the 
three primary coils. This wire is essential, otherwise no third harmonic currents 
can flow as they are all co-phasal. 
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makes the air gap at the middle smaller than at the pole tips. Theoreti¬ 
cally, the width of the air gap should be a sinusoidal function of the 
angular distance from the centre; but as this is not practicable, it is 

3 



Fig. 28.6. Waveform of Voltage Drop 


usual to make the radius of curvature of the pole face about 0*7 of 
the air-gap radius. 

(b) Skewing the Pole Face. This causes the active length of 
conductor to vary from zero at the pole tip to a maximum at the 
centre. Theoretically, the axial length of the pole face should be a 
sinusoidal function of the angillar distance from the pole centre, as in 
Fig. 28.8 (5). This is obviously impracticable, and therefore, the 



(A) (B) (C) 


Fig. 28.7. Shapes of Fig. 28.8. Pole Shoes 

Alternator Poles 

rhomboidal shape of Fig. 28.8 (A) is adopted. Generally, the pole face 
is built up of laminations, and to enable stampings of the same shape 
to be used, the pole face is built up of separate packets of laminations, 
as in Fig. 28.8 (C), 

The pole pitch r = ttDJp ; where D = diameter 
Let ^ = ratio of pole span to pole pitch 

/. Distance x = (7rD/p)(l — /?) 
and the inclination of the pole edge is given by 
tan a = Ljx 

An average value for the ratio p is 0*65 to 0*7. 
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(c) Use of a Cylindrical Rotor with Distributed Field 
Winding. This method is now invariably adopted with turbo-alter¬ 
nators. With a salient-pole field system the fiux distribution is 
approximately rectangular, as in Fig. 28.9 (A)^ and it therefore possesses 
a very pronounced third harmonic. With a distributed field winding 
and a non-salient-pole rotor, as in Fig. 28.9 (R), the m.m.f. distribution 



- mmf 

— F JuxDensitt^ 

Fig. 28.9. Comparison of Saxient Pole and Cylindrical Botors 

is stepped as shown dotted. Because of fringing, the fiux distribution 
rounds off the corners, thus giving a rough sine wave for the fiux 
density. 

Determination of the Harmonics in the Field Form. We have already 
seen, p. 163, how the curve of gap density can be determined. This 
can be analysed into a Fourier series of general form 

b == Aq + Ai sin (ot + A 2 sin 2o)t + A^ sin + . . . 

+ cos (ot + Rg 2o)t + cos Zcot + . , . 

or, in sine terms only 

b = Aq -j- Cl sin {p}t -f- oci) -j- Ug sin {2o)t -j- ocg) 

where = (A^^ + Cg = (rig* + ®tc. 

= cos“^ (rii/Ci); ag = cos“i (rig/Cg); etc. 

These angles being the angles between the various harmonics and the 
fundamental term of periodicity co (= 27r/). In the case of the gap 
density distribution, the identical distribution is repeated under all 
the poles so that ri^ = 0, and all even harmonics are zero. Again, at 
no-load, the curve is symmetrical about the polar axis, so that the cosine 
terms in the original expression vanish, leaving 

6 = rii sin + A^ sin 3a>< + rig sin Scot + . . . 
or 6 = ri^ sin 0 + rig sin 30 + rig sin 60 + . . . 

Suppose we lequire the amplitudes of the harmonics up to the 
eleventh, then the abscissae of flux distribution for one-half of the pole 
span is divided into 12 equal parts, namely, 7*5 electrical degrees, and 
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the ordinates read at each division. We then have for the amplitude 
of the harmonic of the mth order 

.4^ = - I 6 sin mQdd 
^ Jo • ' 

showing that in order to obtain we multiply the various ordinates 
by the corresponding values of sin mfl, determine the mean value and 



multiply by 2, the reason for this last step being that although the 
integration in the expression for A^ is taken over the range 0 to 27 r, the 
integral is divided by tt and not 27t, Again, as we are only taking 
ordinates up to 90° owing to symmetry, it is necessary to take only 
half the ordinate at this point. An actual flux distribution is shown in 
Fig. 28.10, the ordinates being 
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= (2/12)(7-l sin 7-6 + 16-2 sin 16 + 29 sin 22-6 + . . . 

-fr 60 sin 90) 

Ag = (2/12)(7'l sin 22-6 + 16-2 sin 46 + . . . + 60 sin 270) 

Af = (2/12)(7"l sin 37'6 + 16'2 sin 76 + . . . + 60 sin 460) 

and so on. 

These come to 

Ai = 104-6, ^2 = - 2-96, ^5 = - 8-82 
A,= - 0-66, At= — 0-46, A^ = - 2-76 

These are plotted in their correct relative amplitudes in Fig. 28.10. 

Elimination of Hannonics by Special Arrangements of the Stator 
Windings, ( a ) Use of Sevebal Slots pbb Pole pee Phase. If a 



Fia. 28.11. Total E.M.F. Induced in a Multi-tubn Distributed Coil 

number of non-sinusoidal e.m.f.s having a small mutual phase difference 
act in series, their resultant will, as shown by Fig. 28.11, be much more 
nearly sinusoidal than the components. Hence, if the winding is 
arranged so that the e.m.f.s in individual conductors in each phase 
have a slight phase difference, this will diminish the harmonics in the 
terminal voltage. This is done by adopting distributed instead of 
concentrated windings. 

The e.m.f. induced in an individual armature conductor is of the 
same wave form as the air-gap flux density distribution and therefore 
contains the same harmonics in the same relative proportions. In a 
practical winding harmonics in the total e.m.f. can be reduced, and 
sometimes even eliminated. 
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The distribution of the winding over several slots per pole per phase 
displaces the various coils comprising a coil group in such a way that 
there is a progressive difference in phase between the various e.m.f.s 
induced in them. If the slot pitch is y) electrical degrees, the phase 
difference of the components of fundamental frequency for two 
consecutive coils will be for the third harmonic it will be 3y;, for the 
fifth harmonic 5y, and so on. Considering the various harmonics 



3rd Harmonic 5th Hairmonic 

Fig. 28.12. Distribution Factor for Fundamental and 
FOR Harmonics 


separately, the vector diagrams for a group of coils will be as illustrated 
in Fig. 28.12, which is for a 3-phase alternator having 4 slots per pole 
per phase, and a phase spread of 60°, the angle y) thus being 15°. For 
any harmonic it is obvious that the ratio of the resultant voltage to 
the arithmetic sum of the component voltages is the distribution 
coefficient Ajg Thus for the fundamental we have, as shown on page 
462, 

, __ sin {my)l2) 

m sin (y)l2) 

For a harmonic, the vector diagram is drawn in exactly the same 
manner as for the fundamental, the only difference being that the 
phase angle between the consecutive component voltage vectors is 
now ny> instead of tp, with the result that the distribution factor for the 
nth harmonic now becomes 

, _ sin (inny)l2) 

m sin (ny/2) 
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'• 2-6 


_ _ om 

4 sm (5 X 15/2) 


* ^ 4 sm (7 X 15/2) 


The Use of Fractional-pitch Windings. Generally, alternator 
windings are arranged with a whole number of slots per pole per phase. 
If the number is fractional, e.g. 3 J slots per pole per phase, the winding 
is called a “fractional pitch’* winding. With an ordinary distributed 
winding, the e.m.f.s in the conductors of one group of coils are given a 
small phase difference, but the successive groups occupy identical 
positions relative to the poles. With fractional-pitch windings, the 
various groups do not occupy identical positions with respect to the 
poles, with the result that phase differences are produced 
between groups of coils forming one phase, as well as 
between individual coil sides. 

(c) The Use of Short-chord Windings. A “short- 
chord** winding is one in which the coil width is less than 
the pole pitch. There is thus a phase difference between 
the e.m.f.s in the two coil sides. By the use of such coils 
it is possible to eliminate one particular harmonic. Thus, 
if the distance x (Fig. 28.13) is 1/nth of the pole pitch, 
then the nth harmonic will be eliminated, because the nth 
harmonic in the e.m.f.s in the two coil sides will be in phase opposition. 

Now consider the effect of chording in a more general way. Let the 
deficiency of coil width against pole pitch be 0 electrical degrees, 
giving rise to a chordiag factor of = cos \d. With respect to any 
harmonic, say the nth, the phase difference wiU be n0, so that the chord¬ 
ing factor for the nth harmonic becomes 

Ajg „ = cos Jn0 




Fig. 28.13 


and therefore if the angle 6 is such that ^ is zero, that harmonic wiU 
vanish. Thus if 0 = 60°, the coil width then being f pitch, the third, 
ninth, fifteenth, etc., harmonics will vanish, but at the expense of 
fundamental e.m.f., since a reduction of ^ of the pole pitch is a large 
amount. We stall see that all harmonics which are miiltiples of 3 are 
eliminated from the terminal voltage wave, so that there is no point 
in eliminating these harmonics by chording, A | pitch would eliminate 
the fifth harmonic and such a pitch would not be too great a reduction 
in coil width but it is only possible where the number of slots is suitable. 

Since chording affects the amplitudes of all the harmonics it might 
be better to choose a value of 0 which, instead of eliminating any one, 
considerably reduces more than one. Thus for a | pitch, 0 == 30°, the 
chording factors are 

= cos (30/2) = 0‘966 
ifcj.g = cos (90/2) = 0-707 
ifcg.g = cos (150/2) = 0-259 

i6-(T.8i8) 
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* 3 ., = cos (210/2) = - 0*259 
* 3.3 = cos (270/2) *= - 0*707 
* 3 .^^ = cos (330/2) = — 0*966 

Such a pitch is very useful because harmonics which are multiples of 
3 are not present in the terminal voltage wave in any case, the ampli¬ 
tude of the eleventh is bound to be small, and chording thus gives a 
very useful reduction in the fifth and seventh. 

Example. The gap density distribution of a 3-phase, star-connected 
alternator can be expressed £is 

100 sin 0 — 0*5 sin 30 — 9*5 sin 50 — 1*8 sin 70 

The winding is distributed over four slots per pole per phase and the 
coils are chorded by one slot. Calculate the relative amplitudes of the 
harmonics in the terminal voltage wave. 

We can neglect harmonics which are multiples of 3, and since 
0 =s 15®, we have 

* 3.1 = cos (15/2) = 0*991 
* 3.3 = cos (75/2) = 0*793 
* 3.7 = cos (105/2) = 0*609 

For the distribution factors m = 4 and tp = 15°, giving the pre¬ 
viously obtained values of * 2.1 = 0*96, ^ 2-6 = 0*205, * 2.7 = — 0*168. 
The products of these factors and the amplitudes of the appropriate 
components of the gap density distribution are therefore 

100 X 0*991 X 0*96 = 95*1 
- 9*5 X 0*793 X 0*206 = - 1*55 
- 1*8 X 0*609 X - 0*168 = 0*17 
The terminal voltage wave can thus be expressed as 

e ^ 96*1 sin 0 - 1*56 sin 60 + 0*17 sin 70 
or, in terms of a 100 per cent fundamental 

e = 100 sin 0 — 1*63 sin 50 + 0*18 sin 70 

The fifth harmonic has been reduced to about one-sixth of its original 
value and the seventh harmonic to one-tenth. 

Suppression of Tooth Ripples. As a pole moves past the stator teeth 
the configuration of the air gap is altered, its reluctance passing 
through a series of maximum and minimum values as shown in Fig. 
28.14. These variations in reluctance set up a stationary wave of 
magnetism, one cycle of which corresponds to one slot pitch. 

Let a = number of slots per pole 

.*. 2a = number of slots per pair of poles 

Hence, one pair of poles corresponds to 2a cycles of this stationary 
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wave, whereas it only corresponds to one cycle of the fundamental 
e.m.f. The frequency of the stationary wave is therefore 2a/. 

Now we have seen that a stationary wave can be split up into two 
travelling components which rotate in opposite directions. Hence, 
their angular velocities relative to the field are— 

(2a + 1 )co and (2a — l)ft) 

CO being the synchronous angular velocity. As a result, they set up 
harmonics of frequencies (2a + l)/and (2a — 1)/. 

Example. If there are three slots per pole per phase a = 9, and the 

JUUUTJ^ JU mJlJlJL 

I Pote I I Pole I 

Minimum Petuctance Maximum Reluctance 
Fig. 28.14. Vahiation m Ant-GAP RBLucrrANCB 


harmonics due to tooth ripples are the (2 X 9 + l)thand(2 x 9 — l)th, 
i.e. the 19th and 17th. 

In order to suppress the tooth ripples it is necessary to reduce the 
variations of reluctance of the air gap to a 
minimum. This can be done— 

(а) By making the pole span a whole number 
of slot pitches. 

(б) By employing semi-enclosed or totally -4 C 

enclosed stator slots, as shown in Fig. 28.15. ^ 

The placing of the windings in these slots is 

obviously more diflSicult than with open slots, „ „ 

and for this reason totally enclosed slots are Slots 

rarely used except for low-voltage bar windings, 
in which each dot contains large section conductors which can be 
pushed into the slot from one end. 

Effect of the Interconnection of the Phases. Let the e.m.f. induced in 
phase I of a 3-phase alternator be given by 

sin 6 + E^ sin 36 + sin 56 + . . . 

Then for the e.m.f.s in phases II and III, we have 

^2 = sin (6 - 120°) + E^ sin 3(6 - 120°) + E^ sin 5(6 - 120°) 

+ . . . 

and 

eg = sin (6 - 240°) + E^ sin 3(6 - 240°) + E^ sin 5(6 - 240°) 

+ . . . 

Hence, taking the direction of the Cj vector as the reference axis at any 
instant, we have for the phases of the various components with respect 
to this axis 

1 . Fundamentals 

Phase I, 0°; Phase II, 120°; Phase III, 240°. 
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2. Third harmonics 

Phase I, 0°; Phase II, 3 X 120° = 360° = 0°; Phase III, 
3 X 240° = 720° = 0°. 

3. Fifth harmonics 

Phase I, 0°; Phase II, 5 X 120° = 600° = 240°; Phase III, 
5 X 240° = 1200° = 120°. 

4. Seventh harmonics 

Phase I, 0°; Phase II, 7 X 120° = 840° == 120°; Phase III, 
7 X 240° = 1680° = 240°. 

5. Ninth harmonics 

Phase I, 0°; Phase II, 9 x 120° = 1080° = 0°; Phase III, 
9 X 240° = 2160° = 0°. 

and so on. We see that the third harmonics are all in phase, as also are 
the ninth harmonics, and, in fact, all harmonics whose orders are a 
multiple of three. The ^th harmonics have the ordinary 3-phase 
displacements with the exception that the order is reversed from 0°, 
120°, 240°, to 0°, 240°, 120°. The seventh harmonics are in the natural 
order of 0°, 120°, 240°. 

Consider now a star-connected machine. The terminal voltage is the 
vector difference of the voltages of the two phases in series between the 
terminals, and consequently all the harmonics whose orders are a 



Fia. 28.16 


multiple of three vanish from the terminal voltage. These harmonics 
are however, in phase with respect to the neutral, with the result that 
currents of corresponding frequencies wiQ be set up if a number of 
alternators working in parallel have their neutrals connected together. 

In the case of a delta-connected machine the voltage acting round 
the closed circuit is the vector sum of the voltages in the three phases, 
and we see that third harmonics and their multiples are in phase with 
respect to this circuit. Fig. 28.16. Consequently, local currents of corres¬ 
ponding frequencies are set up and these currents cause the appropriate 
voltage harmonics to be utilized internally in the form of volt drops. 
Thus the voltage harmonics whose orders are multiples of three are 
absent from the terminal voltage. 

Hence, the terminal voltage of a given alternator will contain the 
same harmonics whether connected in star or in delta, but the wave 
forms will not be identical because of the phase displacement of the 
harmonics which the star connection brings about. 

Effect of Wavefonn on Iron Losses, (a) Hystebesis Loss. Consider 
a transformer having a winding of N turns and a core of cross section A, 
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Then instantaneous applied voltage 

e = N{dO/dt) 
= NA(dB/dt) 
e . dt = NA . dB 


Hence, the half-area of the voltage wave (Fig. 28.17) 



J £ib«x 

dB = 2NABua^^ 


SO that 8 is proportional to B^ax- But the hysteresis loss 

Wn oc ® 

max 

PTfcOcSi-* 
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itrTps 


Fig. 28.18 


Now iS is proportional to the average value of the applied voltage and 
E^y = EI(FoTm factor) 

/. Tfft oc [EI(Eorm factor)]^*® 
oc [l/(Form factor)]^-® 

if E is constant. 

A peaked wave has a larger form factor than a sinusoidal wave, and 
consequently gives a smaller hysteresis loss for a given effective 
voltage. On the other hand, a flat-topped wave has a smaller form 
factor and therefore gives a greater hysteresis loss. 

(6) Eddy-curkent Loss. Let E = resistance of a local eddy-current 
path (Fig. 28.18), and let e be the voltage acting round the path. 
Then power in the path = Now e is induced by the voltage E 

applied to the winding, and therefore the r.m.s. value of this voltage 
is proportional to E. 

Hence, eddy-current loss is proportional to 
E^jR; i.e. to E^ 

Hence, so long as E is constant, the eddy-current loss is constant, and 
is independent of the waveform. 

Effect of Waveform on the Operation of a Synchronous Motor or on 
Two Alternators in Parallel. When two alternators are paralleled on 
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the same bus-bars, their e.m.f.s are in opposition with respect to the 
local path round the busbars, and therefore, one machine acts as 
a synchronous motor relative to the other. Suppose the two e.m.f.s 
are sinusoidal, equal in magnitude and in exact phase opposition. 
Then there will be zero current circulating between the two machines. 
Suppose now that one waveform is sinusoidal, while the other possesses 
a harmonic, say, the third. Then although the fundamentals will be 
in opposition, the harmonic will have no e.m.f. of the same frequency 
to oppose it, so that it will produce an idle current round the local path. 

If both waves possess a harmonic and the waveforms are identical, 
then, if the fundamentals are in phase opposition, so also will be the 
harmonics. Thus, no circulating current, either of fundamental or 
harmonic frequency, will flow. 

If both waves possess, say, a third harmonic, but the waveforms 
are not identical, then if the fundamentals are in phase opposition, 
the harmonics will not be in opposition. They will therefore combine 
to produce an idle circulating current. 

Hence, for satisfactory parallel operation the waveforms of the 
different alternators should be as nearly identical as possible. It is for 
this reason that difficulty is sometimes experienced in running alter¬ 
nators of different makes in parallel, 
invariably experienced when it is at¬ 
tempted to parallel old slow-speed sets 
with modern turbine-driven sets. 

Effeot of Waveform on the Drop in a 
Transformer. Let R and X be the 

effective resistance and reactance refer¬ 
red to the primary. Hence 

Drop = / X (R2 + X2)i 

Split up the actual current wave into its various components and also 
split up the equivalent sine wave as shown in Fig. 28.19. In the 
latter the components will be of the same amplitude as in the former, 
but their frequencies will be that of the fundamental. The drops 
produced by the various components can therefore be tabulated as 
follows— 


and that trouble is almost 



Components Components of 
of Actual Wave Equivalent 
Sine l^ave 

Fig. 28.19 



Drops in Volta 

Component 

Actual Wave 

Equivalent Sine Wave 

Fundamental 

3rd harmonic 

5th harmonic 
nth harmonic . 

/i X (R* + 

/, X (R* + 9X»)* 
/. X (R* + 26X*)* 
/, X (R* + n*X‘)* 

(V+ (R*+X*)* 

0 

0 

0 
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Hence, for a sine wave and a complex wave of the same eflFective 
value, the complex wave will produce the greater total drop in volts. 

Effect of Hannonics on the Fonn of the Rotating Field Produced by a 
Three-phase Winding. We have seen that the third harmonics neutralize 
one another, and we will therefore determine the effect of the fifth 
and seventh. The instantaneous m.m.f. of Phase I can be represented 
by the expression 

nil = ^1 sin (ot + Jfg sin 5(oDt — <^5) + M^ sin l{(ot — ^7) 

neglecting harmonics of orders higher than the seventh, and neglecting 
the third for the reason just stated. Hence, for the instantaneous 
m.m.f.s of Phases II and III, we have 

mg = Ml sin {cot — 120°) + sin 5(a>t — ^5 — 120°) 

+ Mj sin l(ojt — ^7 — 120°) 
m3 = Ml sin (cot — 240°) + M^ sin 5(cot — <^5 — 240°) 

+ M^ sin 7(cot — ^7 — 240°) 

Now sin 5(cot — ^5 120°) = sin [5(cot — <f>^) — 240°] 

sin 7(cot — ^7 — 120°) = sin [7(cc< — ^7) — 120°] 

sin 5(cot -^ 5 - 240°) = sin [5(cot - ^g) ~ 120°] 

sin 7(cot — <^7 — 240°) = sin [7(cot — (^7) — 240°] 

/. Ml = Ml sin cot + Jfg sin 5(cot — </>g) + M^ sin 7(cot — <^7) 
mg = Ml sin (cot — 120) + sin [6(a>f — <^5) -- 240°] 

+ ilf 7 sin [7(coi - <f>^) - 120°] 
m3 = Ml sin (cot — 240) + sin [5((ot — ^5) — 120°] 

-h M^ sin [7((ot ~ ^7) - 240°] 

The sequence of the phase angles for the fundamental m.m.f.s in the 
three phases is 0°, 120°, and 240°. The sequence of the seventh har¬ 
monics is also 0°, 120°, and 240°, showing that the phase rotation of 
the seventh harmonics is the same as that of the fundamentals. On 
the other hand, the sequence of the phase angles for the fifth harmonic 
m.m.f.s in the three phases is 0°, 240°, and 120°. Hence, the phase 
rotation of this harmonic is opposite to that of the fundamental, and 
the seventh harmonic. The effect of this from the practical point of 
view has already been considered on page 574 in connection with the 
starting of squirrel-cage induction motors. 

Experimental Determination of Waveform. It is possible to deter¬ 
mine the waveform of an alternator by a “step-by-step” process, by 
means of a revolving contact connected to one point of the armature 
winding. This method is now obsolete except for instructional pur¬ 
poses, having been superseded by the oscillograph. The following 
description refers to the Duddell oscillograph. This instrument is 
essentially a permanent-magnet galvanometer in which the moving 
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coil is in the form of a phosphor bronze loop, as shown in the scheme 
of Kg. 28.20. The loop carries a very light mirror , and tension is 
applied as shown. This loop has an exceptionally small natural period 
of oscillation of its own (about ^ therefore, when 

an alternating current is passed through it, it can respond instantly 
to the changes in magnitude of the current. The deflection of the 
mirror at any instant is thus proportional to the instan¬ 
taneous value of the current through the “vibrator” at 
that instant. The motion of the loop is damped and 
rendered aperiodic by immersing the loop and mirror in 
an oil bath. It is obvious that if a cinematograph film 
is moved at a uniform speed in a direction at right angles 
to the motion of the beam of light reflected from the 
mirror, this beam being at the same time focused on the 
film, a photographic record of the waveform will be ob¬ 
tained. Very often it is necessary to visualize the wave¬ 
form on a screen. To do this it is necessary to impart to 
the beam of light reflected from the mirror a motion at 
right angles, this motion being such that the deflection 
is proportional to the time. To accomplish this the beam is reflected 
from Jif on to a long rocking mirror N (Fig. 28.21), and is then focused 
by a cylindrical lens L on to a screen. The mirror N is rocked by means 
of a face cam (7, driven by means of a small synchronous motor. It is 
this motor which gives the deflection proportional to the time, since 
the motor speed is constant and is an exact multiple of the speed of the 
alternator whose waveform is required. At the end of one revolution 
of the cam, the mirror N has to be returned very quickly to the starting 





Fiq. 28.20. 
Pbinciple of 
Duddell 
Oscillograph 



Fig. 28.21 

point, and in order not to confuse the diagram, the light during this 
return motion is cut off by means of a vane F. 

It is usual to provide the oscillograph with two vibrators side by 
side, so that both current and voltage waves can be determined at the 
same instant. The voltage vibrator is connected in series with a high 
non-inductive resistance, while the current vibrator, with a certain 
amount of series resistance, is connected across a non-inductive shunt. 
It is necessary to be careful in making the connections to the vibrators, 
otherwise the line potential may be thrown across the two vibrators. 
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with the consequent danger of their sparking across to one another and 
so being destroyed. Fig. 28.22 shows the correct and ihcorrect methods 
of making the connections. 

The Caihode-ray Oscillograph. When a high unidirectional p.d. is 
maintained between two electrodes in a highly evacuated tube, a 
stream of electrons passes from the cathode to the anode. As each of 
these has a negative charge, the stream of electrons is equivalent to 
an electric current, and consequently if a magnetic field is applied 
transversely to the stream, a deflection, whose direction is given by the 
left-hand rule, will take place. If the electron stream is brought to a 
focus at a fluorescent screen then the application of the magnetic 
field will produce a deflection of the 
light spot on the screen. Similarly, if 
the stream passes between a pair of 
plates between which a p.d. is main¬ 
tained, a deflection will be obtained. 

In the first case the deflection is pro¬ 
portional to the strength of the mag¬ 
netic field, while in the second case it 
is proportional to the strength of the 
electrostatic field. If the magnetic 
field is produced by a pair of current- 
carrying coils placed on either side 
of the tube, then the deflection will be proportional to the current. 

The application of alternating currents or p.d.s will result in the 
spot of light being drawn out in a line, and, owing to the very small 
inertia of the electrons, the deflection at any instant will be proportional 
to the current, or voltage, at that instant. In other words the appliance 
can be used as an oscillograph. One type of tube is illustrated in Fig. 
28.23, from which it will be seen that a pear shape is adopted, the wide 
end being coated on the inner surface with a fluorescent material. 

The cathode C is indirectly heated by means of a heating element F 
which is supplied with current from a suitable mains transformer. 
Electrons ejected from G pass up the tube towards the screen, fiirst 
through a cylindrical modulator and then through an axial hole 
in the anode A. The assembly comprising O, and A is called the 
electron gun. The anode is at a high positive potential with respect to 
the cathode, the p.d. between the two being called the accelerator 
voltage. Its magnitude varies from 200 or 300 for small tubes used for 
laboratory work, up to 15,000 or more for television tubes. The 
modulator, as will be seen from the method of connection to the h.t. 
supply is made negative with respect to the cathode: the reason for 
this is as follows: The tube shown in the figure is a gas-focused tube 
in which, after evacuation to a very high degree a rare gas, such as 
argon, is admitted at a low pressure of the order of 0‘001 mm of 
mercury. High-speed electrons produce, by the collision process, 
described on p. 831, ions which, because of their relatively low mobility 
do not have the same tendency to wander from the tube axis; the 
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attraction of the electrons by these ions thus produces a kind of 
focusing effect. This effect is enhanced by the negative potential of the 
modulator, which, by repelling electrons which may have a tendency 
to radial motion, causes a large proportion of the electrons to pass 
through the central hole in the anode. The modulator also intercepts 



Fig. 28.23. Magnetic Focusing of a Cathode-bay Tube 


the ions produced within it and so prevents ionic bombardment of the 
cathode. 

The focusing arrangements described above are not effective at 
frequencies over, say 100 kc/s, and in addition there is loss of sensitivity 
at low deflecting voltages, resulting in what is called origin distortion. 
Focusing by magnetic or electrostatic means is usually employed. 

Focusing can be effected magnetically by means of an axial magnetic 
field produced by an ironclad focusing coil M 2 (Fig. 28.23). This has 
the advantage that large angular deflection without loss of focus can 
be secured, enabling a shorter tube construction to be employed, 
which is of advantage in some applications. 

Alternatively, focusing can be electrostatic, by means of what is 
called an electron lens.* Fig. 28.24 (^) shows a ray of light falUng 
obliquely on to a curved air-glass surface, at which, after refraction, 
the angle r® with the normal is less than the incident angle The 
index of refraction for the particular combination of media is given 
by n = sin i°/sin r°. Fig. 28.24 (B) shows an electron path first through 
a region of low potential and second a region of high potential, the 
surface of separation being an equipotential surface. There is bending 
of the electron path at the surface and a law identical with the optical 
law holds, the index of refraction now being proportional to the 
electron velocity. In the optical case a converging lens is produced 
when the glass is enclosed between two spherical surfaces, giving a lens 

* For a complete discussion see L. M. Myers, Electron Optics, Chapman & Hall, 
London. 
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which is thicker in the middle than at the edges. In the electrical case 
it is not possible to provide the abrupt change in medium characteristic 
of the air-glass surfaces of a lens, and a progressive increase of potential 
which is associated by equipotential surfaces of lens shape has to be 
employed. A common way of doing this is to arrange three anodes 
along the axis, the first of conventional plate form, the others of 




Fig. 28.24. Action of the Electbon Lens 


cylindrical form. The second is made more positive than the first, and 
the third more than the second. The arrangement, and the resulting 
shapes of the equipotential surfaces, are shown in Fig. 28.24 (C). 

In Fig. 28.23 two pairs of parallel plates, the defiecting plates, are 
shown. These are at right-angles to one another. 

In order to obtain a wave trace, as distinct from a straight line on 
the viewing screen, it is necessary to give the electron stream a defiec- 
tion at right angles, exactly as with the Duddell oscillograph, but in 
this case it must be given electrically and not optically. For this 
purpose an auxiliary appliance, called the linear time base or sweep 
circuit, is necessary. Fig. 28.25 shows such a circuit. is a pentode 
and 0 a gas-filled triode (e.g. a thyratron). and Pg are potential 
dividers, (about 50,000 Q) is a resistance in the grid circuit of the 
triode, and P 2 (^'hout 500 Q) is a limiting resistance in its anode circuit. 
Rg (about 2 MQ) and Cg (about 2 juF) are for the purpose of isolating 
the d.c. potentials so that these do not produce a steady deflection of 
the spot. 

The action of the circuit is as follows: when the d.c. supply is first 
switched on, the capacitor C^ (or Cg) acts momentarily as a short-circuit, 
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and the full d.c. voltage is applied to the pentode. C^ charges (at 
almost constant current, due to the shape of the anode current/anode 
volts characteristic of the pentode) and the voltage across it rises 
until it is sufficient for the triode 0 to discharge. The voltage required 
for discharge depends upon the grid bias of (?, and is therefore con¬ 
trolled by the potential divider Pg- Again, the charging current of C^ 



depends upon the grid bias of the pentode and is controlled by the 
potential divider Pj. Now the rate of sweep on the oscillograph 
obviously depends upon the rate of increase of voltage across the time- 
base pair of deflecting plates, i.e. upon the rate of increase of the 
voltage across C^, Let this rate of increase be dvfdt, then 

dvjdt = {dldl){QlC^) = {llC^)(dQldt) = ifC^ 

where Q is the quantity of electricity supplied to and i is the charging 
current. Since i is constant, the rate of sweep is constant and therefore 
the time base is linear. 

The rate of sweep can be controlled by Pj and the amplitude of the 
sweep by Pg. The capacitors Cg and are of the order of 1 and 
0*1 /jlF respectively. 

In order to enable the sweep circuit to remain in synchronism with 
the voltage or current under examination, a s 3 nichronizing branch 
circuit consisting of (about 0*1 juY) and (about 2 M£i) is added. 
This enables the sweep frequency to be locked to some sub-multiple 
of the test frequency, by applying to the grid circuit of the triode a 
small alternating voltage of this frequency. 

Harmonic Analysis. This is the process of resolving a periodic, non- 
sinusoidal quantity into a series of sinusoidal components of ascending 
order of frequency. If y = f(6) represents a periodic function of 6 then 

y = .4o + Aj sin 6 + .^2 sin 26 + . . . + sin nd 
+ Pi cos 0 + B 2 cos 20 + . . . + Pn cos nO 
Let the graph of y repeat when 6 = 2tt, let the range 6 = 0 to 6 == 2^7 
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be divided into m equal paxts and ordinates erected at 6 = 0, 9 = 27r/m* 
0 =z 47r/m . . . 0 = 27T{m — l)/m. Let the corresponding ordinates be 
yo> Vv y 2 » • • • Vm^v magnitudes of the coefficients of the various 
terms in the expanded form of y = f{d) are 

Aq = l/27r J ydO 

r2n 

An=ll7r I ysmnOdd 

Jo 

r2rr 

Bn = I Itt j y cos nddB 

If is clear that A^ is the average value of y over the range 0 = 0 to 
0 = 277, and therefore, in terms of ordinates it is given by 

^0 = “ (^0 + + .V2 + • • • Vm^l) 

that is, m ordinates in aU. 

The multiplying factors for A^ and are I/tt, but the limits of 
integration 0 == 0 to 0 = 277. Hence An is twice the average ordinate 
of the graph of y sin n0 against 0, while Bn is twice the average ordinate 
of the graph of y cos nO against 0. The equations for An and Bn are 
thus, in terms of ordinates 

An = 2/m[yQ sin 0° + yi sin 2n7rlm + yg ^turrlm + . . . 

+ sin 2n(m — l)77/m] 

Bn = 2lin[yQ cos 0° + Vi cos 2n7rlm + cos 4w77/m + . . . 

+ Vm^i cos 2n{m — l)77/m] 

Now let the curve be drawn in polar form, instead of to rectangular 
coordinates, as shown in Fig. 28.26. We can draw a series of such 
diagrams, each corresponding to a definite value of n. Thus if w = 1 
the angle between consecutive vectors is 277 /m; if w = 2 it is 2 X 277 /m, 
and so on, the angle in the general case thus being n x 27rlm, 

Now y^ sin 0° = 0 and y^ cos 0® = y^ 

2/1 sin 2n77/m is the vertical projection of y^ when y^ is inclined at an 
angle 27177 /m to OX, while y^ cos 27177 /m is the horizontal projection of 
2 / 1 , inclined at the same angle to OX, Similarly with the other ordinates. 
Hence, if polar diagrams corresponding to = 1, ?i = 2, w == 3, etc., 
are drawn, the sums of the vertical projections, when multiplied by 
2/m, will give A^, A^, A^, etc., while the sums of the horizontal pro¬ 
jections, when multiplied by 2/m, will give jBg, etc. 

Again if we choose the value of m correctly the ordinates will arrange 
themselves into groups of 2, 3, 4, etc., according to the value of n, and 
thereby simplify the amount of computation to be done. For the 
waves common to electrical engineering problems m == 12 is a very 
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useful value, giving 27r/m = 7r/6 radian, or 30®. As we see from Fig. 
28.26— 

when w = 1, the radii are arranged in their numerical sequence, 
when n = 2, they are arranged in groups of two per group, 
when w = 3, they are arranged three per group, and so on. 




(A) Po/a.r Curve 



(B) , rn= 12 


wm 



(C) na2 ; rn • 12 


(D) n«3 ; m = 72 


Fig. 28.26 


In each diagram there are pairs of vectors, or pairs of vector groups 
which are in opposition; for example, with m = 12, is opposite to 
when n = 1 

iVi + Vi) is opposite to (y, + when w = 2. 
iVi + ^5 + y^) is opposite to {y^ + y? + ^u) wlien n = 3, and so on. 
This enables the numW of groups to be reduced to one-half, as shown 
in Fig. 28.27. 

Example. The periodic time for a certain periodic function is divided 
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into 12 equal parts, the corresponding instantaneous values of the 
function being 3-370,4-340,6-316,6-980,6-316,3-176,1-187,0-739,1-260, 
1-662, 1-710, 2-368. 

Express the function as a Fourier series, then 
(o) First evaluate Af,. Since m = 12, we have 

Ao = 1/12(3-370 + 4-340 + 6-316 + • • • + 2-368) = 3-026 

(b) Ai and Fig. 28.27 {A) 

Ai = l/6[2-183 sin 0° + 3-610 sin 30° + 4-066 sin 60° 

+ 4-418 sin 90° + 3-606 sin 120° + 0-817 sin 160°] 

= l/6[4-427 sin 30 + 7-660 sin 60 + 4-418] 

= 2 - 210 . 

Si = l/6[2-183 cos 0° + 3-610 cos 30° + 4-066 cos 60° 

+ 4-418 cos 90° + 3-605 cos 120° + 0-817 cos 150°] 

= l/6[2-183 + 2-793 cos 30° + 0-450 cos 60°] 

= 0-804 

(c) Ai and S^; Fig. 28.27 (S) 

Ai = l/ 6 [- 2-985 sin 0° - 1-946 sin 60° + 1-042 sin 120°] 

= l/6[0 - 0-904 sin 60°] 

= - 0-132 

= l/ 6 [- 2-985 cos 0° - 1-946 cos 60° + 1-042 cos 120°] 

= l/ 6 [- 2-985 - 2-988 cos 60°] 

= - 0-746. 

(d) A^ and S 3 : Fig. 28.27 (C) 

A 3 = l/ 6 [+ 1-733 sin 0° + 0 sin 90°] 

= 0 

S 3 = l/6[l-733 cos 0 ° + 0 cos 90°] 

= 0-289 

And similarly with harmonics of higher orders. As far as the analysis 
has been made the expression for the fimction in the example is 

y = 3-025 + 2-210 sin 0 — 0-132 sin 20 + 0 sin 30 

+ 0-804 cos 0 — 0-746 cos 20 + 0-289 cos 30 

h'inally we can convert to an expression containing sine terms only, 
by the usual trigonomical methods. Thus 

2-210 sin 0 + 0-804 cos 0 = (2-210* + 0-804*)i/* sin (0 + a) 
where a = tan-^ (0-804/2-210) 

2-210 sin 0 + 0-804 cos 0 = 2-291 sin (0 + 19° 58') 

and similarly with the higher orders. 

With normal alternating voltage and current waveforms the 
ordinates repeat both in magnitude and sequence after each half 
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period. Consequently (a) the constant term Aq is zero, and (6) there are 
no harmonics of even orders. It is therefore sufficient to divide the half 
period into m equal parts, and if m is again equal to 12, the angular 
width of each part is now 15° apart from this the procedure is exactly as 
before. 
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Examples on Chapter 28 

1. An alternating voltage given by 100 sin 314t -f 10 sin 1570i is applied to 
the terminals of a capacitor having a capacitance of 1 pF. Find the expression 
for the current flowing through the capacitor. (C. and G.) 

Ans. 0 0314 cos 314^ + 0 0167 cos 1670^ 

2. Calculate the form factor of a triangular wave. If a sinusoidal voltage and 
then a triangular voltage wave are applied in turn to a transformer, the effective 
values and frequencies being the same, calculate the ratio of the hysteresis losses. 

Ans, Form factor = 1*15. Hysteresis loss with triangular wave is 0*94 

of loss with sinusoidal wave. 

3. An electromotive force, e = 2000 sinco^ -f 400 sin 3a>^ -f- 100 sin 6o><, is 
applied to a circuit consisting of a resistance of 10 fl, a variable inductance, and 
a capacitance of 30 pF arranged in series with a hot-wire ammeter. Find the 
value of the inductance which will give resonance with the triple-frequency 
component of the pressure; and estimate the readings on the ammeter and on a 
hot-wire voltmeter connected across the supply when resonant conditions exist. 
CO = 300. (L.U.) 

Arw. 0 041 H; 1440 V; 31*6 A. 

4. A current of 60 c/s, containing first, third, and fifth harmonics of crest 
values 100,15, and 12 A respectively, is sent through an ammeter and an inductive 
coil of negligibly small losses. A voltmeter connected to the terminals shows 76 V. 
What will be the current indicated on the ammeter, and what is the exact value 
of the inductance of the coil expressed in henrys ? (C. and G.) 

Antf. 0 0027 H; 72 A. 

6. A capacitor of 1*6 pF capacitance is supplied with a voltage having a 
waveform e — 1000 sin pt -f 360 sin 3pi -f 270 sin 5pf, the frequency being 
80 c/s. Calculate the current taken as measured on an ammeter. If energy is 
being taken from the supply circuit at the same time, how do the harmonics ^ect 
the power factor? (L.U.) 

Ans. 106 A. 

6. The waveform of an alternator is found to differ from that of a pure sine 
function. Assuming this to remain unchanged, show how to calculate the wave¬ 
form of the current which the alternator would send (a) into a capacitor, (6) 
through a choking coil. (L.U.) 
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7. A voltage represented hy e ^ 500 sin wt + 10 sin 5ce^ is applied to a circuit 
containing 1 Q, 1 H, and ^ /uF in series. Find the frequency for resonance with 
the 5th harmonic, and plot the voltage and current waves. 

Ana, 159 c/s. 

8. A potential difference represented by the formula 

V = y/(2 ). 100 . sin 277.50 . ^ + ^/(2 ). 20 . sin 27r. 150 . t 
is applied to the terminals of a circuit made up of a resistance of 5 fl, and 
inductance of 0*0318 H, and a capacitance of 12*5 /xF, all in series. Calculate 
the effective current, and the power supplied to the circuit. (L.U.). 

Ana, 0*647 A, 1*6 W. 

9. The connection between the magnetizing current and the dux for a par¬ 
ticular alternating-current electromagnet is shown by the following table, which 
gives values for one-half of the magnetization loop, the complete loop showing 
the usual symmetry with respect to the axes— 

Flux(webersx 10-6). 0 30 76 120 150 179 176 165 138 102 60 0 

Magnetizing current 

(amperes) . .6*5 6*25 8 10*5 14*25 20*5 13*6 6*8 0 - 3 - 4*5 - 5*5 

Plot the loop on squared paper, and by its aid deduce and plot the waveform of 
the magnetizing current when the flux follows a sine law, the amplitude of the 
flux being equed to the maximum value of the flux in the above magnetization 
loop. (L.U.) 

10. Estimate the r.m.s. value of an alternating current of irregular wave shape 
in terms of the magnitudes of the fundamental component and the harmonics. 

An alternating pressure is represented by v = 1000 sin oit + 250 sin Zoit 
-f 200 sin 5o)t, Estimate the reading which will be given by an electrostatic 
voltmeter connected to the circuit. (L.U.) 

Ana, 742 V. 

11. The ordinates of a non-sinusoidal alternating voltage wave, measured 
in 16° intervals over the positive half wave are as follows— 

0, 97, 162, 162, 134, 142, 176, 200, 189, 161, 133, 82 
Determine the equation to the wave, up to the 5th harmonic. 

Ana, y = 200 sin (0 - 0° 50') + 40*3 sin (30 + 27° 42') + 20 sin (60 - 48° 39'). 

12. A single-phase e.m.f. having a r.m.s. value of 400 V contains a third 
harmonic amounting to 20 per cent of the fundamental frequency component. 
This e.m.f. is applied to a circuit consisting of two parallel branches: (i) a resis¬ 
tance of 20 D in series with an inductance of 0*01 H; (ii) a resistance of 10 D in 
series with a capacitance of 50 ^F. 

Calculate the total current taken by the combination and the total power 
consumed, the fundamental frequency being 60 c/s. (E.M.E.U.). 

Ana, 7*7 A, 2716 W. 

13. A voltage whose instcuitaneous value is given by 

340 sin cot + 68^ sin Scot + "j) 

is applied to a circuit comprising a resistance of 60 fl, an inductance of 0*015 H 
and a variable capacitance connected in series. 

Calculate the value of the capacitance necessary to give resonance with the 
flfth harmonic and also the power cmd the power factor of the circuit in this 
condition. The fundamental frequency is 50 c/s. (N.U.) 

Ana, 27 juF, 254 W, 0*60. 

14. Denoting the ratio (effective va]ue)/(maximum value) of an alternating 
waveform by l/\/^> show that in the cases of rectangular, semi-circular, sinu¬ 
soidal and triangular waves the values of m are 1, 1|, 2, 3, respectively. 
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The power factors of the great majority of commercial loads are 
considerably less than unity. This is mainly because the induction 
motor IS the most widely used of the various alternating-current 
motors, and this mot or works at less than unity power factor . This is 
partly because of the wattless magnetizing current it draws from the 
line. Similarly, all transformers take a wattless magnetizing curren t, 
but also because the combined effect of the circuit resistances and 
reactances is to impose on the extremity of the line current vector a 
circular locus of finite diameter. This results in a considerable falling 
off in power factor as the load is reduced. Electric lamps work practi¬ 
cally at unity power factor, and therefore a system supplying a lighting 
load works at a much better power factor than one supplying power. 

Rough average values for power factors under different conations 
are as follows— 


(а) System supplying lighting load only ..... 0*9-0*95 

(б) System supplying lighting and power, with the former pre¬ 

dominating ......... 0*8-0*86 

(c) System supplying lighting and power with the latter pre¬ 

dominating ......... 0*75 

(d) System supplying power only ...... 0*65-0*7 

(e) Single-phase system supplying power only .... 0*4-0*6 


The Disadvantages of a Low Power Factor. 

(a) T he amount of true power is less than the kVA capacity of t he 
central it atioh. with th e result that, although the generators “may be 
fuUy^lo aded from the point of view of current output, and theref ore 
of temperature rise, they will not be deliver ing their full load of tru e 
power. The same applies to the cables, to switchgear and transformers, 
in fact, to ftllupparatus and plant iocated between power station and 
c oiTsiimer uarr ylfi ^ the iuil current ol tne cmcuit in wmch it is connecte d. 
T herefore, u the power I'actor can be increased, the earning cap acity 
of tJie sys tem wui be increased, without installing any new pl ant. 
T hus, if t he p6w er factor is raised from U*6 to 0 9, tne possiblel^om e 
will be mci*caBed 50 p er centi 

^ (6) ~ ^a/j(iition to the ear ning capacity, eff the sv Htftm b^ing 

by jts preirence, wattless kViu actuaJly costs somet hing to pr oduce. 

F rom th^ex qjn matinn nf ninning, ccviia.iaTr^ 

of Italian stati ons. Professor Arno has deduced the following exp ression 

for'1/he runiilfig costs of aTstation— 

Cost = constant ^ J \ kVA^tft 
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where t is the time. li will be seen that the cost has two componen ts. 
O ne, the cost of the tfilg energy fkilowatt-lioms) delivered. aiiS " the 
ot her^ the cost ol the kilovolt-ampere-hours . T he expression clear ly 
re fers to running costs only^ since there are overhe^ charges. sn cJ^as 
t h^annual cost ol tne centra l organization, capital charge s associat ed 
with the land, and so on . TKe~^pression for running costs can also be 
modified to take into account the fact there are fixed charges associated 
with the size (kVA) of the plant irrespective of whether it is supplying 
energy or not. A more convenient expression is thus 

(Total annual cost, ^) — A -{■ B X kVA + 6^ X kWh 

The constant C takes into account the cost of fuel, oil, wages and 
salaries, maintenance and everything which is automatically brought 
in when the plant delivers energy to the network. 

It will be clear that, apart from the capital cost represented by 
B X kVA in the equation, t he operational disadvantages of a low 
power factor increase the cost "per kWh as the power factor is reduc ed. 
As the power factor of a station is a function of the characteristic s of 
the load appliances, the supply authority is justitied m irammg a tariff 
i n such a manner that the lower the power lacror of a given inarallati on 
the more the consumer pays for the^enerpy (kWh ). The possibility of 
reducing the annual account for electrical energy consumed is the 
justification for expenditure on the part of the consumer on apparatus 
which will improve the overall power factor of his plant. 

(c) A poor power factor causes a large drop of volts in th e alternators, 

par tly because of the aimature leakage reactance , and p^tlyl&eca use 
prFTiftdftTnflgnAtiTingi;^.ffpp.f.nfn.rTnflfn yereaction . ^saresulttheexcita- 
tion on low power factors has to be much greater than on high powe r 
f actors^ in order tha^ the terminal voltage may be maintained at the 
pro per va lue- 'Vhia Iflrgftr ftYoitftra Tn amrift cflafta when 

the power factor of the system has been lower than anticipated when 
ordering the alternators, the necessary overloading of the exciters 
and consequent overheating of the alternator field have caused serious 
trouble, and this in spite of the fact that the alternators were not 
delivering their maximum possible load of true power. 

(d) The voltage drop of an overhead transmission line increases as 
the power factor decreases, with the result that) it may be necessary to 
instai expensive appliances In order to keep up the voltage at the^ far 
^ d of the line. A good voltage regulation is spe cially important on 
c ircuits supplying junction motors, since the torque 6f the^6 moto rs 
is proport ional to the agimr e of the applied voltage, and therefor^ if 
th ere is a large sudden fall i n voltag e^ the motors may sta ll. 

Methods of Obtaining an Improved Power Factor. Imagine a system 
consisting of (a) power station, (b) long transmission line, feeding (c) 
distributors, supplying (d) individual consumers. There will, of course, 
be transformers at various places as, for example, for stepping up the 
voltage for transmission purposes, stepping it down for distribution, 
and possibly stepping it down still further for applications to the 
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terminals of the consuming devices. The nnwer factor of the outgoin g 
sunply at the power station ia the resultant of the nowe^ factors of afi 


the appl iances connected to the distributors. It is po ssible to ins tall 
vancinc: apparat us at the power station and this , by neutriK^ 
fcVAK'will rediice th e total 

5 r a given kW^F^noe the plant 
" then be able to increase the 
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illustrated in Tig. 29.1."^ “The first figufe'‘sE6ws 


mm 


1 Original 




2 With Constant hW 


3 With Reduced 
kVAR apd 
Increased kW 


Fig, 29.1. PossiBiiiiTiEs in Power Factor Correction 


kVAj at a lagging power factor of cos <^i. The second figure shows th e 
system supplied with kVAR' of leading wattless kV A. wbich reduces 


creases the power factor to cos 


kVAo IS less than the output possible, as represented bv the radius of 






(If this is done it will certainly improve conditions ar me power 
stationT and It Will increase tne earning capacity of the i 


cos t will not be carried by the consume rsj whose apparatus is responsib le 
for the troub le, it is therefore not practicable to install at the power 
station plant whose sole function is the improvement of the station 
power factor.) We have see n that one of the operating disad vantages 
of l ow power factor is tbalhigh, voltage drop in a long overh ead trans¬ 
mission line, and it is not uncommon to install plant which, although 






___ uon. rne moto r is 

esigned to have the minimum losses, so that, having no mechanical 


o utput itoperatea at a power factor only slightly greater than z ero. 
Thus a certain S!0, 000kVA machine of this type a total idSs o f 
6nly !"*• per cent of 20,000 kW when fullv excited and delivering lull 
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current, so that ita I 




capacitor whose kVA can be varied at will and even reverse 








e is luUv KS 


excitation, delivers maximum leading kVAR, thereby inc 


me powe 


t be distributed capacitance will actua 

rise, and to combat this the synchronous capacitor is given a reduced 


ms current. 


The correction of power factor as an end in itself, instead of a means 
to an end, is the concern of the consumer. In his case it is generally 
due to induction motors, although there are applications other than 
motor applications, for example, electric furnaces and electric welding 
plant, which operate at low power factors. There are several alternative 
methods for obtaining improvement— 

1. With installations consisting of a.c. motor s the obvious m e tho d 
is to employ motors whose individual power factors are as high as 
po ssible. If the motor is loaded to about its fuU output the w hole of 
the time it is on the line, then It mav be econ omical to buV a ®5tor 

glV( 


r, even a 
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largely offset. Because of the falHug off in p ower factor with reduc tion 
It is a mistake to instal an induction motor which is of too pig 
a horse- power for the work it has to do. 

variable load the phase-compensated motor, or, in large sizes, 
the induction motor with separate phase advancer, should be 
considered. 

2. If the characteristics are anif-ftblA fliAn a mynnVironrmg TT iotor can 
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pr^ably be pl ain induc tion motors. TThe synchronous nm 


have two luncfions. firstly th 
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e have seen 

that at a low leading power factor the armature reaction is largely 
demagnetizing, with the result that the salient-pole motor with its 
“stiff** magnetic field is desirable. For example in the extreme case of 
the synchronous capacitor a salient-pole machine is essential. If the 


then, again, the stability of 


le machine is an advanta 





e amount of this is fixed by the 


itance and consequently it cannot v 


otor. or motors. 


A most usefuifield of application is in a factory where capacitors can 
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be installed at various points to improve th e power factors of groups of 
motors, or of single motors, if these are large enougU, The capafi Bgra 
can tJien be swished in or out according to the current demand for 


Consider the case of a single motor corrected by (a) a capacitor, 
(b) an expedor-type phase advancer, (c) a susceptor type. The capacitor 
takes a fixed amount of leading kVA and its effect is therefore a bodily 




0 0 


Fig. 29.2. Comparison op Dipperent Methods op 

POWER-PACTOR COMPENSATION 


shift to the left of the circle diagram of the motor. The motor functions 
exactly as normally but the locus of total line current is now the circle 
2, Fig. 29.2, instead of circle 1. The capacitor current per phase is, 
in the figure, of such magnitude that the overall power factor in full 
load is unity. At fractional loads the power factor is then less than unity 
and leading. The expedor type of phase advancer is a series machine 
whose fiux increases with the rotor current of the motor, and therefore 
the injected e.m.f. increases as the load increases. The susceptor is a 
shunt machine and can therefore take leading kVAR when the main 
motor is running light. However, initially its effect is very similar to 
that of a capacitor. 


Economical Limit of Power-factor Correction. The improvement of 
power factor can be justified for two entirely different reasons, although 
both are economic in the sense that the operation is carried out for 


the purpose of reducing expenditure. In the c^ of a generating pl ant 
the actual earning capacity is governed by the kW output, whereas 
the 
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is equal to P. then if the power factor is cob6 ^. the whftn,thft 

plant is fully loaded i s 

P cos kW 

Sup pose that the power factor at the station is improved to cos (fi^ by 
^e use of phase-acbrancing apparatus which operates at zero power - 
factor leading, then, when the plant is fully loaded at this power 

factor, the output is now 

Pg = P cos ^2 kW 
Hence the increase in kW output 

= P(cos ““ kW 

The effec t of the phase-advancing 
is to flwin g the kVA"vet*tor 
from position Os \ ^ W 

4'^ig. 29.3). The kW is ihciwy- 
i ^creased from 3lL'^^r'6\yrnIh\r 
suppose that the same kW increa se' 
were obtained by installing addi - 
ja bnal plants th e s tat i on p oSer 
fa.pt.nr rfimfli ning at COS then jh e 

0 kVA would have to be increase d 

Fia. 29.3 T rom OA to OC, an increase of 

P(cos ^2 cos ^i)/cos <l>i 

Hence, to effect this same increase but to keep the generating kVA 
down to the original value it is necessary that the phase-advancing 
apparatus shall have a kVAR of BC. This is equal to 

OC sin (f)^ — OB sin ^2 

= P(cos ^ 2 /cos </>i) sin (f>i — P sin <^2 

= P(tan cos <l >2 — sin ^ 2 ) 

In the vector diagram (Fig. 29.3) 

OA = original load kVA = generating plant kVA 

OC = new load kVA 

CB = kVAR of phase-advancing apparatus 
OB = generating plant kVA under new conditions 
= original value 

Let the cost per kVA of generating plant, switchgear, and connections 
be £a, and that of the phase-advancing apparatus be £6 per kVAR. 
If the problem is being assessed purely on a basis of capital cost then, 
as only one kind of apparatus is to be purchased, namely extra genera¬ 
ting plant or phase-advancing apparatus, the two alternatives have 


V 
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to be compared one with the other. Phase-advancing apparatus will 
be cheaper, on this basis, so long as 

£ 6 P (tan cos ^2 sin ^ 2 ) < [(cos ^2 cos ^i)/cos 
This reduces to 

Y {a — 6 sin ^ 2 )/cQ 8 <^2 < (<^ — 6 sin 0 i)/oos | 

and thus defines the minimum value to which the generating plant 
phase angle <f >2 can be taken by the use of phase-advancing plant 
before the cost of such plant becomes greater than that of additional 
generating plant, switchgear and connections all operating at the old 
phase angle of 

ExAiigLE 1 . A system is working at its maximum kVA capacity 
vdth a lagging power factor of 0*707. An anticipated increase of load 
could be met (a) by raising the power factor of the system to 0*866 by 
the installation of phase ^vancers, ( 6 ) by installing extra generating 
plant, cables, etc. to meet the increased power demand. The total 
cost for the latter method is £10 per kVA. Estimate the limiting cost 
per kVA of phase-advancing plant which would justify its installation. 

The limiting price is given by the value of b which satisfies the 
equation 

(a --b sin ^ 2 )/cos <f >2 = (a — b sin ^i)/cos <f>i 
In the example 

a = £10 per kVA 
cos <f}i — 0*707 sin <f)^ = 0*707 

cos ff )2 = 0*866 sin ^2 = 0*5 

/. (10 ~ 0*56)/0*866 = (10 - 0*7076)/0*707 
b = £6*16 per kVA 

Example 2. The load on the mains of a single-phase supply system 
is 100 kW at a power factor of 0*707, the current lagging behind the 
voltage. If phase-advancing apparatus is available for parallel connec¬ 
tion, taking leading current at a power factor of 0 * 1 , what must be its 
load in kVA if the power factor of the whole system is to be raised to 
(a) 0*8, (b) 0*9, (c) 0*95. (L.U.) 

Since the method of calculation for aU three parts is the same, 
consider only part (a). The vector diagram is shown in Fig. 29.4. 

cos = 0*707 01 = 45® 

cos 02 = 0*1 /. 02 = 84® 16' 

cos 03 = 0*8 /. 03 = 36® 52' 

Hence in the triangle OAC, the angles at 0, A and C are 8 ® 8 ', 
50® 44', and 121® 8 ' respectively. 

/. kVAg/kVAj = sin 8 ® 8 '/sin 121 ® 8 ' 

= 0*1415/0*8560 == 0*165 
Phase-advancer kVA = 0*165 x 100/0*707 = 23*3 




.na. 


ase-aavancmg 
een increased 


crease in 


factor of that plant, brought about by the use o 


S aratus. Thus the k'.V output 6i the plant 

OUgh Its KVA loading has renriAlned thft _ _ 

concern of the authority in charge of a generating plant in which such 


an improvemem; can oe enecreo:- 

-<Tnere is also the case of the consumer of electrical energy whose 
annual bill for electricity is based on a tariff which is framed to penalize 
the consumer whose plant operates at a low power factor. The tariff 







Fig. 29.4 


Fig. 29.6 


is almos t inv ariably a two-part tariff made up of a fixed sum per y ear 
and a charge for the kWb^A ngjw,Qd, ^ 'he fixed sum is arranged so as to 
coyer the cost incurred bv the authority in making it nossible for the 


co nsume r r.n naft ftiftnt.rinif.y At and confieguentlv it IS a lustifi able 
charge whatever the actual kWh consumption per annum may be. 


e secon d, or runn ing cost, co ve rsme cos t to the authority o^uppjy- 
^ ) particular amount of energy . The lixed cha rge Is generally 

nr nnnrtional to the consumers ma ximum demand, for exampie"£5 per 
annum per kW, or kVA of maximum~3emand. It Is by making" this 



annual outgom 


e bill lor electrical energy, (6) the annual interest and depreciat ion 
the phase-adyancmg appara tus] The criterioiT now is that^tbifi 
outgoing shall be a minimum . 

Provided the phase-advancing apparatus has this one function only, 
static capacitors for example, then the supply is on the basis of constant 
kW. The vector diagram is shown in Pig. 29.5, in which the vectors 
are shown as currents. 


OA = total load current = line current before correction 
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DA = wattless component of 
== JjL sin 

i4J5 = If, the current taken by the capacitor 
OB =5= 1 2 the line current after correction 

The total wattless current after correction is 
DB = /g sin ^2 
/. If. = /x sin — /g sin ^2 

Again, 

f 2 cos ^2 cos 

/. /£ = -^1 (cos ^x/cos ^ 2 ) 

/fl = /x(sin^x ”■ ooQ<l>it&n.<f>2) 

If the plant kVA (\/37/x/1000) is P then the necessary kVA of phase* 
advancing apparatus, operating at zero power factor, required to improve 
the overall power factor from cos ^x cos <f >2 is 

P(sin <^x cos <f>i tan ^ 2 ) 

In order to determine the economical limit to which this can he 
taken, start with the load kW, as this is a fixed value. 

Original kVA = kW/cos <f>i 
Final kVA = kW/cos ^2 
Reduction in kVA 

= kW(l/cos^x l/cos^g) 

The annual saving on a fixed charge of £a per kVA of maximum 
demand is thus 

£kW X a(l/cos^x — l/cos(^ 2 ) 

The necessary leading kVAR to effect this is 
kW(tan ^x ~ l^s^n (^ 2 ) 

The annual outgoings due to interest and depreciation amounting to 
£6 per kVA of phase-advancing apparatus 

= £ kW X b (tan (f>i — tan ^ 2 ) 

The total annual saving is thus 

£ kW X a(sec <^x — ®ec ~ ^ kW X b (tan ^x tan ^ 2 ) 

= £ kW [a sec ^x ® sec b tan ^x + ^ tan <f>^ 

Differentiating this with respect to <^2 s«nd remembering that ^x is a 
fixed angle, we have 

kW(— a sin <f >2 seo^^g + ^ sec^^g) 

This is equal to zero and corresponds to a maximum when 
a sin <f >2 sec^^g = 6 sec^g 
sin <f >2 = bja 


when 
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This expression is independent of showing that the most economical 
value for depends oidy on the ratio of b to a. 

Example. A factory takes a steady load of 200 kVA at 0*707 
power factor from 400 V, 60 c/s mains. The tariff is as follows: £6 
per annum per kVA of maximum demand, plus 0*6d. per unit. It is 
required to reduce the annual outgoing for electricity to a minimum 
by installing static capacitors. If the installed cost of these is £4 10s. Od. 
per kVA and interest and depreciation amount to 12 per cent per annum, 
calculate (a) the most economical power factor, (6) the capacitance of 
the capacitors. 

a = £5 per annum per kVA of maximum demand 
6 = 12 per cent of £4 10s. Od. = £0*54 
sin<^2 = 0*64/5 = 0*108 
= 6 ° 12 ' 
cos <f )2 = 0*994 
Referring to Fig. 29.5 

= 200,000/( V3 X 400) = 288*7 A 
In the triangle OAB 

A,BOA = 4:5^ - 6° 12' = 38° 48' 

/_OBA = (90 + = 96° 12' 

/. I, == 288*7 X (sin 38° 48'/sin 83° 48') 

= 288*7 X (0*6266/0*9942) 

= 182 A 

Assuming delta-connected capacitors the capacitor current per phase 
Ic.vh = 182/V3 = 105*1 A 
/. = 105*1/400 X 314 

= 8*37 X 10-4 F 
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Examples on Chapter 29 

1. What are the disadvantages of a poor power factor in an alternating- 
current system ? A single-phase motor takes 20 A at 200 V at a power factor of 
0*8. Calculate the capacitance of the capacitor which, when shunted across the 
motor terminals, will bring the line current into phase with the voltage. Frequency 
of supply, 50 c/s. 

Ana. 192 pY. 

2. Explain clearly the action of the reactive component in a synchronous 
machine. A slow-speed alternator and a turbo-alternator working in parallel 
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supply 2500 kW at a power factor of 0*8. K the tiirbo-altemator gives 1000 kW 
at unity power factor, at what power factor must the slow<-Bpeed machine be 
working? (C. and Q.) 

Ana. 0*625. 

3. Explain, by means of vectors, how an over-excited rotary convertor can 
compensate for a lagging power factor. A generating station supplies power for 
the following: Lighting 100 kW, induction motor of 400 h.p. having a power 
factor of 0*8 and efficiency 0*93, a rotary convertor giving 1000 A at 500 V at an 
efficiency of 0*94. What must be the power factor of the rotary convertor in 
order that the power factor at the supply station may be unity ? (C. and G.) 

Ana. 0*91 leading. 

4. Define the term “power factor** as applied to alternating-current circuits. 
What power factor does one usually find for the following: (a) A water resistance, 
(6) the primary current of an alternating-current transformer when the secondary 
is unloaded, (c) a hand-feed alternating-current a^c ? Illustrate each case by means 
of a rectangular co-ordinate diagram of waveforms. Assume the wave of the 
alternator electromotive force to be sinusoidal. 

5. A central station of 1000 kVA capacity supplies a load whose power factor 
is 0*8. How many wattless leading kVA must be supplied by phase-advancing 
appeuratus in order to raise the power factor of the station to 0*95; (a) the true 
power supplied by the station remaining constant, (6) the kVA supplied by the 
station remaining constant ? 

Ana. (a) 336; (6) 288. 

6. Describe a type of capacitor used to compensate for lagging currents in a 
power supply system. A 2000 V, 50 c/s motor installation has a maximum load 
of 300 kVA at a power factor of 0 6. Calculate the capacitance of a capacitor to 
raise the power factor to 0*95 at maximum load. What will the power factor be 
when the load is halved ? (C. and G.) 

Ana .—Assuming a three-phase system with the capacitors delta-connected, 

capacitance per phase = 48 /j,F. Power factor at half-load, 0*83 leading. 

7. Explain by means of the vector diagram of the motor, why it is that an 
over-excited synchronous motor cannot supply so much wattless leading kVA 
when it is doing mechanical work as when it is running idle. 

8. What methods would you recommend for the improvement of the power 
factor of (a) a central station and cable network, (6) a largo induction motor, (c) 
a group of small motors ? Give reasons for the various methods adopted. 

9. A central station is working at a power factor of 0*7. Deduce an expression 
for the necessary reduction in wattless kVA to improve the power-factor to any 
given value. Hence, plot a curve with values of the reduction as ordinates against 
the new power factor as abscissae. Draw conclusions from the shape of the curve. 

10. Show that the economical limit to which the power-factor of a lagging 
load can be raised is independent of the original value of the power-factor when 
the tariff consists of a fixed charge per kVA plus a fiat rate per unit. A consumer 
is charged £3 per annmn per kVA maximum demand, plus a flat rate per kVA. 
Phase advancing plant can be purchased for £3 per kVA, the cost for depreciation, 
housing, and interest on capital being 12 per cent. Find the most economical 
angle of lag to which the load can be improved under these conditions. (L.U.) 

Ana. r. 

11. What factors determine the economical limit of power-factor correction? 
A system is working at its maximum kVA capacity with a lagging power-factor of 
0*707. An anticipated increase of load could be met by: (a) raising the power- 
factor of the system to 0*866 by the installation of phase advancers, (5) by in- 
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stalling extra generating plant, cables, etc., to meet the increased power demand. 
The total cost for the latter method is £8 per kVA. Estimate the limiting cost 
per kVA of phase advancing plant which would justify its installation. (I.E.E.) 

Ans. £8 16s. Od. 

12. A load has a maximum demand of 400 kVA at a power-factor of 0*8 
lagging, and the tariff is £6 per kVA of maximum demand plus 0*5 pence per 
k^. Calculate the saving in the maximum demand charge if the power-factor 
is corrected to 0*9 lagging. Calculate also the total saving if an annual charge of 
10s. per kVA is allow^ for the correcting apparatus. 

Ane. £222; £180. 

13. A factory is charged for its electrical energy £4 per kW plus 0*4d. per kWh 
with an additional 5s. per kW of maximum demand for every 0*1 by which the 
power factor falls below 0*85. The maximum demand is 1200 kW at a power- 
factor of 0*6 lagging and the load-factor is 50 per cent. What is the maximum 
amountperkVA which could be economically spent on static condensers to improve 
the power-factor to 0*85? Take interest and depreciation as 10 per cent per 
annum. 

Ans, £8 16s. per kVA. 

14. A large factory owns a generating station which has a maximum output 
of 10 MW. It is estimated that the maximum load will reach 18 MW m th^ 
years. In order to be able to supply the extra demand the management may either 
install two 5 MW turbo-alternator sets at a cost of £30 per kW, or obtain a bulk 
supply from the C.E.A. at £5 per annum per kW of maximum demand plus 0‘3d. 
per Annual charges on new plant would be 12 per cent of capital cost, and 
the estimated generating costs would be £4 10s. per kW of the maximum demand 
plus 0’4d. per kWh. Assuming the estimated requirements in three years to be 
80 X 10* kWh, and that for the bulk supply a load factor of 80 per cent would be 
maintained, which alternative would be the more economical ? 

Arts, Bulk supply £195,000 

Extension of sets £250,000. 
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ILLTTMmATION 

Radiant Energy. Radiant* energy is energy which can be transmitted 
through space without the necessity for some obvious transmitting 
agency, such as metallic conductors in the case of electrical energy, 
steam or hot-water pipes in the case of heat energy, and so on. It is 
quite clear that there must be some mechanism of transmission even 
in the case of radiant energy and it is convenient to assume, although 
by no means certain, that radiant energy is the energy content of a wave 
motion propagated through an all pervading medium, the ether. If 
some obstacle is interposed, for example the human body in front of a 
fire, or a thermojunction in the beam of light from a light source, then 
the energy incident on the obstacle will experience (a) reflection and 
generally scattering, the reflected energy again being in the form of 
radiant energy, and (b) absorption, in which case there will be a con¬ 
version of radiant to heat energy, with consequent rise in temperature 
of the obstacle. 

If radiant energy is the energy content of a wave motion through a 
medium then it must be characterized by (a) a velocity of propagation, 
and (6) a wave length. Through free space, and very approximately 
through the atmosphere, the velocity of propagation of radiant energy 
is 2*99776 X 10® m/sec, and obviously for the purpose of the engineer 
this can be simplified to 3 X 10® m/sec. Although the velocity of 
propagation is constant, the wavelength can be of any value, for, if 
we assume a structureless ether there is, apparently, no limit to the 
smallness, neither is there an upper limit. It is important to realize 
that radiations of differing wavelengths are of identical physical 
nature, for example, they all give rise to heat generation in an obstacle 
which has the property of absorbing incident radiation, a property 
which is possessed by all material bodies. On the other hand the wave¬ 
length of a radiation may have an important bearing on the suitability 
of that particular radiation for some particular purpose. Thus radio 
transmission can be carried out by radiations of wavelength 1 cm and 
upwards. The short wavelengths within the range 1*6 X 10*“® cm to 
10“’ cm are the Rontgen or X-rays which are characterized by their 
ability to penetrate many materials normally regarded as opaque. 

Owing to the physiological construction of the eye and its associated 
nerves, the physio-chemical processes which enable messages to be 
transmitted from the eye to the brain, and to the combined physiological 
and psychological processes which convert those messages to an 
impression, the range of wavelengths which are capable of producing 
the sensation of sight in an individual with normal vision is restricted 
to the very narrow band extending from about 4 x 10“® to 
7*5 X 10“®om. The word “about” is used deliberately here as the 
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limiting wavelengths for vision vary with the individual, and also vary 
throughout life with the same individual. Thus a normal middle-aged 
person receives the sensation of light from radiations of wavelength 
4 X 10~® cm, but with young people the lower limit will be less than this, 
in some cases nearer 3 X 10~® cm. There is not so much variation at 
the upper end, and 7*5 X 10“® cm is a fairly good average. 

As the centimetre is not a very convenient unit for the wavelength 
of “visible” radiation it is common to use a sub-multiple of the centi¬ 
metre, namely 10"® cm as the unit. This is called the Arvgstrmn unit 

(A) 

1 A = 10“® cm 

and the average limiting wavelengths for vision are thus 
4 X 10-® cm = 4 X 10-® X 10® = 4000 A 
7-6 X 10-® cm = 7-5 x lO"® X 10® = 7500 A 

Colour. Suppose that a beam of radiant energy is of one wavelength 
only, that is to say, it is a monochromatic radiation, then if that 
wavelength is within the above visible range it will give rise to the 
sensation of light: the colour of the sensation will be decided by the 
wavelength o^y. For example if a monochromatic radiation is of 
wavelength 7000 A it will give the sensation of red, if of 6000 A the 
colour will be yellow, if 5500 A green, if 4750 A blue, and if 4000 A 
violet. There are reds on either side of the 7000 A wavelength, and 
similarly with the other colours, so that if there is a radiation including 
all the wavelengths within the visible range, then the spectrum of this 
radiation will include all the spectral colours, or hues, from extreme 
red to extreme violet. The sensation produced when radiation con¬ 
sisting of many wavelengths falls on the eye is the result of all the 
monochromatic components. 

Relative Luminous Efficiency of Radiation. Imagine a beam of 
radiant energy consisting of all the wavelengths within the visible 
range, and let the relative values of the various components be such 
that for any narrow wavelength band dA, the radiant energy within 
this bandwidth is a constant and independent of the wavelength A. If 
the spectrum of this radiation is obtained by means of a dispersing 
system giving uniform spacing, then the radiant energy per constant 
bandwidth dX is also a constant. Hence if a slit is placed in front of 
the spectrum and traversed across it, then, no matter what its position 
the radiant energy coming from the slit is constant, and if this energy is 
determined by a thermojunction then the galvanometer deflection will 
be independent of the slit position. On the other hand if the slit is 
examined visually then, besides a change of colour as it traverses the 
spectrum, there will also be a change in the visual effect as indicated 
by the luminance of the slit. Starting at the extreme red the visual 
effect will be very small but as the wavelength is increased there will 
be first a slow and then a rapid increase until a maximum is reached 
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at the green of 5540 A. Further reduction in wavelength results in 
a diminution in visual effect, which becomes zero at about 4000 A. 

It is thus clear that the effect of visible radiation on the human eye 
is dependent on the wavelength, being a maximum (for a normal 
person) at 5540 A and diminishing as the difference from 5540 A 
increases, whether this difference corresponds to a greater or to a smaller 
wavelen^h. The graph of visual sensation against wavelength is 
shown in Fig. 30.1. It refers to normal intensities of iUumination and 



Fig. 30.1. Relative Luminous Efficiency of the Avbbagb Eye 

not to very low values: it is called the relative luminous efficiency of 
the average eye. Symbol 

Denoting the maximum value of this factor as unity, the curve can 
be plotted from the following data*— 


A 


A 


3800 

4 X 10-« 

5750 

0-9154 

4000 

4 X 10-* 

6000 

0-6310 

4250 

7*26 X 10-» 

6250 

0-3210 

4500 

3-8 X 10-* 

6500 

0-1070 

4760 

01226 

6750 

0-0232 

6000 

0-3230 

7000 

4-1 X 10-» 

6250 

0-7932 

7250 

7-36 X 10-* 

6600 

0-9950 

7350 

3-6 X 10~* 

5540 

1-000 




Radiant Efficiency and Luminous Efficiency. When the temperature 
of a body is gradually increased, the body begins to radiate energy 
into space, the nature of the radiation depending on its temperature. 
Thus, when the temperature is low, only heat energy will be radiated, 
but when a certain temperature is reached, light also be emitted 
and the body will then become luminous. At first the light radiated 
will consist of red waves only, but with increasing temperature more 

* For complete data, see D. B. Judd; Bureau Stds. 6 (1931) 465. 
a7--(T.8i8) 
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and more of the shorter waves will be given off, until eventually the 
body is white hot. The heat waves still given off are identical in nature 
to the light waves, but as they produce no impression on the retina, 
it is obvious that from the point of view of light-giving, they represent 
so much wasted energy. The energy radiated as light, expressed as a 
percentage of the tot^ energy radiated, is called the radiant efficiency 
of the body. As the temperature is increased above that at which 
light waves are first given off, the radiant efficiency will increase, 
because the energy of the light waves will increase in greater proportion 
than the total raffiated energy. When the light radiations include all 
the visible wavelengths from extreme red to extreme violet, then a 
further increase in temperature produces further radiations which are 
invisible, this time of wavelengths smaller than the extreme violet. 
The radiant efficiency now decreases. The temperature for maximum 
efficiency is about 6000°C; it is far above the temperature usually 
attained by sources of light. 

Suppose that the value of radiant energy per narrow wave band at 
any particular wavelength is plotted against wavelength, then the 
graph so obtained is called the spectral energy distribution. At any 
particular wavelength the area of the narrow strip of width equal to 
the wave band is equal to the radiant energy, and therefore the total 
area under the curve of spectral energy distribution is a measure of the 
total energy radiated. The area bounded by the ordinates at the 
extremes of visibility is a measure of the energy radiated in the form 
of visible light. But we have seen that the magnitude of the visual 
effect due to any monochromatic component is a function of the 
wavelength of that component, and consequently to obtain a measure 
of the light (as distinct from visible radiation) we have to multiply 
each ordinate of the spectral energy curve by the appropriate value of 
the relative luminosity factor. This is done in Fig. 30.2, and the area 
under the derived curve now gives the amount of light. It will be clear 
that the radiation in the form of light is considerably less than the 
total visible radiation. 

Definitions.’*' Radiant Flux. Power emitted, transferred or received 
in the form of radiation. Symbol P or Og. 

Light. Radiant flux capable of stimulating the eye to produce 
visual sensation. 

Luminous Flux. That quantity characteristic of radiant flux which 
expresses its capacity to produce visual sensation, evaluated according 
to the values of relative luminous efficiency for the light adapted eye 
adopted by the C.I.E.f. Symbol F or O. 

luminous Energy. The time integral of luminous flux. Symbol Q. 

Illumincdion, At a point of a surface. The quotient of the luminous 
flux incident on an infinitesimal element of surface containing the 
point under consideration, by the area of that element. Symbol E. 

* Esctracted from B.S. 233 (1953) and reproduced by permission of the British 
Standards Institution. 

t Commission Internationale de TEolairage. 
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Imriinoue EmiUance from a point of a surface: the quotient of the 
luminous flux emitted from an infinitesimal element of surface contain¬ 
ing the point under consideration, by the area of that element. Symbol 
H, 

Luminous Intensity in a given direction: the quotient of the luminous 
flux emitted by a source, or by an element of a source, in an infinitesimal 
cone containing the given direction, by the solid angle of that cone. 
Symbol /. 

Luminance at a point of a surface and in a given direction: the 
quotient of the luminous intensity in the given direction of an infini¬ 
tesimal area of the surface containing the point under consideration, 


U- Normal Visible Range ->| 



Wavelength A 


Fig. 30.2. Illustbatino thb Ditfebence between Visible Radiation 
AND Luminous Output: Full Radiation at 3400°K 


by the orthogonally projected area of the element on a plane perpen¬ 
dicular to the given direction. Symbol L, The term luminance is 
now used in preference to brightness. 

Luminous Efficiency of a radiation; the quotient of the luminous 
flux by the corresponding radiant flux. S 3 rmbol K ; for monochromatic 
radiations of wavelength A, K;^\ for monochromatic radiation for which 
the luminous efficiency is a maximum, 

Lumen, The unit of luminous flux. The flux emitted in unit solid 
angle of one steradian by a point source having a uniform intensity 
of one candela (see below). Abbreviation Im. 

Lumen per square foot, A unit of illumination. An illumination of 
one lumen per square foot. Abbreviation Im/ft^ or Im/sq. ft. Note that 
this unit is the same as the fooUcandk, a name which is not now 
recommended 
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Candela. The unit of luminous intensity. It is of magnitude such 
that the luminance of a full radiator (also known as a black-body 
radiator) at the temperature of solidifaction of platinum is 60 units of 
luminous intensity per square centimetre. Abbreviation cd. 

Candle-power. The light-radiating capacity of a source in a given 
direction, in terms of the luminous intensity expressed in candelas. 

Mean Spherical Candle-power. The average value of the candle- 
power of a luminous source in all directions. 

Stilb. A unit of luminance. A luminance of one candela per square 
centimetre. Abbreviation sb. 

Lambert. A unit of luminance. The luminance of a uniform difiPuser 
emitting one lumen per square centimetre. 

Foot-lambert. A unit of luminance. The luminance of a uniform 
diffuser emitting one lumen per square foot. Abbreviation ft-L. 

Notes on Some of the Units. Imagine a point source having a lumi¬ 
nous flux of Im uniformly distributed in all directions. Imagine this 
to be at the centre of a sphere of radius r ft, and therefore of area 
477r* square feet. The illumination of the inner surface of this sphere is, 
by definition 

E = (Luminous flux)/(area) = Fl4t7rr^ 

The luminous intensity is given by 

/ = (Luminous flux)/(8olid angle) == EjArr 
E^Ijr^ 

but the quotient IJr^ when I is expressed in candela and r in feet gives 
the illumination in foot-candles. This shows that the lumen per square 
foot and the foot-candle are the same. 

Occasionally the mean hemispherical candle-power of a source is 
given: this is the mean of the candle-powers in all directions below 
the horizontal. The reduction factor is the ratio 

/ = (m.s.c.p.)/(m.h.c.p.) 

The efficiency of a lamp is defined as the quotient of lumen output 
to the watts intake. The following relationships hold 

lumens per watt = 47T/(watts per m.s.c.p.) 

= 47r//(watt8 per m.h.c.p.) 
watts per m.s.c.p. = 47r/(lumen8 per watt) 

= (watts per m.h.c.p.)// 
watts per m.h.c.p. = 4Tr//(lumens per watt) 

= / X (watts per m.s.c.p.) 

The following values are representative of the performance of 
modem gas-filled lamps. 
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Watts 

Average Lumen Output 
Tlnoughout Life 

Average Efficiency Throughout 
Life 

Im/watt 


Single-coil 

Single-coil 

Coiled-coil 

Single-coil 

Single-coil 

Coiled-coil 


llOV 

230 V 

230 V 

llOV 

230 V 

230 V 

25 

133 

113 


5*32 

4-52 


40 

228 

206 


5*7 

6-15 


60 

449 

330 

389 

7-48 

5-5 

6-48 

75 

759 

584 

665 

1012 

7-79 

8-87 

100 

1000 

785 

883 

10 

7-85 

8-83 

150 

1400 

1160 

1270 

9*33 

7-73 

8-47 

200 

2230 

1970 


1M5 

9-86 


500 

8950 

7930 


17-90 

16-80 


1000 

19,640 

17,800 


19-64 

17-80 



It will have been realized that the lumen output of a source is depen¬ 
dent not only on the total visible radiation (radiant flux) emitted, but 
also on the wavelength content, in fact it is this which governs the 
form of the definition of luminous flux. Suppose that a source could 
emit monochromatic radiation of 6540 A with no admixture of any 
other wavelength, visible or invisible, then this source would emit one 
lumen for each 0-0016 W of radiation, its radiant efficiency (not 
commercial efficiency as given in the above table) therefore being 

1/0-0016 = 626 Im/W 

If a source could emit monochromatic radiation only, but of some 
other wavelength A, for which the relative luminous efficiency is Vxt 
then the radiant efficiency would be 626 Im/W. For example 
the value of Vx for the sodium D line (the double line whose components 
are of wavelengths 6890 and 6896 A) is 0-76, showing that if the sodium 
lamp emitted the D line radiation only its luminous efficiency would be 

0-76 X 626 = 468-8 Im/W 

The commercial efficiencies of practical lamps are much below such 
values because (a) the lamps, particularly metal-filament lamps, 
emit large amounts of invisible radiation, particularly in the infra-red, 
and (6) because the visible radiation is usually spread over a wide 
band, thereby including much for which the v^ue Vx is very small. 
The high value of Vx for the sodium D lines, combined with the fact 
that there is very little additional visible radiation, is one of the factors 
which gives the sodium vapour lamp the very high commercial efficiency, 
average throughout life, of 60-66 Im/W. 

Laws of XUnmination. The illumination of a surface receiving its 
flux from a source whose distance is sufficiently great to justify its being 
regarded as a point source, is inversely proportional to the square of 
the distance between the surface and the source. 
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The illumination of a surface at any point is proportional to the 
cosine of the angle between the normal at that point and the direction 
of the luminous flux. This is Lambert’s Cosine Law. Fig. 30.3 
represents a rectangular tube of flux F. 

Intensity of surface ABCD = FIABCD 
Intensity of surface ABC'D' = FJABC'D' 

= Fcob B I ABCD 

(Intensity of ABCD)I(Intensity of ABCD') = 1/cos B 

Example. Two arc lamps of 1000 and 500 c.p. respectively (assumed 
the same in all directions) are suspended 40 ft above the ground and 



Fig. 30.3 Fio. 30.4 

are 100 ft apart. Find the intensity of illumination at a point on the 
ground in line with the two lamps and 40 ft from the base of the more 
powerful lamp. 

From Fig. 30.4, we have 

Illumination at C due to = [1000 1 (SiC)^] x cos Bi 

= [1000/(56-6)2] X 0-707 
= 0-22 Im/ft* 

Illumination at C due to ^2 = [^00/(/82C')2] x cos 62 

= [500/(72)2] X 40/72 
= 0-05 lm/ft2 
Total illumination at O' = 0-22 + 0-05 
= 0-27 lm/ft2 

Measurement of Luminous Intensity. In order to determine the 
luminous intensity of a source of light it is necessary to compare it with 
a source of known intensity. A standard lamp is therefore required. 
At one time the intensity of a candle of pure spermaceti wax, weighing 
J lb and burning 120 gr/hr, was taken as the unit. It is clear that the 
candle, however closely it may conform to a definite specification, is a 
very inconvenient source to use as a primary standard. More modern 
standards are the Harcourt pentane lamp, which burns a mixture of 
pentane vapour and air, and has a candle power of about 10; the 
Heffner lamp, which bums amyl-acetate at a wick and has a candle 
power of 1 ; and the Carcel lamp, which bums colza oil and has a candle 
power of about 10. In practice, it is not convenient to use such 
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standards, a more satisfactory way being to determine the candle power 
of an aged electric lamp by comparison with one of the above standards, 
and then to use this lamp as a secondat'y standard. It is usual to make 
periodic tests on a lamp which is to be used as such a standard, and 
when it is consistent, to remove the filament from the old bulb and 
place it in a new cylindrical bulb. 

The most recent primary standard is known as a “black body’* 
radiator,* and operates at the temperature of melted pure platinum. 



'Platinum 


Jused Thorium 
Oxide Crucible 


fused Thorium 
Oxide Tube 


Powdered 
Thorium Oxide 


Fig. 30.5. The Primahy Standakd or Light 

The only satisfactory refractory which will withstand this high tem¬ 
perature (1773®C) and at the same time remain chemically inert, 
thereby refraining from having any effect on the platinum, is fused 
thorium oxide. The black body consists essentially of a narrow tube of 
this material, filled about half-way with powdered thorium oxide. This 
tube is placed centrally m a larger crucible of the same material, the 
space between being nearly filled with platinum. The whole has a 
cover which locates the central tube, and there is a small central hole 
through which the radiation can pass. The crucible is embedded in 
thorium oxide, giving a construction somewhat as Fig. 30.5. The plati¬ 
num is melted by means of a high-frequency induction furnace, and 
it is when the heating is removed and the platinum stiD molten that 
the black body is used as a standard. If temperature is plotted against 
time, there will be a fall in temperature until the platinum “freezing” 
temperature is reached, after which the temperature will remain 
stationary for a period until the platinum is solidified, after which the 
temperature falls again. During the period of steady temperature the 
brightness of the radiator is exactly 60 candles per cm‘. 

The most convenient form of photometer for general purposes is the 
Lummer-Brodhun Photometer. This consists essentially of a plaster 
* The modem preferred term is radiator*’ or *'P]anokian radiator.” 


808 ELECTRICAL TECHNOLOGY [Ch. 30 

of Paris screen 8 (Fig. 30.6), the two sides of which are illuminated by 
the standard lamp and the lamp under test, respectively. The light is 
scattered at the two surfaces, and the rays which leave at an angle of 
45® reach the right-angled prisms A and B, where they are totally 
reflected to two more prisms, C and D. In one form of photometer a 
portion of the base of C is ground away, so that the contact area between 
C and D is a circle. Rays from prism A entering this circle pass through 
to the telescope, whereas those from B which enter the circle do not 




Ordinary Contrast 

Appearance of Field 


Fio. 30.6. A Lummeb-Bbodhxtn Photometeb 

reach the telescope. On the other hand, of the rays which reach the 
face of D outside this circle, only those from B reach the telescope. 
Hence, the field consists of an inner circle and an outer annular ring 
illuminated by the standard and the test lamp respectively. The 
position of the photometer is adjusted until the field is of uniform 
brightness and its distance from the two lamps read off. If CP-^ and 
CPj are the candle powers of the standard and test lamp, and and 
dg their respective distances from the photometer, then, from the inverse 
square law 

CP^ICP^ = or CP^ = X 

In a modified form of Lummer-Brodhun Photometer, the area of 
contact between the two prisms C and D is so modified that the field 
of view consists of trapezoidal patches inside semicircles. With no 
further modification the instrument would still be an “equality of 
brightness” instrument with a different field pattern. To convert to 
“equality of contrast” thin strips of glass are placed in the positions 
indicated in Fig. 30.7, their tUckness being such that they absorb 
about 8 per cent of the incident light. Hence the luminance of the 
trapezoid is lightly less than that of the background P^, while that 
of trapezoid T^^ is slightly less than background B^. Hence, when a 
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balance is obtained, the contrast between trapezoid and background 
is the same in both halves of the field. 

When the candle power of very powerful lamps, such as large dis- 
charge lamps, is being determined, the distance Wween the test and 
standard lamps must be very large, otherwise the photometer will have 



Fio, 30.7. Pbisms for the Equality of Contrast Photometer TTicA-n 
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Eyepiece 

Calibrated Bar 

1 
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Tube 

Fig.*' 30.8. Prinoiplb of Macbeth Illuminombtbb 

to come so close to the standard that accurate observations are impos¬ 
sible. A photometer room is not large as a rule, consequently, in order 
to obtain the required distance, the test lamp can be slung from the 
ceiling and the light &om it refiected by a mirror on to the photometer. 

The niumination Photometer. To enable the illumination of surfaces 
to be measured, special portable photometers have been evolved. One 
of these, the Macbeth lUuminometer, is illustrated in Fig. 30.8. The 
instrument is essentially a portable photometer having a Lummer- 
Brodhun cube 0 as the indicating device. One source is an opal glass 
screen S which is illuminated by a small lamp L and which, owing to 
its diffusing properties presents an area of ui^orm luminance to the 
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cube C. The lamp is connected to a portable battery by leads not shown 
in the figure, and a rheostat and milliammeter enable the luminous 
intensity to be maintained at the correct value. The second source is 
a standard refiecting surface, called the test plate, which is placed on 
the surface for which the illumination is to be measured. This test 
plate is of white diffusing material and if it were a perfect diffuser, 
that is, if its luminance was independent of direction, the axis of the 
sighting tube could be held at any convenient angle. In practice the 
angle should not be greater than about 40° from the normal to the 
surface. In order to obtain a photometric balance the position of the 
lamp L is adjusted by means of a rack and pinion (not shown) and its 
position read on the calibrated bar. If, with the lamp operating at a 
definite current, the test plate is placed on a surface whose illumination 
can be varied, and can also be measured or calculated, then the bar 
can be calibrated directly in units of illumination, namely Im/ft^. By 
inserting neutral filters at either or the range of the instrument 
can be extended either upwards or downwards. 

Photoelectric Methods. Perhaps the most convenient, if not the most 
accurate, method of determining the illumination of a surface is to place 
a photovoltaic ceU on the surface and to measure the cell current by 
means of a microammeter. The electron flow is (within limits) pro¬ 
portional to the light flux falling on the surface of the cell, and for a 
given external resistance, is a function of the light flux. Thus the 
micro-ammeter can be calibrated directly in illumination by means of 
a standard lamp. The commercial cell of 2 in. diameter gives about 
450 //A/lm. By the use of a special glass filter in front of the cell the 
spectral sensitivity of the device can be made to approximate closely 
to that of the eye, and so the instrument calibration is the same for 
illuminations of different spectral energy distributions. It should be 
noted that the barrier-layer tj^e of photoelectric cell is most suited for 
dealing with a steady light flux; other types are more useful for dealing 
with fluctuating light as in television and talking-film work. 


Determination of M.H-S.C.P. and M.S.C.P. In order to determine the 
m.h.c.p., the candle power is measured in a horizontal direction, the 
lamp being rotated through, say, 10° about a vertical axis for each 
observation. The resulting candle powers plotted on a polar diagram 
give the horizontal curve of illumination. Such a curve is, roughly, 
circular for most lamps. The m.h-s.c.p. is the mean of the observed 
values. If these values differ considerably, so that the diagram departs 
from the circular form, it is preferable to plot candle power against 
angle with rectangular co-ordinate axes. The base is then divided into 
an even number of steps of equal width, and the ordinates measured. 
There will be an odd number. Applying Simpson's Ride, we have 


Area under curve = 


^ [Vi + + 2{ys + ys + y? + ■ • •)! 

3 \ + 4(y, + 2/4 + y, + . . .) / 
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where yi, y^y etc., are the various ordinates and h is the horizontal 
distance between consecutive ordinates. By dividing the area by the 
base the mean ordinate is found, and this is the required m.h.c,p. 
Usually, 10 steps, i.e. 11 ordinates, will be sufficient. 

If the lamp is moimted so that it can be rotated in a vertical plane 
the resulting polar curve will exhibit two lobes, the cone of shadow 
about the position 0° being due to the holder. The m.s.c.p. can be 
determined from this polar diagram by Rousseau’s construction. A 
circle is drawn on the diagram, as shown in Fig. 30.9, and an axis 



XY drawn parallel to the vertical diameter AB, Points on the semi* 
circle with imiform angular displacement are projected on to XY, and 
the lines produced beyond it by an amount equal to the candle power 
corresponding to the angular position. Thus, OH is made equal to 
OF, and so on. The mean ordinate of the curve so obtained (CD 
being regarded as its base) gives the m.s.c.p. For, suppose the intensity 
at any angular position 0 is /, then, if an element of angular width dd 
is taken and this element rotated about AB axis, it will describe a zone 
of a sphere of area 

2nr cos 0 X rdd = 27rr* cos 0 . dd 
The illumination of the inner surface of this zone is therefore 

2'jrlr^ cos 0 . dB 

Hence, for the total spherical illumination, we have 
27r I /f*cos0d0 

J- ir/2 

/, of course, being a function of 0. Now, r cos 0 . dd is the width of 
the shaded strip in the figure, and therefore, Ir cos 0 . d0 is the area of 
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the shaded strip. The total area under the derived curve is therefore 

r+ W2 

I Ir cos Odd 

J- W2 

= (Total spherical illumination)/27rr 

Now the base of this curve is of length 2r. Hence, the length of the 
mean ordinate 

= (Total spherical illumination)/(27rr X 2r) 

= (Total spherical illumination)/477r* 

= (Total spherical illumination)/47r 

if the sphere has unit radius. But An is the total solid angle subtended 
by the surface of a sphere, from which we see from the definition of 
m.s.c.p., that the mean ordinate of the derived curve is the required 
value. The m.h-s.c.p. can obviously be determined by the same 
construction. 

Consider again a small source situated at the centre of a sphere of 
radius r. The area of a zone of the sphere of angular distance 0 'v^dth 
respect to the horizontal and of angular width dO has been shown to 
be equal to 

27rr^ cos Odd 


Let us reckon angular distance from the vertical, then this area 
becomes 

27rr^ sin Odd 


Let the intensity in any direction d be then the luminous flux 
falling on the zone is 

d<t> = (/fl/r^) X 2TTr^ sin Odd 
dQ> = 27r/^ sin Odd 


Hence total luminous fiux from the source 

O = 27r I Iq sin Odd 
Jo 

Generally the integral cannot be evaluated, and therefore an obvious 
method is to plot 1^ sin d against dd and determine the enclosed area 
by means of a planimeter. Another method is the graphical method 
due to Rousseau described above. 

A third method is the zonal method due to Russell. Let the sphere 
be divided into a series of zones of equal angular width a, so that the 
first zone extends from 0 = 0 to 0 = a, the second from 0 = a to 
0 = 2a, etc., and let the angle a be chosen so that is sensibly constant 
over each zone. Then if we denote the mean intensities of the various 
zones by Iv /j, /j, etc., we have for the fiuxes in the various zones 

= 27 rli j sin Odd = 27r/i(l — cos a) 
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^2a 

O 2 = 27r/2 J sin QdB = 2^1^ (cos a — cos 2a) 

J *3a 

sin BdB = 277/3 — cos 3 a) 

2a 

and so on. The flux in any zone, say the nth is thus 
<D^ = 27r/„ [cos (n — 1 ) a — cos na] 

= 277 [cos (n — 1 ) a — cos a] 

As an illustration of the method we will take a polar distribution of 
simple shape, justifying a comparatively small number of zones, say 



0 10 '^ 20 ^ 30 ** 40 ^ 50 ° 60 ° 70 ° 80 ° 90 ° 

9 Degrees from the Vertical 


Fig, 30.10. Intensity Distribution Curve 
(Bectangular co-ordinates) 

12, SO that a = 180/12 = 15°. The values of Iq are therefore read ofiF 
at angles 7*6, 22-6, 37*5, etc., from the bottom. The intensity curve is 
given in Fig. 30.10 and the values of 1^ tabulated in column 1 of the 
table given below. For the ratio FJIn we have 

Zone 1, n = 1 = 277(1 ~ cos 15°) = 0*214 

Zone 2, n = 2 0„//„ = 277 (cos 15 — cos 30) = 0*628 

Zone 3, n = 3 = 277 (cos 30 — cos 45) = 1*0 

and so on. 

For the last zone, 

Zone 12, n = 12 /. (^JI^ = 277 (cos 180 - cos 165) = 0-214 

Actually the values for the flrst six of the zones only need be calculated 
because ^Jln for zone 1 is the same as for zone 12, that for zone 2 is 
the same as for zone 11, and so on. 

A typical intensity distribution for a filament lamp suspended inside 
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a white diffusing bowl is illustrated in Fig. 30.10. The tabulation is 
given below— 


e 

(from curve) 


In X 

7-5 

1000 

0-214 

214 

22-5 

1115 

0-628 

700 

37-5 

1100 

1-0 

1100 

52-5 

920 

1-3 

1200 

67-5 

710 

1-51 

1072 

82-5 

200 

1-63 

326 

97-6 i 

0 

1-63 

— 

112-5 

0 

1-51 

— 

127-6 

0 

1-3 

— 

142-6 

0 

1-0 

— 

157-5 

0 

0-628 

— 

172-6 

0 

0-214 

Sum = 4612 Im 


This example has been chosen deliberately to illustrate a possible 
source of error due to the very rapid slope of the distribution curve 
after about 70° from the vertical. In such a case the zones can be 
made narrower so that a large error in one zone and a comparatively 
unimportant zone at that, will be greatly reduced in the final result. 
Where the slope is very steep the Rousseau method is to be preferred. 

Instead of determining the m.s.c.p. by the above somewhat laborious 
method, the measurement can be made directly by means of an 
integrating photometer.* The Ulbricht photometer of this type consists 

of a large, hollow sphere with a smooth 
surface which is coated evenly with 
white paint. The diameter of the 
sphere should be large in comparison 
with the lamp to be tested, certainly 
not less than six times the diameter of 
the bulb of the lamp. When a lamp 
is placed inside the sphere the light is 
diffused in such a manner that the re¬ 
sulting illumination is uniform over 
the whole of the surface, the result 
of this being that, if a small window is 
arranged in the sphere, the illumination 
of this window is proportional to the m.s.c.p. of the lamp. 

Consider the lamp placed at any position S, in the sphere (Fig. 30.11). 
The flux from S reaching any small area A/S produces a certain illumina¬ 
tion. Light is reflected and diffused at the surface AiS^, which in conse¬ 
quence becomes a secondary source of light. Let AO be the flux 
reaching tsN directly from the source, then the luminous intensity 
along the normal to A/S is equal to j^.AO, where is a constant 

* Integrating photometers of spherical and other shapes are discussed com¬ 
pletely in J. W. T. Walrfi, Photomelry, Chap. VIII. 



Fig. 30.11. Piunoiplb or Sphbbi- 
CAii Integbating Photometer 
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whose value is fixed by the nature of the interior surface of the sphere. 
Now consider any point P on the sphere. The illumination of a surface 
at P due to the reflected rays from A/S is, for normal incidence, 

(K . AO/a?*) cos fl 

But as is shown in the figure, the normal to the surface at P makes 
an angle fl with the incident rays, so that for the actual illumination 
at P, due to the light reflected from A/S, we have 

{K AO/a;^) cos d . cos 6 
= {K . AO/a; 2 ) x (a;/ 2 r )2 
= K . AO/4r2 

This is independent of x, proving that all small areas such as AS 
which receive an equal flux from the source S produce identical 
illuminations at the point P. Hence, since P is any point, we see that 
the illumination at any point due to light reflected from the surface of 
the sphere is uniform. But by taking all the elementary surfaces AS 
we include the total flux of light from the source S, and therefore the 
illumination at any point of the sphere due to reflected light is proportional 
to the m.s.c.p. 

The window where the observation is made must, therefore, be 
screened from direct rays, as indicated in Fig. 30.11. The sphere is 
made in two halves, one of which is fixed and the other movable on 
rails so that diifferent lamps can be easily inserted and the surface 
inspected periodically. 

The sphere photometer is naturally very expensive, especially when 
large, and therefore when very accurate results are not required a 
cubical box, as first suggested by Dr. Sumpner, can be used instead. 
The box has to be perfectly white on the inside and the surface uniform, 
as in the case of the sphere photometer, and it is used in exactly the 
same way. It is found that the cube gives very good results when the 
lamps under test have similar light distributions. If it is necessary to 
compare lamps with distributions which are not similar, it is necessary 
to obtain a correction factor for each distribution, and when this is done 
the measurements are of a high order of accuracy. 

Incandescent Lamps. The incandescent lamp is a source from which 
the required radiation is obtained from a thin filament heated by the 
passage of an electric current. A source whose output is dependent on 
its temperature is called a temperature radiator. 

There is a definite relationship between the diameter of a given 
filament and the current. Consider a filament working at a fixed tem¬ 
perature ; then the power intake of the filament will be equal to the 
rate of dissipation of heat, chiefly by radiation. 

Power intake = PR = P x (^Lpljrrd^) 

where I and d are the length and diameter respectively. 

Now, the heat radiated per second 

= Surface area X K X F(t) 
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where K is the emissivity of the filament. E(t) is a constant only so 
long as the temperature t is constant. 

Equating the intake to the rate of radiation of heat, we have 

P X 4:pll7T<P — TrdlxKx F(t) 
p X ijd^ A xdi 

where ^4 is a constant. 

d = Bx ^PotI=^C X 

where B and C are constant. Note that similar expressions hold for 
the fusing current of a wire of given material under stated conditions. 

Again, for filaments at the same temperature, the flux per unit area 
is the same. Hence 

lumen output = D x surface area 
= DxId 


where D is another constant. 

In the evolutionary development of the filament lamp many materials 
have been used, carbon, the metals osmium and tantalum, and finally 
tungsten, and it seems unlikely that any material to replace tungsten 
is likely to be found in the forseeable future. The main reason for the 
superiority of tungsten in its ability to withstand a high operating 
temperature without undue evaporation of the filament. The necessity 
for a high temperature is illustrated in the curves of Fig. 30.12, which 
gives the spectral energy distributions of full radiators at five different 
temperatures, namely 2000, 2250, 2500, 3000 and 3400°K*. Ordinates 
are drawn at 4000 A and 7500 A to enclose the visible range. The total 
power of the radiation is the same in all cases, and so the curves are 
directly comparable. Two important facts are apparent. 

1. The amount of visible radiation increases as the temperature is 
increased, with the result that the radiant efficiency also increases. 

2. The relative values of the ordinates at various wavelengths, and 
therefore the colour of the radiation, is dependent on temperature. 

Consider for example, the ordinates near the extreme red and near 
the extreme violet. At 2000°K there is no extreme violet and little 
blue or green as far as 5500 A say, beyond this value the curve rises 
steeply indicating a predominance of yellow and red: as a result, and 
combined with the small amount of visible radiation (as indicated by 
the shaded area), the radiator has the visual appearance of dull red. 
At 3400®K the proportion of violet to red is very materially increased, 
the whole wavelength content in the visible range therefore being 
represented. The colour is therefore much closer to white (although not 
actually white) while the intensity, owing to the greater area under the 
curve, is very much greater. 

To compare the relative intensities at the two temperatures each 
curve has to be operated on the relative luminous efficiency by multi¬ 
plying the ordinate at any wavelength X by the appropriate value Vx, 
* The symbol K denotes degrees on the absolute scale. 
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This has been done for the case of a temperature of 3400®K in Fig. 30.2, 
and a similar diagram for 2000^K is given in Fig. 30.13, with the 
luminous output curve at 3400®K for comparison. This shows the 
enormous increase in lumen output obtained by the increased tempera¬ 
ture, and we have also seen that the colour is better (nearer to wMte). 



Fig. 30.12. Spectral Energy Distribution or a Full Radiator at 
Various Temperatures 

As a matter of interest, a full radiator would require to be raised to a 
temperature of about 6000°K in order that the colour of its radiation 
should be of the quality accepted as white. The surface temperature of 
the sun has been computed to be of this order, that of the flame of a 
primitive oil lamp about 1870°K, and that of a batswing gas flame about 
2160®K. It is therefore clear that the optimum condition of whiteness 
of the visible radiation cannot be obtained from any temperature 
radiator of a practicable kind. In this connection it is important to 
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realize that over the visible range (but not beyond it, particularly in 
the U.V. region) the spectral energy diatribvJtion of a metal-filament 
lamp is almost identical with that of a full radiator. 

For an electric lamp the best filament material is clearly that with 
the highest melting point, and the highest operating temperature 
assessed in terms of useful life. This material is tungsten, for which 
the melting point is 3660°K: representative operating temperatures 
are 2650°K for a 40-W lamp to SOOO^K for a large projector lamp. 


Construction. The first process in the preparation of tungsten wire 
is the conversion of the natural ores, wolframite and schielite, to chemi¬ 
cally pure tungsten trioxide. The second process is the addition of 


Lumen Output a.t 3,400^K 
Ob Area. Under this Curve 



Relative Spectra! Ener/fu 
Curve for 2,000^K 


Lumen Output 
at 2,000^K 
Ob Area Under 
this Curve 


Fig. 30.13. Compahison or Lumen Outputs op Full Radiatob 
AT 2000°K AND 3400°K 


certain materials which exert a controlling effect on the crystalline 
structure of the finished product, thereby making it suitable for the 
subsequent operating conditions in the finished lamp. For general- 
purpose lamps and for projector lamps these materials are compounds 
of the alkaline metals, including the silicates: for lamps which have to 
withstand vibration and mechanical shock, they are oxides of thorium, 
uranium, and aluminium. 

The tungsten trioxide with its added compounds is heated in an 
atmosphere of hydrogen at a temperature of 1250°K, the final product 
from this process being the metal tungsten in the form of a grey powder. 
This is next pressed into bars of 40 cm length and 0-65 cm^ cross section. 
These bars are “sintered” by the passage of a heavy current, current 
density 4000 A/in.* The bar is sintered in an atmosphere of hydrogen 
to prevent oxidation. Before sintering the tungsten is in the form of a 
powder of density 11-23 g/cm®, after sintering it is a hard, glass-brittle 
silver-bright metal of density 17*0. 

In this form it is hammered into thin rods, then drawn on a chain¬ 
drawing bench to remove irregularities from the surface, and finally 
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dra^m through dies, firstly of tungsten carbide, and secondly of 
diamond, to finished wire of the required diameter. 

The wire is coiled into spiral filaments which, in the case of the coiled- 
coil lamps are coiled a second time. 

In the early lamps the filament was enclosed within an evacuated 
bulb in order to prevent the loss of heat from the filament to the gas 
filling that would otherwise have occurred. This led to rapid evaporation 
of the filament, with resulting blackening of the bulb and an early end 
to the life of the lamp. The preventatives were (a) the choice of fila¬ 
ment material having a very slow evaporation, this leading to the 



abandonment of carbon for a metal of high melting point, and (6) a 
relatively low temperature, this, as we have seen, giving a low luminous 
efficiency and a considerable departure of the colour of the radiation 
from white. 

Consequently, it became necessary to fill the bulbs with an inert 
gas. Nitrogen or argon, or a mixture of the two are used, they can be 
extracted from the atmosphere at reasonable cost, and their density 
is sufficient to prevent undue filament evaporation. Where the maxi¬ 
mum efficiency is of more importance than cost, as for example the 
small miner’s cap lamps and hand lamps, the temperature can be made 
higher than is usual in general-service lamps, evaporation being then 
prevented by the use of a gas of greater density, namely krypton. 

The advantage of the coiled-coil filament is associated with the 
effect of a gas filling. It is found that there is a thin layer of gas in 
contact with the filament in which no appreciable gas movement takes 
place. Consequently the effect of this layer on a tightly-coiled spiral 
is to deny the free passage of gas through the individual turns and thus 
to give the effect of a short thick cylinder having a reduced effective 
cooling surface. The coiled-coil filament is an exploitation of this 
principle, the effective cooling surface being very much less than the 
surface of the filament itself. Thus an equal power intake of the 
filament (wattage) gives a higher temperature with this construction, 
or alternatively, a given temperature can be attained with a smaller 
wattage. 

The diameter of the filament has an effect on the efficiency of gas 
filling. In the case of the very fine filaments used for low wattages and 
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normal voltages (200-250 V), the surface area is so large in proportion 
to the filament volume that no advantage is derived. Hence, although 
the requirements of mass production impose coiled filaments in all 
sizes, it is only for 40 watts and upwards (in the 200-250 V range) 
that gas filling is adopted. 

Life of Incandescent Lamps. The life of a carbon filament was ended 
when its luminous output fell to 80 per cent of the original value, 
because it was then cheaper to replace the lamp than continue working 
with the old one. The average life of the carbon lamp was 800 hr. 
Modem filament lamps are designed for a useful life of 1000 hr. 
Lamps of all kinds experience an increase in output during the first 
few hours of working, as shown by the curves in Fig. 30.14, in which 
the lower curve refers to the carbon lamp, the greater rate of diminution 
being due to the faster evaporation of the carbon filament. This initial 
increase is due to consolidation of the filament, and after it has taken 
place there is a gradual deterioration in intensity, due partly to slow 
vaporization of the filament, and partly to the absorption of light by 
the black deposit formed on the inside of the bulb. The falling off in 
intensity is slower for metal filament than for carbon filament lamps, 
and since the metal filament is more fragile, the life of these lamps is 
usually ended by breakage. 

The term ‘‘smashing-point” is used to denote the percentage of 
initial intensity to which the lamp should be allowed to decline before 
it is replaced, the falling off in intensity beyond this point causing 
the efl&ciency to be so poor that it is cheaper to take the lamp from ser¬ 
vice and buy a new one. The smashing-point is generally taken as 
80 per cent, although when tests have been made it has been found 
that lamps often fail before this point is reached. 

Effect of Variations in Voltage on Operation. All of the operating 
characteristics of filament lamps are materially affected by a departure 
of the voltage from the rated value. After the initial heating up, which 
takes place very rapidly, owing to the low thermal capacity of the lamp, 
the power intake is steady, and, if the filament resistance were not 
dependent on temperature, the rate of generation of heat would be 
proportional to the square of the voltage. Because the filament has a 
positive temperature coefficient of resistance which is not small enough 
to be negligible, and because of the complex mechanism of heat transfer 
from filament to gas filling, the relationships between the various 
characteristics and the voltage must be empirical relationships based 
on experiment. For gas filled lamps they are as follows— 

Let Fq = normal volts; V = any voltage 

IrriQ = normal lumens; Im = lumens at voltage V 
Pq = normal watts; P = watts at voltage V 
Zo = normal current; / = current at voltage V 
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= (F/Fo)*-** 

P/Po = (F/Fo)V« 
{lmlP)l(lm^lP,) = (F/Fo)*-» 

(Life)/(Life at normal voltage) = (F/Fj)““'* 

The characteristic curves are given in Fig. 30.15. The life characteiistio 
is striking: small under voltages lengthens it appreciably, but an 
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Fig. 30.16. Chakactebistio Cubvbs fob Filament Lamp 

i**Electnc Lamps** E.L.M.A. Lighting Service Bureau^ E»D.A.) 

overvoltage of only 5 per cent will shorten it to one-half of the normal 
value. 

The luminance at normal voltage has the following values: for clear 
gas-filled general-purpose lamps 400 to 675 cd/cm^ according to size: for 
pearl lamps, the area of maximum brightness, 6 for the 40 W lamp 
to 20 for the 160 W. 

Starting Characteristics. The cold resistance of the tungsten filament 
is only one-fifteenth to one-seventeenth of the resistance at the working 
temperature and consequently there is a considerable rush of current 
at the moment of switching on. Actually the magnitude of this current 
rush is not given by the reciprocal of the above values because (a) the 
filament immediately heats up and thereby increases in resistance, 
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(6) there is an initial voltage drop in the external circuit due to resis¬ 
tance (and reactance in the a.c. case) which is greater than normal, 
resulting in an initial applied voltage of less than normal. In practice 
the maximum current attained is of the order of rather more than 
one-half of the value decided by change in resistance above. 

The maximum current is attained in about 1/300 sec, and normal 
current in about J sec. In America, where the voltage for lighting is 
almost universally 110/130 V, currents for a given wattage are about 
twice as high as in this country and it is customary to incorporate 
time-delay elements in both switches and fuses. Here, it is expected 
that a switch is more likely to fail by repeated breaking of a circuit 
than by repeated making and consequently, in view of the use of a 
voltage of 200 to 250 V, special appliances are not in general use. The 
lamps themselves are commonly fitted with fuses in the 40 to 300 W 
sizes, these fuses being inserted in the pinch wires, between filament 
and cap. 

Discharge Lamps. When dealing with filament lamps we saw that 
the efficiency of the lamp could be increased by raising the temperature 
of the filament. The obvious limit to the temperature is the melting- 
point of the material; but the practical limit is appreciably below this, 
because a high temperature is associated with a short life. Again, even 
at high filament temperatures only a small portion of the energy 
emitted appears as visible light: a very little is given out in the ultra¬ 
violet region, but by far most of the energy is given out in the infra-red 
region. 

Now, an ordinary incandescent lamp gives a continuous spectrum, 
i.e. there is present light of every colour, and there are no gaps in which 
there is no radiation. This is due to the fact that with solids the atoms 
are so closely packed together that they are unable to radiate the fre¬ 
quency characteristic of their free state, as for example when the 
atoms are widely separated, as in a rarefied gas, and can therefore 
radiate without interference from one another. As a result of the con¬ 
tinuous nature of the spectrum the ratio of the energy emitted as visible 
light to the total energy emitted is given by the ratio of the shaded 
portion to the total area under the curve. With a modern coiled-coil 
lamp this ratio is only about 10 per cent, showing that in order to obtain 
any appreciable gain in efficiency it is necessary to break away from the 
traditional heated-filament lamp and adopt some other principle. 

This principle is available in the discharge lamp, in which the light 
is obtained from a luminous column of gas or vapour, sometimes 
rarefied, sometimes at a pressure of several atmospheres. Furthermore, 
this luminous column is not heated to a high temperature, but is 
excited electrically. To appreciate this, consider the nature of the 
electrical discharge through a rarefied gas or vapour. The phenomena 
are similar to those alre^y studied in the case of the mercury-arc 
rectifier. Electrons travel from the cathode to the anode, and under 
the influence of the potential gradient they acquire a velocity, and 
therefore a kinetic energy, dependent upon the length of the mean 
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free path. While in motion they will collide with gas or yapour atoms, 
and the result of the collision will depend on the kjnetic energy of 
the electron just prior to the collision. One of three things can happen. 
Firstly, if the kinetic energy is small, the electron will bounce oflE the 
atom and there will be little result beyond a possible change of 
direction. Secondly, if the kinetic energy is sufficiently high, the 
impact will be sufficiently great to displace one of the electrons of 
the atom from its normal orbit to another orbit round the positive 
nucleus. The atom is then said to be in an excited state and radiation 
of a certain wavelength will be emitted on the return to the normal 
state, the wavelength depending on the change in the orbits of the 
electron round the nucleus. The lowest kinetic energy to produce 
excitation raises the atom to what is called the first excited state, and 
if the colliding electron has this amount of energy it will leave the 
atom with zero velocity. If the energy before collision is greater than 
this, then the electron leave the atom with a velocity corresponding 
to the excess energy, or, if the excess energy is sufficiently great, the 
atom will be raised to what is called its second excited state and radiation 
of another wavelength will be emitted. 

Hence the atom can only acquire definite increments of energy by 
such a collision process, and hence, the displaced electron can only be 
brought to one of a definite series of orbits. Regarding the possible 
orbits as circidar paths round the nucleus, this means that there are 
definite radii to which the electron can be displaced, and an orbit of 
some radius in between two such consecutive radii is not possible. 
For a hydrogen atom the first six possible orbits are shown in Fig. 
30.16. The radii of these orbits in Angstrom units (A) are 

ri= 0-648 A 
^2= 2-112 A 
r3 = 4-752 A 
r4= 8-448 A 
rj = 13-07 A 
re = 19-008 A 

Now if an electron is occupying any particular orbit say r^, and it is 
displaced to another orbit r„, of greater radius, then clearly work has 
to be done against gravitational attraction of the nucleus for the 
electron, and represented by the increased distance (r„ — r^). In the 
science of electronics it is usual to express this energy in “electron 
volts,’’ the electron volt being the work done when an electron is moved 
in an electrostatic field from a point A to a point B such that the p.d. 
between A and B is one volt. 

The Electron Volt. Let there be a p.d. of V volts between two points 
xm apart 

Using m.k.s. units we have— 

Potential gradient X = vjx volts/metre, with x in metres. 
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/. Force on an electron of charge e coulombs 

F = Ze 

= Fe/a; newtons 



Fio. 30.16. Possible Obbits of the Valency Electbons of a 
Hydbogen Atom 

/. Work done in moving the electron through the whole potential 
difference 

/. W=:Fx 

= Fe metre-newtons 
= e (numerically) when F = 1 volt 

The charge on the electron is 1*603 X 10“^® coulombs 

W = 1*603 X lO”^® metre-newtons or joules 
or = 1*603 X 10“^® ergs. 

Wavelength ol Radiated Emission. Now suppose that an electron 
has been displaced from its normal orbit, or ground state, as it is called, 
the atom thereby being in an excited state. This state is a temporary 
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state only, the duration being of the order of see. The electron 
then returns to an orbit of smaller radius, but not necessarily the ground 
state. It can be regarded as falling a definite distance under the gravi¬ 
tational attraction of the nucleus, and in consequence it gives up a 
definite amount of energy. This energy given up can appear only as 
radiation; there is no other form of energy to which it can be converted. 

Let = electron volt energy of the electron corresponding 

to the orbit of radius 

and = electron volt energy of the electron corresponding 

to the new orbit to which it falls 

Then E^ — E^ = energy given up and converted into radiation. 

It can be shown that this energy difference is equal to the product hv 
where 

A = a universal constant called Planck’s constant 
V = frequency of the radiation emitted 

In terms of electron volts, a difference of orbit corresponding to a 
difference of V volts will be equal to 

1-603 X 10-1® X V joules 
hv = 1-603 X 10~^® X V joules 
Now h = 6-61 X 10“^ joules 

/. V = 1-603 X lO-is X F/(6-61 x 10“*^) 

= 2-43 X 101* X V 

But frequency 

v^clX 

where c = velocity of radiation in free space (m/sec) 
and A = wavelength in m 

A = cjv 

Now c = 3 X 10® m/sec 

A = 3 X 108/(2-43 X 101* X V) 

== 1-2336 X 10-8/Fm 
= 1-2336 X 10-8 X lOio/F A 
== 12,336/F A 

This shows that the wavelength of the radiation emitted will bear an 
exact relationship to the energy given up. Hence, since only definite 
amounts of energy can be given up because of the definite series of 
possible orbits, only definite wavelengths can be emitted, and so the 
spectrum consists of a series of lines. 

The Hydrogen Discharge. For a given atom, the attainment of any 
particular orbit of the displaced electron from the normal or ground 
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state, will necessitate the acquisition of the definite amount of energy 
associated with that particular orbit. This energy is generally expressed 
in electron volts and is called the energy level of the orbit. By Rawing 
a series of horizontal lines whose heights with respect to the ground 
state represent the energy levels of the various orbits we obtain the 

Volts 



energy-level diagram. That for the hydrogen atom is given in Fig. 
30.17. The various levels are as follows— 


1st excited state 


2nd 

3rd 

4th 

5th 


>» 




10*15 electron volts 

1204 

12*70 

13*02 

13*17 


We see that the successive increments become progressively smaller, 
the energy levels thus becoming closer together as the order of excita¬ 
tion increases 

There is a particular value of the energy, called the ionization level 
at which the valency electron of the atom is not merely displaced, but 
actually detached, the atom thereby losing an electron and becoming 
a positive ion. We will examine the efiect of this later. For the 
hydrogen atom the ionization level is 13*53 V. 

We can now investigate the nature of the radiation due to the 

^ e of an electric current through hydrogen at very low pressure. 

be clear that with the vast number of collisions taking place 
simultaneously, these will be of all possible kinds, but the greatest 
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number will be to the first excited state, that is, to the 10*16 level. 
The energy given up in the subsequent fall from this level to the 
ground state is thus 

10*15 — 0 = 10*16 electron volts 

The wavelength of the radiation resulting from this fall is therefore 

A = 12,336/10*16 
= 1216 A 

This is in the ultra-violet region and is therefore invisible, and so of 
no value as visible light. We see at once that an electric discharge lamp 
using hydrogen will be very inefficient as a light source because most 
of the radiant energy is the result of collisions which lead to the first 
excited state. In other words, a lamp whose light output is due solely 
to the changes in energy resulting from falls from one excited state to 
another, or from one excited state to ground state, will not be very 
efficient if the most frequent fall of all, that from the first excited state 
to ground state, gives rise to a radiation outside the visible spectrum. 
This particular radiation is called the resonance radiation. 

In the hydrogen discharge the falls from all the possible levels to 
ground state result in ultra-violet radiation. Now consider the falls 
from the various excited states down to the first excited state. The 
energy changes are as follows— 


2nd excited state to first 

12-04 

- 10-15 = 1-89 

3rd 

>> 

9i 

12-70 

- 10-15 = 2-55 

4th 

>> 

19 

13-02 

- 10-15 = 2-87 

5th „ 


>> 

13-17 

- 10-15 = 3-02 


The wavelengths of the radiations resulting from these are respectively 
12,336/1*89 = 6636 A 
12,336/2*65 == 4861 A 
12,336/2*87 = 4340 A 
12,336/3*02 = 4102 A 

These are all in the visible region, the colours being respectively red, 
blue, violet, and extreme violet.*^ 

When an electron has fallen from one state to the first excited state 
with resulting emission of radiation, it falls the rest of the way to ground 
state, with resulting emission of resonance radiation, which, for 
hydrogen, is in the ultra-violet. The light-giving cycles for hydrogen 
are therefore inefficient. Thus the collision resulting in the second 
excited state needs 12*04 electron volts of energy, but only 1*89 
electron volts are required to give the 6636 A radiation, and so the 
efficiency of the cycle for this particular radiation is 
(1*89/12*04) X 100 = 16*7 per cent 
Similarly with the other cycles. 

* The wavelengths nven are not quite the same as the quotients, because the 
energy differences in the numerator are only given to three figures. 
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With the hydrogen discharge, falls from levels to the second excited 
state give rise to radiation of wavelengths 18,751,12,818, and 10,933 A, 
these being in the infra-red. Falls from higher levels to the third 
excited state also give rise to infra-red radiation of still greater wave¬ 
length. We thus see that the total radiation covers a very wide range 
of the spectrum, and the energy content of the few lines in the visible 
is only a small fraction of the total. 

The Sodium Discharge. The sodium atom has eleven electrons 
arranged as follows: two in the inner or K shell, eight in the second 


Volts 



or L shell, and only one, the valency electron, in the third or M shell. 
It is to be noted that these shells are merely a convenient means of 
grouping the electrons, and are not to be confused with the orbits 
round which we assume the various electrons to rotate. The energy- 
level diagram is complicated but the relevant portion of it is shown in 
Fig. 30.18. The first excited state is at 21 V level, whereas the ioniza¬ 
tion state is at 5*12 V level. These values are very low in comparison 
with hydrogen. A second important point is that the various levels 
are actually in pairs having a very small difference, so small in fact that 
it cannot be shown on the diagram. We therefore draw two lines at 
2*1 V level, to represent the two possible first excited states. A few 
of the other levels are 3*2, 3*6, 4-1 and 4-3 V, but as these are relatively 
unimportant we will regard them as single. Remembering the impor¬ 
tance of the resonance radiation, that is, the radiation due to the fall 
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from the first excited state to the ground state, we will calculate the 
wavelength. We have 

A = 12,336/21 

Remembering again the approximate value of the numerator, and 
the fact that there are actually two levels very close together we will 
state the actual values, which are 

6890 and 5896 A 

These are in the visible range, the colour being yellow. Hence we see 
that the sodium discharge has the very desirable property of giving a 
visible resonance radiation, and that combined with this is the advan¬ 
tage of a low ionization level. There is another factor to take into 
account, namely the relative luminous efficiency For the sodium 
yellow doublet this is 0*765. These factors lead to an extremely high 
efficiency and gives the sodium lamp a considerable industrial 
importance. 

The spectrum of the sodium discharge shows a series of lines in pairs, 
or doublets, but the yellow colour is due almost entirely to the so-called 
D line, the 6890, 6896 doublet. Other doublets are the red, of wave¬ 
lengths 6164, 6161 A, due to the falls from the 4*1 V level to the two 
first excitation, or resonance, levels, and the orange 6683, 6688 A, 
due to the falls from the 4*3 to the resonance level. The falls from the 
3*2 and 3*6 levels give rise to ultra-violet radiation. 

It is of interest to note that sodium vapour is the only available 
vapour whose resonance radiation is in the visible range. 

The Mercury Discharge. The mercury atom has a very complex 
electron array owing to the grea« number (80) of orbital electrons. 
The important point to note is that there are two valency electrons, 
and thus the various excited states are due to possible displacements 
of two electrons. This gives rise to a very complex energy-level diagram 
in which some of the levels are single and some in groups of three, the 
latter giving rise to triplet lines in the spectrum. A further complication 
arises from the fact that the component of a triplet line may have a 
considerable separation, unlike the sodium doublets, all of which have 
components very close together. From our point of view the important 
levels are 

(а) The first excited state having three levels of 4*66, 4-86, and 
6*43 electron volts respectively. 

(б) The 7-7 V level. 

(c) An 8*8 V level giving rise to single lines, or singlets. 

(d) An 8*8 V level giving rise to triplet lines. These levels are 
shown in Fig. 30.19. 

(c) The ionization level of 10*38 electron volts. 

It would appear that with a triple first excitation level there should 
be a triplet resonance radiation, but, in fact certain lines are 
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“forbidden/* and there is only one resonance radiation, viz. that due to 
the fall from the 4*86 level.* The wavelength is 

12,336 -r 4-86 ^ 2637 A 

This is in the ultra-violet. There is a less important ultra-violet line 
due to the fall from the 6‘67 level, and of wavelength 

12,336 -r 6*67 = 1850 A 

The visible lines are all due to falls from higher to lower excited states, 
Volts 



not to the ground state. These are of the following wavelengths, all of 
which are inserted in the diagram— 

(a) 6770, 6790 and 6791 in the yellow. The two latter are so close 
together that the spectrum appears to have two yellow lines only, 

(b) 6461 in the green. This is a very intense line, and, owing to the 
fact that the eye is most sensitive to green radiation, the line is of 
great importance, 

(c) 4368 A blue, and 
Id) 4047 A violet. 

The value of for the mercury green line is the high value of 0*98, 
giving this line a very great importance. 

* These phenomena, which are beyond the scope of this book, are discussed 
in the author's treatise Electric Discharge Lamps, Chapman & Hall, London. 
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In the mercury discharge, but not the sodium discharge there are 
certain excited states call^ metastable states. If there is a faU from a 
higher excited state to a metastable state, then, instead of this being 
followed by a subsequent fall to ground state, the atom waits, as it 
were, for another collision which will raise it again to a higher state. 
In the case of mercury the 4'66 and 6*43 levels of the first excited state 
are metastable states and it is for this reason that they do not give rise 
to resonance radiations, because there are no falls to ground state. In 
the visible range the falls from the 7*7 level to these two metastable 
levels are therefore 100 per cent efi&cient as far as energy exchange is 
concerned, and it is for this reason that the visible lines they produce, 
namely, 4047 A in the case of the 4*66 state, and 5461 A in the case of 
the 6*43 state, are important. The energy of the 4047 (violet) radiation 
is thus greater than that of the 6461 (green) radiation, but owing to its 
very high value of the contribution of the latter to the lumen out¬ 
put is the greater. 

Ionization. We have seen that if a collision is sufficiently violent, 
then a valency electron will be detached from the atom, and the 
latter will become a positive ion. Now in order that the discharge 
path may be a conductor of electricity it is essential that there shall be 
both electrons and ions, but, since light emission is the function of a 
discharge lamp we only require sufficient conductivity to pass the 
current associated with the lumen output desired. Suppose that there 
were no check on the amount of ionization taking place then the con¬ 
ductivity would increase cumulatively and the tube would be destroyed. 
The mechanism, called by the physicist an “electron avalanche,*’ would 
be somewhat as follows: An electron approaches a neutral atom and, 
the collision being sufficiently violent, detaches the valency atom, as 
shown in Fig. 30.20 (a). As a result of the collision there are three 
charged particles—two free electrons and one ion, instead of one 
charged particle and one neutral atom. Thus the conductivity of 
the path is very materially increased. Next, the ion moves towards 
the cathode and the two electrons towards the anode, and these 
encounter two more neutral atoms, as in Fig, 30.20 (c). Again ionization 
will take place if the collisions are sufficiently violent, and the result 
will be seven charged particles. Similarly with successive collisions. 
If the process is continued unchecked, the discharge path will become 
virtually a short-circuit and the apparatus destroyed because of the 
excessive current delivered by the electrodes. Now the possibility of 
ionization, as distinct from excitation or mere collision with no physical 
change, is decided by the velocity of the colliding electron, and this in 
turn is decided by the potential difference between anode and cathode. 
Hence if the rate of ionization becomes too great, i.e. if the current 
becomes too great, the p.d. between the electrodes must be reduced. 
This is effected by having a resistance or a choke in series with the 
lamp. If the current becomes too high the external volt drop increases 
and so the lamp voltage decreases. If the current falls, the external 
drop decreases and the lamp voltage increases. Thus there is an 
automatic control of the lamp current. Such an external resistance 
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or choke is called a ballast. For d.c. working the ballast must obviously 
be a resistance, but for a.c. working it is usual to employ a choke 
because, for a given volt drop, the power loss in a choke is very small. 

If the vapour pressure is very low, the running conditions are attained 
almost instantaneously, but for a pressure of the order of one atmos¬ 
phere or more the staging characteristics of a discharge lamp are, in 
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Fig. 30.20. To Illustbate Cumulative Ionization 


some ways, analogous to those of a d.c. motor. At the moment of 
switching on, the back voltage of the arc is not established and the 
current is limited by the series choke. As ionization proceeds, the arc 
voltage rises and the current falls. Thus in the case of a 230 V, 400 W 
mercury-vapour lamp the starting current is 5-5 A and the arc voltage 
15 V. After about seven minutes the lamp has settled down to steady 
state conditions, and the current has fallen to 3 A while the arc voltage 
has risen to 145 V. 

As with all a.c. arcs an approximately sinusoidal current gives rise 
to a flat-topped arc voltage, but so far as the expression can be applied 
to two quantities of different waveforms, the arc voltage is in phase 
with the current. The drop across the choke is in quadrature with the 
current, and therefore the voltage triangle whose sides represent the 
applied voltage V, arc voltage and choke drop F*., will be right- 
angled, having V as the hypotenuse. The vector diagram for starting 
and running conditions for the above 400 W lamp will therefore be as 
shown in Fig. 30.21. 

The Sodium Vapour Lamp. The sodium lamp is essentially a low 
vapour-pressure lamp because an increase in pressure above a few 
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mm of mercury does not increase the only visible radiant energy that 
matters, namely the yellow D line. This is because the D line relation 
is the resonance radiation. This radiation, on colliding ^th an atom 
in the ground state can be completely absorbed and therefore, if the 
vapour pressure is too high, there will be little chance of any of the 
radiation reaching the outside. As it is, only that from the outer 
surface of the discharge manages to escape. Now the characteristic of all 




STARTING RUNNING 

Fig. 30.21. Starting and Running Conditions for 400-w Medium- 
pressure Mercury-VAPOUR Lamp 

low-pressure discharges is the very low intensity, and consequently, to 
obtain a large lumen output, the lamp must be in the form of a long 
tube. With sodium there is a second factor, namely that the efficiency 
is very sensitive to changes in the tube temperature, and this is so 
critical that the lamp has to be enclosed in a double-walled jacket of the 
vacuum-flask type to protect it from the atmosphere. Clearly there is a 
limit to the practicable size of such a flask and therefore a limit to the 
length of lamp tube possible, even if the lamp is bent into a U so as to 
reduce the length of the enclosing jacket. The above characteristics are 
illustrated by the fact that the brightness is only 7-5 candles/cm*. 

A second factor is the fact that sodium is solid when cold. This 
means that the lamp cannot be started up as a sodium lamp because 
when cold there will be few sodium atoms in the discharge path. Hence 
there has to be a little neon gas in the tube and the lamp is, in fact, 
started up as a neon lamp giving the characteristic pink glow. The 
heat from the neon discharge gradually vaporizes the sodium, and after 
about 10 to 15 min the whole of the sodium is vaporized and the lamp 
fully run up. 

The lamp is of the cold-cathode type, that is, the electrodes are not 
pre-heated, and therefore since the ionization voltage of neon is high, 
21*6 V, a high voltage is necessary to start the discharge. Actually a 
very small amount of argon is introduced as well, its lower ionization 
voltage of 16*76 helping the discharge to start. The circuit diagram for 
the sodium lamp is therefore as shown in Fig. 30.22. It would appear at 
first sight that the lamp voltage will always be greater than the supply, 
and ako that the circuit has no ballast. Actually the transformer is 

28—{T.8x8) 
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one in which leakage reactance is enormously increased by the use of 
magnetic shunts, so that the necessary characteristics can be obtained 
from a single transformer instead of using a transformer of the ordinary 
constant voltage type in conjimction with a separate choke. The charac¬ 
teristics of such a transformer are shown in Fig. 30.23. As an example 


Supply 



take the case of the 140 W sodium lamp. When fully run up the lamp 
voltage is 165 V and the lamp current 0*9 A. The starting voltage is 
410 V. There is one other constructional feature of the sodium lamp 
which must be noted, and that is the glass used for the lamp tube. 
It is found that all ordinary glass, and even quartz, blacken rapidly 
under the effect of the so(hum discharge, and therefore the sodium 
lamp only became a practical proposition when a glass which would 
withstand the sodium arc was discovered. There is now such a glass 
available, and it is applied as a thin coating to the inside of the lamp 
tube since, clearly, there is no necessity to make the whole of the tube 
of this very expensive material. 

The Mereury-vapour Lamp, We have already seen that the low- 
pressure mercury discharge has a spectrum containing very few lines, 
the most important of which is a green of wavelength 6461 A. As a 
result the colour is very objectionable. Furthermore; since, unlike the 
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sodium lamp, none of the visible lines is a resonance radiation, the 
efficiency in terms of lumens per watt is very low. Again, in view of 
the low pressure, the lamp must be |m the form of a long tube. The 
disadvantages due (a) to objectionable colour and (6) to low efficiency, 
are overcome in the case of the low-pressure lamp by coating the 
inside of the lamp tube with a fluorescent powder or phosphor^ which 
haa the property of absorbing radiation of one wavelength and re¬ 
emitting part of the energy so absorbed at a lower wavelength. Also, 
Volts 



as is characteristic of all solid emitters of radiation, the energy re¬ 
emitted covers a band of wavelengths and is therefore no longer mono¬ 
chromatic. In the case of the mercury-vapour fluorescent lamp the 
phosphor absorbs the resonance radiation of 2637 A, and re-emits a 
band characteristic of the particular material used. Thus the emitted 
ranges of a few commercial phosphors, excited by the mercury resonance 
line are as follows—♦ 


Phosphor 
Calcium tungstate 
Magnesium tungstate 
Zinc silicate 
Zinc-beryUium silicate 
Cadmium silicate 
Cadmium borate 


Colour 

Blue 

Blue-white 

Green 

Yellow-white 

Yellow-pink 

Pink 


Emitted range A 
3800-.7000 
3800-7200 
4500-6200 
4600-7200 
4300-7200 
4000-7000 


By a suitable choice of phosphor, or mixture of phosphors it is thus 
possible to obtain a very wide range of colours, or what is most 
frequently required, a white. 

It will be appreciated that most of the light output of a fluorescent 
lamp comes from the phosphor, and therefore the lamp can almost be 
regarded as a 2367 A convertor. 

* The oommeroial phosphors are crystalline materials containing a very small 
amount of a heavy impurity called the activator. The following have cdl been 
used as activators: silver, copper, bismuth, gold, and manganese. 
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In construction the lamp is merely a long tube coated on the inside 
with the phosphor. There is a spiral electrode at each end and this is 
coated with an electron emitting material very like the cathode of a 
thermionic valve. Now each end acts alternately as cathode and anode 
when a lamp is worked from an a.c. supply (as is usual) and a filament 
so coated does not readily act as an anode. Consequently at each end 



there is also an anode plate into which the electrons can pass when that 
particular end is the anode. The construction of the filament and anode 
plate is clearly shown in Fig. 30.24. 

The most common of the low-pressure mercury fluorescent lamps is 
the 80 W lamp, for which the following are the technical particulars— 


Tube watts 80 

Supply volts 200-250 

Tube current 0-8 A 

Initial efficiency 35 1/W 


Luminance 
Overall length 
Tube diameter 
Arc length 


0*5 Im/cm^ 
5 ft 
38 mm 
1445 mm 


The starting of this lamp is somewhat different from that of the 
sodium lamp. Instead of stepping up the voltage, a separate choke is 
connected in series with the lamp. This supplies the ballast when the 
lamp is running, but it also gives a voltage impulse for starting pur¬ 
poses. This is arranged as follows. The connections are made according 
to Fig. 30.25, the filaments being taken to a starter switch. This, in 
Fig. 30.25, is a small glow tube whose electrodes are mounted on 
bimetal strips. When cold, the electrodes are open and therefore when 
the main switch is closed the full supply voltage is applied to the 
starter. This sets up a glow discharge which warms the electrodes, 
thereby causing the bimetal strips to bend and the electrodes to touch. 
There is now a complete series circuit and a pre-heating current flows 
through the filaments thereby causing the emission of free electrons. 
At the same time the voltage at the starter falls to zero and the bimetal 
strips cool down. The electrodes of the starter switch then open again 
thus interrupting the current in the circuit, and, since the circuit is 
highly inductive owing to the presence of the choke, a voltage of the 
order of 1000 V is induced. As preparation for the discharge was pre¬ 
viously made by the emission of electrons this voltage breaks down the 
long gap between the lamp electrodes and the lamp lights up immedi¬ 
ately. Owing to the very small quantity of mercury used there is no 
appreciable running up period. 
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The overall intake of the lamp and choke is about 85^ W* Thus, for a 
220 V supply and tube current of 0-8 A, the power factor as given by 
the ratio of watts to volt-amperes is 

86/(220 X 0-8) = 0-48 

For a very large installation this is too low, and it is usual to connect 
a capacitor for power-factor correction purposes across the supply, as 
shown at C in Fig. 30.25. According to the overall power factor requied 


Choke 


Supply 

Fig. 30.25. Connection Scheme fob Tubui^ab Fluobescent Lamp 

this varies from 4*6 ^F for a power factor of 0*7 to 9*5 piS for a power 
factor of 0-95. The lamp current is not sinusoidal but can be regarded 
as a combination of sinusoidal and triangular components.* It is thus 
impossible to bring the power factor to unity. 

The modem tendency is to do away with the starter switch in 
favour of what are called quickstart circuits. The starter switch 
depends for its operation on a high-voltage impulse after there has 
been a certain electron supply by the pre-heating of the electrodes. 
To do away with the necessity for the voltage impulse the electron 
supply must be greatly increased, a condition which is met by the 
continuous passage of heating current through the electrodes. To 
meet this condition the electrode construction of quickstart lamps is 
different from that of starter-start lamps. A lamp transformer is now 
necessary, two low voltage secondaries being provided for the heating 
of the two filaments. The transformer is usu^y of the low-reactance 
type, additional inductive ballast then being necessary as shown in 
Fig. 30.26. 

The striking of the lamp without the assistance of a high-voltage 
impulse necessitates a more efficient electron supply, as explained 
above, but it is also assisted by two other factors. 

1. An earthed strip in close proximity to the lamp, as illustrated 
in the figure. The action of this appears to be due to the presence of 
* See Cotton 2oc. cit. 
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capacitance currents at the two ends of the lamp, which have the 
effect of extending the regions of ionizations from the immediate 
neighbourhood of the filaments along the whole length of the lamp. 
2. The surface resistance of the lamp tube. 

It is found that the starting voltage is greatly infiuenced by the 
resistance of the lamp surface, the worst conditions, corresponding to a 
resistance of about 100 M£2, requiring a starting voltage of times 

Lme Neutra,! 
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FlO. 30.26. CONNECJTIONS FOR FLUORESCENT LaMP WITH QuiOKSTART GeAR 

the normal value. Thus there are two possible solutions; (a) a very 
low surface resistance, or (b) a very high surface resistance. The first 
can be secured by placing the earthed strip in direct contact with the 
glass, although there are some objections to this, (6) by treating the 
tube surface with a preparation which imparts an exceedingly high 
surface resistance.* 

The High-pressure Mercury Lamp. If the vapour pressure of mercury 
is increased the energy per unit volume is increased and so the violence 
of the “average” collision is increased. This results in a greater pro¬ 
portion of excitations to the higher levels and so more and more 
spectral lines are brought in. However, the proportion of molecules 
to atoms increases and the phenomena are no longer purely atomic. 
The changes consist in the appearance of bands in certain places instead 
of the spectral lines characteristic of a purely atomic discharge, and at 
the same time the important lines becomes broadened. Thus as the 

* J. W. Strange, “The diznming of fluorescent lamps.” Trans, III, Eng, Soc, 
(Ixmd,) 15 (1950). 
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pressure is increajsed the gaps in the spectrum tend ta become filled* 
Owing to the greatly increa^ energy per unit volume^ the luminance 
increases and at the same time, the supply voltage is not able to main* 
tain a long arc, and so the arc length decreases. The following values 
illustrate this, all referring to a normal supply voltage of 200-2^ V, a.c. 



Average 

Efficiency 

Are 

Type of Lamp 

luminance 

(lumens per 

length 


Im/cm* 

watt) 

(mm) 

so W low-presBure lamp . 

0*5 

35 

1445 

250 W lamp, about 2 atmospheres 

250 W high-pressure air-oooled lamp. 

140 

36 

120 

pressure about 20 atmospheres 

1000 W water-cooled lamp, pressure 

8000 

40 to 45 

5 

about 75 atmospheres . 

30,000 

62-5 

25 


Another interesting phenomenon is the importance of the resonance 
radiation. At low pressure we have seen that this is of paramount 

Limiting Resistance y^Starting iketrode 


/ - T 

Main Outer 

Electrode Tube 



Main 

Electrode 


Fiq. 30.27. Medium Fbessure Mebouby-dischaboe Lamp 


importance. As the pressure is increased the proportion of radiant 
energy in the visible range rapidly increases. That of the resonance 
radiation decreases for two reasons, (a) The temperature becomes so 
high that a phosphor applied directly to the inside of the tube would 
be destroyed, and (6) the resonance radiation becomes absorbed in the 
arc itself, thereby becoming of relatively little importance at high 
pressures. 

For industry the most commonly used of the high-pressure mercury 
lamps is one operating at about 2 or 3 atmospheres. It is a tubular 
lamp, and, because of the high arc temperature the tube has to of 
very hard glass or quartz, the latter being essential for pressures above 
about five atmospheres. At this comparatively low pressure there is 
considerable ultra-violet radiation to which quartz is transparent, and 
therefore, as such radiation is extremely dangerous it is necessary to 
enclose the arc tube in a hard glass bulb (Fig. 30.27), which is opaque 
to ultra-violet. It will be seen that the lamp has a small auxiliary 
electrode called the starting electrode. When the lamp is switched on, 
the full voltage is applied between the starting and main electrodes, 
and as the gap is very small, an arc is struck. The current in this arc 
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is limited to a very low value by the limiting resistance (of the order of 
50,000 Q) as the function of this arc is to set up ionization within the 
arc tube. The striking of this starting arc is facilitated by the intro¬ 
duction of a small amount of argon. The main arc between the main 
electrodes immediately follows but the initial light emission is very 
small, since most of the mercury in a cold lamp will be condensed. 
The heat of the discharge gradually vaporizes the mercury and the 
lamp is fully run up in about seven or eight minutes. The main 
electrodes are in the form of spirals of tungsten wire, each holding a 
pellet of an electron-emitting barium compound. There is no pre¬ 
heating as in the case of the low-pressure lamp. 

Even at vapour pressures as high as 20 or 30 atmospheres the light 
from a mercury discharge is by no means similar to white light, since 
apart from a spectral energy distribution totally different from that 
of a full radiator, there is, even at this pressure, an appreciable defi¬ 
ciency in the red content. This can be overcome by amalgamating a 
small quantity of cadmium with the mercury, the light emission thus 
having cadmium as well as mercury lines. The most important of these 
is a red line of 6438 A, and, by using the correct amount of cadmium 
the colour of the visible ra^ation can be made almost identical with 
that of a powerful arc between carbon electrodes. 

Calculation of an Illumination Scheme. Imagine a working plane, 
such as a table, situated in a room illuminated by a single lamp placed 
centrally over the table. Imagine also that the walls and ceiling of the 
room are non-refiecting. Then the illumination of the table in foot 
candles, or in the numerically equal units, lumens per square foot, is 
due to direct light from the lamp. If the lamp is of such physical 
dimensions that it can be regarded as small in comparison with its 
distance from the table then the illumination at any point can be 
calculated from the two fundamental laws, the inverse square law and 
the cosine law. 

Suppose that the average illumination of the table is E lumens per 
square foot and its area A square feet, then the table will receive 
EA lumens from the lamp. Even if the lamp is fitted with a refiector, 
the fiux EA will be considerably less than the total luminous fiux O 
emitted by the bare lamp. Thus if it is required that E shall have some 
specified value the necessary lumen output, O, of the lamp can only 
be calculated if we know the ratio, EAl<P for the particular problem. 
In the case of a single lamp in a room with non-refiecting walls and 
ceiling this ratio can be eas% calculated from first principles, but this 
particular case is very rarely met in practice. 

Now let the walls and ceiling refiect some of the light they receive 
and, furthermore, let the source be provided with a refiector, or with 
a luminaire which gives a modified but non-mathematical polar 
distribution of intensity. The table will now receive light from all 
directions above the horizontal, but, except in very simple cases it will 
not be possible to calculate directly the illumination at the table top. 
The total lumens received, EA, w& still be less than the total lumen 
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output, O, of the bare lamp, and the ratio, EAI<I> will,now depend on 
the dimensions of the room, the mounting height of the lamp above 
the table (or working plane as it is generally called) the reflecting 
powers of the walls and of the ceiling, and whether there is any speeular 
reflection, and on the type of reflector or luminaire in use. 

The ratio EAI<t> is called the coefficient of utilization: denoting it 
by C we have 

(b^EAjC 

This does not take into account any reduction in lamp output with 
time, as, for example, due to bulb blackening or accumulations of 
dust and dirt. A factor greater than unity, and called the depreciation 
factor, is therefore introduced. Denoting it by D, we have 

O = EADjC 

If A denotes the whole area of the working plane then O gives the 
total output of all the lamps, if there are more than one. If A is the 
area per lamp, then O is the lumen output per lamp. 

It is preferable to have only one meaning to any symbol, so we will 
denote the whole area of the working plane by A. Then, if there are 
n lamps we have, finally 

O = EADfriC lumens per lamp 

We will consider the various quantities in turn— 

(а) The required illumination, E. 

This naturally varies very considerably with the nature of the 
visual task. Very complete tables are available, but Fig. 30.28 will 
give some idea of the orders of magnitude involved. Taking column 
B as a mean we see that the necessary illumination varies from 
300 lumens/ft^ for very difficult visual tasks to as low as 3. A few 
recommended values for common situations are as follows— 

Living rooms ....... 7 Im/ft* 

Work benches . . . . . . . 15 „ 

General office work, typewriting, etc. . . . 20 „ 

Drawing office, on the boards . . . . 30 „ 

Keading tables . . . . . . . 15 „ 

Tasks requiring illumination of the order of 100 are: assembling of 
very small parts, very fine bench and machine work, and jewellery and 
watch manufacturing. 

(б) The area A is the total area of the working plane, and this is 
generally reckoned as the area of the floor plan. The height of the 
working plane is generally taken to be 2 ft 6 in. 

(c) The depreciation factor, D. 

Unless the situation is a very dirty one, it is usual to take D as equal 
to 1*4. In the case of installations using electric discharge lamps an 
allowance for depreciation is difficult to make, and it is usu^ for 
makers to give, not the initial liunens as in the case of filament lamps, 
but the average lumens throughout life When such an average value 
is used the value of D can, of course, be much lower, and a value of 
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1*25 is suitable. In extremely dirty situations, or where frequent 
cleaning is impossible, values of D higher than the above must be used. 


ILLUMINATION 
RECOMMENDED 
(FOOT CANDLES) 



Fig. 30.28 


and naturally these values can only be decided by experience with the 
particular location. 

(d) The number of lamps, n. 

The number of lamps and their spacing should be such as to give 
a reasonably uniform illumination over the working plane. With a 
20 ft spacing, for a particular fitting and mounting height, the ratio 
(Maximum illumination)/(Minimum illumination) = 12*5/3 = 4*17 
When the spacing is halved, the ratio becomes 

14/12 = M7 
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a value which, for all practical purposes, can be reoBuded as giving 
uniform illumination. Naturally th» condition is omy obtained by 
the use of a large number of units, and therefore, in practice, the 
economics of the problem may dictate a compromise between a high 
value like 4*17 and a desirable value like M7.* 

The question of spacing is also linked with the geometrical arrange¬ 
ment of the units. Fig. 30.29 shows four commoidy adopted arrange- 



Fig. 30.29 


ments. The dotted lines represent bays into which the plan view is 
automatically subdivided by such structural features as columns. 

Fig. A shows the simplest scheme with one unit per bay; obviously 
this is only possible when the bay size is less than the maximum 
permissible spacing, and in practice it is generally only suitable for 
high mounting heights. Fig. B shows two units per bay: this requires 

* The recommended spaoings for the more important types of fitting are as 
follows— 

(1) Direct, semi-direct and general fittings, not more than 1| times the mount¬ 
ing height al^ve the working plane. 

(2) Semi-indirect and in&^t fittings, not more than times the ceiling 
height above the working plane. 

(8) For direct fitting with globe enclosing the lighting unit, not more than 

thorn the mounting height above the working plane. 
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rectangular bays with a width of less than two-thirds the length. 
Kg. C shows four units per bay: a very common arrangement with 
square bays of usual dimensions. Fig. D shows bay with alternate 
four and two units: this is suitable with bays which are not quite 
square. Obviously there are many other possible arrangements 
depending on the dimensions of the bays and the allowable spacing for 
the particular type of lighting unit chosen, and their mounting height. 

(e) The coefficient of utilization, C. 

This depends on the dimensions of the room, on the reflection factor 
of the walls and ceiling, and on the type of fitting used. The dimensions 
of the room and the mounting height decide what is called the “room 
index.'* At one time this was given a numerical value, but it is now 
only a classification, being designated by A, B, C, etc. 

Having obtained the room index, the coefficient of utilization is 
determined from tables. 

Example. A factory having bays 16 X 20 ft is to be illuminated 
7 lumens/ft^ at the working plane, which is 3 ft above floor level. 
The mounting height of the lamps above the floor is 13 ft, and dis¬ 
persive reflectors are to be used. The walls and upper structure have 
a reflection factor of 30 per cent, and the ceiling 70 per cent. The 
factory length is 6 x 16 ft and width 3 X 20 ft. 

The maximum spacing for the fitting chosen and for its mounting 
height is 

'1^(13 - 3) = 15 ft 

Since the bay width is 16 ft we can adopt the four-two system, the 
spacing along the length thus being 

—-— ft = 10 ft 8 in. 
o 

The spacing along the width is 

20/2 = 10 ft 

The arrangement is therefore as shown in Fig. 30.30. So far we have 

E = 7; A = 320ft^ per bay, D = 1-4, n = average of 3 units per 
bay. 

To determine the utilization factor C, extracts from tables of room 
index and utilization factor are given below. 


Boom Index 


Boom Width 

Boom Length 

Boom Index for Mounting Height 

9 to 10^ ft Above Working Plane 

66-70 

90-140 

J 
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Assuming a 230 V supply and filament lamps the average lumens 
throughout life for the larger sizes of lamp are— 


Watte 

Single-coil 

Coiled-coil 

75 

785 

883 

100 

1160 

1270 

150 

1970 

— 

200 

2725 

— 


Thus for the particular example the most suitable lamp would be 
the 150 W single-coil, the lumens “in hand” above the calculated 
value of 1680 being a valuable safeguard. 
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nimnination from Linear Sources, (a) Souboe Horizontal. 

Let / =: intensity per unit length normal to the surface illumination 
of a horizontal surface at point 0 (Fig. 30.31) directly underneath one 
end Ay due to an element of length dx 

dE = (/ dx/f^) cos 0 . cos 0 


B 


Fig. 30.31 

The first cos 6 is due to the angle of incidence at 0, the second to 
the operation of the cosine law at the source element 

r* = h^/cos^ d 

dx = rddjcos 0 = hdO/coB^ d 
/. dE = I cos^ 6 X cos^ X h cos fl/cos* d 
= (//A) cos* ddB 

Hence for the whole source, illumination at 0 
E = Ilh J'cos* 6dB 
= //2A[a + i sin 2a] 

= J/2A[tan-M/A + ^T:^] 

If L is the luminance in cd/ft* and w the source width, / = Iav 

E = Lwl2h j^tan~i Ijh + 

Example. A tubular source 10 ft long and 2 in. diameter is suspen¬ 
ded 4 ft above a working plane. Calculate the illumination at a point 
directly underneath one end. The source has a uniform luminance of 
500 cd/ft.* 

Note that if the surface luminance is uniform, a tubular lamp can 
be regarded as a fiat strip because of the operation of the cosine law. 

Area of one foot of source = 1 X 2/12 = 1/6 ft*. 

/ = 500/6 = 83-33 cd/ft.* 

Z= 10ft; A = 4fl. 
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« = tan"^ i/A = taii~^ 10/4 ^ 
= 68-2'’ = 1‘190 radian 
Ih 10 X 4 


68 ® 12 ' 


J* + A* ~ 116 


= 0-345 


(1*190 + 0-346) 

= 16-09 Im/ft.* 

If the point 0 is vertically underneath the source but located as in 
Fig. 30.32 (a) we can imagine that there are two sources of lengths 

-l/^f i2- 





^ 7777 ! 


r—l2 — 


Ir 


(a) 


0>) 0 


Fig. 30.32 


and I 29 the total illumination thus being the sum of the two. 

If the point 0 is outside the source as in (6) then we imagine that 
there is a source of length + I 2 ) and a negative source of length I 2 , 
the total illumination then being the difference of the two. 


(6) Source Vertical 

If the perpendicular OA of Fig. 30.31 lies in the vertical plane 
(imagine the figure turned through 90®) then the angle of incidence of 
the ray from cte with this surface is now (90 — 0), 

Hence dB = {Idxfr^) X cos (90 — 0) cos 0 
cos 0 = hjr; sin 0 = xjr 
/. dE = (Idxlr^) sin 0 cos 0 
tan 0 = xjh 
/. a; = A tan 0 
/. dx = h sec^ 0 d 0 
also r = h sec 0 

/. dE = Ih sin 0 cos 0 sec^ 0d0/A* sec^ 0 
= {I/h) sin 0 cos 0d0 

/. E = j (Ilh) sin 0 cos 0d0 


= (//2A) sin^ a 

-'W-FTP 


z* 

Z* +A* 


or (Lwjih) - 
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Examples on Chaptbb 30 

1. A lamp gives 30 c.d. in every direction. Draw a curve showing the illu¬ 
mination produced on the floor of a room if the lamp is 8 ft above the floor. 

2. What considerations determine the best height of suspension when a number 
of similar lamps are to be used for street lighting and open spaces? A single 
arc lamp is such that, when suspended with the light source 22 ft above the 
ground, it produces an illumination I on the ground, which varies with the 
distance d, reckoned from the foot of the lamp as follows— 

If d is 0, 10, 20, and 30 ft, the corresponding values of I are 1*8, 1*7, 1*5 and 
1*2 f.c., while for values of d from 40 to 100, the values of I may be assumed 
given by the equation / = 1*4 — 0*01d. 

Draw a curve for the above illumination, and another curve for it when the 
lamp is raised 8 ft. (L.U.) 

3. Define (a) illumination, (6) luminous flux, and (c) brightness (luminance) of a 
luminous surface. State the imits in terms of which these quantities are ex¬ 
pressed. In what respect does the reflecting action of a diffusing surface differ 
from that of a mirror ? 

A large area is illuminated by a number of lamps each placed 12 ft above the 
ground on posts erected all over the area, so as to stand at the comers of squares 
of 50 ft side. The candle power of each lamp is 300 and may be assumed uniform. 
Calculate the illumination of the groimd (a) at the base of each lamp, (5) at the 
centre of each square, and (c) as an average for the whole area. (L.U.) 

Ans, (a) 2*26; (h) 0*35; (c) 0-75 f.c. 

4. A metal-filament lamp has the following light distribution in a vertical 
plane, angles being reckoned from the vertical— 

Angle — — 0 15 30 45 60 75 90 105 120 135 150 165 

c.p. — — 8 10 26 35 44 52 49 46 40 30 14 0 

Deduce its mean spherical candle power and mean hemispherical candle power 
for directions below the horizontal. If the candle power for all directions in the 
horizontal plane through the lamp is constant at 49, find also its reduction factor. 

5. A light is placed 10 ft above the ground and its intensity is 100 cos ^ 
in any downward direction, making an angle ^ with the vertical. If P and Q 
are two points on the ground, P being vertically under the light and the distance 
PQ being 10 ft, calculate: (a) the illumination of the ground at P, and also at Q; 
(b) the total radiation sent down by the leunp. (I.E.E.) 

Ans, {a) 1, 0*25 lumen/ft*; (b) lOOir lumens. 
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6. A hypothetical lamp has an intensity of 100 measured in any direction 
below the horizontal plane through the centre of the lamp, an^ zero above this 
plane. Draw the vertical polar curve. What is the output of the lamp in lumens ? 
Calculate the intensity of illumination on a horizontal surface 10 ft below the 
lamp at a point 15 ft away from the vertical through the lamp. (I.E.E.) 

Ana, 628 lumens; 0*171 lumen/ft*. 

7. If the filament of a 32 cd., 100 V lamp has a length I and diameter d, 
calculate the length and diameter of the filament of a 16 c.p., 200 V lamp, 
assuming that the two lamps are run at the same intrinsic brilliancy. (L.U.) 

Ana, 1*25 0*4 d. 

8. Compare the effects of variable pressure of supply on glow lamps with 
carbon filaments, and on those with filaments of metal such as tungsten, as 
regards (a) fluctuations in light; (6) probable influence on the life; (c) fluctuations 
in the current flowing through. (L.U.) 

9. Find the height at which a light having imiform spherical distribution 
should be placed over a floor in order that the intensity of horizontal illumination 
at a given distance from its vertical centre line may be the greatest. (L.U.) 

Ana, h — 0*707 Z, where I = distance from vertical centre line. 

10. Describe in some detail the construction of either (a) a gas-filled incan¬ 
descent-filament lamp, explaining what advantage is derived from coiling the 
filament, or (5) a gas-discharge lamp, mentioning any ancillary components which 
are used with this type. 

The average illumination on the working plane of a shop, which is 150 ft long 
by 80 ft wide, is to be three foot-candles. Incandescent-filament lamps, each of 
2500 lumens, in fittings having a utilization factor of 0*4 are to be used. Calculate 
a suitable number of lamps and suggest a spacing for them. 

11. The floor plan of a workshop is 48 ft by 96 ft, and the roof is supported by 
a central row of columns 12 ft apart. The work is coil winding, requiring an 
illumination of 12 lumen/ft*. The height from floor to roof trusses is 12 ft, the 
height of the benches 3 ft, and the “drop** of each lamp below the roof trusses is 
1 ft. The walls can be assumed to have a reflectance of 10 per cent, and the 
ceiling 50 per cent. The fittings are direct, standard dispersive reflectors, the 
coefficiency of utilization imder the stated conditions being 0*47. If the spacing 
is 12 ft in both directions, calculate the lumen output per lamp. 

Ana. 5450 lumens. 

(The standard output for filament lamps, assuming a 230 V supply are: 300 W, 
4430; and 500 W, 7940. The 120 W high-pressure mercury lamps have an 
output of 5000 lumens. Thus mercury lamps could be used or, alternatively, the 
walls, ceiling, and structural work could be repainted. By so doing the coefficiency 
of utilization could be increased to 0*64 and the output per lamp reduced to 4000. 
The 300 W filament lamp would then do.) 

12. A certain incandescent electric lamp has a filament 0*002 in. diameter and 
40 in. long. It is required to construct another lamp of similar type to work at 
double the supply voltage and give half the candle power. Assuming that the 
new lamp operates at the same intrinsic brilliancy (lumincuice), determine 
suitable dimensions for the filament. (L.U.) 

Ana. 50*4 in. long, 0*0008 in. dia. 

13. A workroom 100 ft long by 40 ft wide is illuminated by means of 10 lamps 
suspended 10 ft above the working plane. Determine the meeui spherical cemdle 
power of the lamps required to give an average illumination of 3 foot-candles at 
the work tables and the ratio, height of lamp/distance apart. Assume 25 per cent 
of the total light falls on the working plane. (I.E.E.) 

Ana. 382 mscp, ratio 1/2. 
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14. Plot the polar curve of light distribution for a lamp and reflector from the 
following figures— 


Downwards 


10^ 

o 

O 

30° 

6 

o 

60- 60* 

’ 70° 

and over 

Intensity . 

800 

850 

610 

530 

460 

200 76 

0 

The zone factors are— 






Zone. 

0-10° 

10-20° 

20-30° 

30-40° 

40-50° 

60-60- 

60-70° 

Factor 

0-096 

0-283 

0-463 

0-628 

0-774 

0-897 

0*993 


Cedculate the m.s.c.p. (C. & G.) 

Ans. 101. 


15. The relation between voltage 
given by 


candle-power 


I = a.V^ 


where V is the lamp voltage. Explain how to determine the constants a and p, 
and calculate the percentage change in candle-power for a change in voltage of 
± 6 per cent from the ratcS voltage if ^8 = 4*6. (I.E.E. Model Paper B.) 

Ana, 28 per cent for an increase* 24 per cent for a decrease. 


16. A show case is lighted by 10 feet of architectural tubular lamps arranged 
in a continuous line and placed along the top of the case. Determine the illumi¬ 
nation produced on a horizontal si^ace 5 feet below the lamps in a position 
directly imdemeath the centre of the 10-ft. length of lamps, on the assumption 
that the tubular lamps emit 628 lumens per foot run. Neglect the effect of any re¬ 
flectors which might be used. (C. & G.) 


Ana, 16*41m/ft*. 
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1 watt/m* »- 1,000 ergs/sec/cm* Sound intensity l erg/sec/cm* *» 0 001 watt/m* 

1S Unit « 0 001C G S Unit Audibility 1C G S Unit «= 1,000 M.K.S. Units 

1 M.K.S. acoustic ohm = 10-» C G S acoustic ohm Acoustic impedance 1 C G 8 acoustic ohm -= 10* M K.S acoustic ohms 

1 watt/mVC7m « 2 389 x lO"* g-cal/sec/cmVC^/cm Thermal conductivity 1 g-calone/sec/cmVC®/cm -= 418 6 watts/mVCVm 




lb per square metre C/m* 10~* 8 x 10* 
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Absolute systems, of units, t 
A.C.— 

bridge networks, 347 
commutator motors— 
polyphase, 665 
single-phase, 644 
Acceleration, of d.c. motors, 234 
Accumulators, 299 
alkaline, 304 
efficiency of, 303 
lead-acid, 300 
testing of, 304 
Admittance, 329 
Air, electric breakdown of, 61 
Air-gap, calculation of, 153, 467, 481 
All-day efficiency, 408 
Alternating currents, 307 
Alternating quantity, 307 
average value, 309 
effective value, 308 
graphical representation, 310 
Alternating quantities, addition of, 
311 

Alternator, 451 

asynchronous, 565, 611 
circle diagram of, 612 
Vector diagram of, 613 
stator windings, 456, 459, 464 
Alternators, parallel operation of, 531, 
542 

Ampere, 4, 85 
Amplidyne, 214 
Analysis, harmonic, 780 
Angstrom imit, 800 
Annealing, magnetic, 113 
Armature— 

ampere-tums, 186 
construction of, 160 
m.m.f. diagram, 194 
reaction, d.c., 185, 224 

in alternators, 472, 476, 481, 497 
windings, d.c., 163 
Artificial neutral, 367 
Atom, 6, 122 
Atomic— 
number, 6 
weight, 6 

Automatic voltage regulators, 528 
Avalanche, electron, 709, 832 
Average eye, 801 

Back e.m.f., 221 
Ballistic method, 125 
Battery booster, 283 
Battery, charging of, 256 


Balance, of e.m.f.s in armature wind¬ 
ings, 175 

Betlancer, roteuy, 279 
Ballast, for discharge lamps, 832 
Behn-Eschenberg, 491 
Berry-type transformer, 393 
Bitter patterns, 125 
Blondel diagram, 513 
Booster, 281 
Boucherot motor, 592 
Breadth factor, 462 
Bridge, a.c., 347 
Brush holders, 162 
Brushes— 

high resistance, 191 
position of, 186 

C.G.S. system, 1 
Cage rotor— 

of induction motor, 553, 591 
resistance of, 571 
Candela, 804 
Candle power, 804 
mean spherical, 804 
Capacitance, 18 

of coaxial cylinders, 21, 51 
of concentric spheres, 20 
of isolated sphere, 19 
of parallel conductors, 22 
of parallel plates, 20 
of three-phase line, 30 
Capacitance, hydraulic analogy, 320 
Capacitive reactance, 318 
Capacitor— 

charge and discharge of, 37 
oscillatory charge and discharge of, 
45 

Capacitor motor, 618 
Capacitor, with dielectric loss, 349 
Capctcitors, systems of, 24 
Cascade control, 601, 688 
Cathode-ray oscillograph, 777 
focusing of, 778 

Characteristics, of d.c. generators, 197 
Chording fcustor, 463 
Circle diagram—^ 
of induction motor, 577, 586 
of single-phase series motor, 653 
Circulating currents— 
in paralleled alternators, 535 
pcuralleled transformers, 415 
Closed-loop system, 245 
Coefficient of utilization, 841 
Coefficients, potential, 27 
Coercive force, 109, 112 
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Collision processes, 709 
Colour, 800 

Commutating poles, 190, 225, 652, 694 
Conunutation, 187, 224 
Commutation— 
selective, 177 
in single-phase motor, 648 
in three-phase motor, 682, 700 
Commutator— 
action of, 168, 665 
construction of, 162 
Commutator, as frequency changer, 
666 

Commutator-motor— 
polyphase, 665 
single-phase, 644 

Compensated a.c. series motor, 646 
Compensated induction motor, 676, 679 
Compensated repulsion motor, 662 
Compensating winding, 192, 195 
Complementary function, 370 
Complex waveforms, 757 
Compound-wound— 
generator, 204 
motor, 229 
Conductance, 329 
specific, 66 

Constant-current system, 247, 251 
Contactor starters, 235 
Contraction coefficient, 165 
Control— 
of d.c. motors, 236 
of induction motors, 595 
Convertor, rotajy, 624 
Cooling— 
of alternators, 468 
of trcuisformers, 425 
Copper-loss tests, of transformers, 423 
Copper-oxide rectifier, 754 
Core-type transformer, 393 
Corona, 62 
Coulomb’s law, 7 
Coulomb’s theorem, 15 
Crawling, of induction motors, 574 
Cross-field dynamos, 211 
Cross-magnetizing armature reaction, 
187, 483 

Cumulative compounding, 230 
Curie temperature, 108 
Current resonance, 332 
Cycle, 317 

Cyclic irregularity, 544 
Cyclic state, of accumulator, 304 

Damped oscillations, 46, 546 
D.C.— 

machines, construction of, 151 
motor— 

control of, 220, 236 
speed of, 222 
torque of, 223 


Decrement, logarithmic, 47 
Delta connection, 361, 367, 376 
Delta-star transformation, 73 
Demagnetization curves, 115 
Demagnetizing force, 118 
Depreciation factor, 841 
Design limitations, of commutator 
motors, 699, 703 
Dielectrics, 52 
breakdown, 59 
flux density, 4 
phenomena, 55 
properties of, 53 
Diffierential compounding, 229 
Direct component, of armature reac¬ 
tion, 187, 483 
Discharge lamps, 822 
Distribution, 276 
factor, 462, 768 
Distributor, volt drop in, 289 
Division, of vectors, 343 
Drop in volts, 289 

in three-phase line, 377 
Domains, magnetic, 122, 124 
Double-cage motor, 592 
performance of, 593 
Double-range cascade control, 695 
Doubly-fed motor, 663 
Duddell oscillograph, 775 

Economical limits of p.f. correction, 
791 

Eddy-current loss, 206, 422 
Effective value, 309, 767 
Efficiency— 

of accumulator, 303 
of d.c. machine, 206 
of transformer, 408 
of transmission, 276 
Electric current, 06 
Electric field, 8 

of charged parallel plates, 13 
of charged sphere, 13 
of charged straight wire, 10 
of hollow spherical conductor, 14 
of uniformly charged ring, 11 
Electric shielding, 29 
Electric space constant, 1, 5 
Electrical resistance, 65 
Electrical resonance, 323 
Electrification, 7 
Electrodes, phenomena at, 297 
Electrolysis, 294 
laws of, 298 
Electron, 6, 65, 295 
avalanche, 709, 832 
current, 708 
lens, 779 
spin, 124 
volt, 823 

Elliptical magnetic field, 616 
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dynamically induced, 135 
equation— 

of d.o. machine, 178 
of an alternator, 461 
of polyphase commutator motor, 
667 

of single-phase commutator motor, 
644 

of transformer, 405 
fluctuations, 181 
production of, 135 
statically induced, 136 
Emission— 
fleld, 709 
thermionic, 708 
Energy, 2 

division of stored, 35 
in electric fleld, 31 
in magnetic field, 103 
loss of, 34 

of charged system, 32 
radiant, 799 
Entz booster, 284 
Epstein iron-testing apparatus, 423 
Equalizer rings, 174 
Equalizing 252, 255 
Equivalent circuit— 
of induction motor, 568 
of transformer, 405 
Equivalent reactance— 
of induction motor, 570 
of transformer, 402, 419 
Equivalent resistance— 

of induction motor, 570, 572 
of transformer, 402, 419 
Excitation, of atoms, 823, 826, 828, 829 
Expedor, 675 

Fbedeb, 275, 285 
Ferrari’s principle, 443, 505 
Ferromagnetism, 104 
Field control, of d.c. motor, 240 
Field emission, 709 
Field magnet, of d.c. machine, 151 
Field’s test, 272 
Fleming’s right-hand rule, 236 
Flucttiations, in e.m.f. of d.c. machine, 
181 

Fluorescence, 835 
Flux- 
electric, 12 
fringes, 153 
magnetic, 4, 86 
Flux density— 
dielectric, 4 
magnetic, 86 

Flywheel, calculation of, 244, 545 
Foot-lambert, 804 
Force, 2 

between parallel conductors, 85, 94 
on a dielectric, 32 


Force (cwOd ,)— 
magnetomotive, M 
Form factor, 310, 4o2 
Fourier analysis, 478, 576 
Fractional-pitch winding, 458, 465, 769 
Frequency, 307, 452 
convertor, 666, 691 
of rotor oscillations, 526, 543, 546 
tripling, 762 
Fringing eoeflioient, 154 
FrOlich’s equation, 105 

Qab-ulled lamps, 819 
Gauss’s theorem, 12 
Generator— 
and battery, 256 
d.c., 197 

in series and in parallel, 251, et 
aeq. 

Grid control, 737, 742, 751 

Half-WAVE rectifier, 717, 755 
Harmonic analysis, 780 
Harmonics, in alternator e.m.f. wave, 
763 

determination of, 765 
elimination of, 767 
Heating-time curve, 426 
High-reactance transformer, 834 
High-starting-torque motors, 591 
Hobart’s rule, 188 
Hopkinson test, 268 
Hot-cathode rectifier, 749 
Hunting, 525, 543, 546 
Hydrogen cooling of turbo-alternators, 
468 

Hydrogen discharge, 825 
Hysteresis, 109 
coefficient, 111 
loop, 109 

loss, 110, 206, 396, 422 


Illiovici permeameter, 128 
Illumination, 799, 802 
from linear source, 846 
laws of, 805 
photometer, 809 
scheme, calculation of, 840 
Impedance, 316, 321 
synchronous, 490 
tests on transformers, 423 
Inccmdescent lamps, 815 
construction of, 818 
infiuence of voltage variations, 820 
life of, 820 
starting, 821 

Inductance, mutual, 137, 145 
of pcurallel conductors, 146 
self, 137, 142 
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Induction motor, 550 
circle diagram of, 577, 586 
crawling, 574 
magnetic leakage in, 585 
magnetic locking, 577 
methods of starting, 559 
operating characteristics, 562, 565, 
585 

rotors, 553, 591 

run as synchronous motor, 604 
single-phase, 614 
speed control of, 598 
starting characteristics, 595 
testing of, 587 
torque of, 554 

torque/slip characteristics, 568, 567, 
592 

windings, 550 
Induction regulator, 679 
Inductive circuit, 138, 313 
Inductive reactance, 314 
Insulation resistance, 52 
Integrating photometer, 814 
Intensity— 
luminous, 803 
magnetic— 

due to circular current, 89 
due to short solenoid, 93 
due to short wire, 90 
due to solenoid, 91 
due to straight wire, 86 
Interphase transformer, 731 
Interpoles— 

on a.c. commutator motors, 652, 694 
on d.c. machines, 190, 225 
Ion, 7 

Ionization, 7, 831 
Iron-testing apparatus, 423 

Kafp regulation diagram, 404 
Kelvin’s double bridge, 80 
Kelvin’s economy law, 285 
Kennelly’s equation, 106 
Kirchhoff’s laws, 71 
Kramer control, 688, 692 

Lambebt’s cosine law, 804 
Lamination— 

of armature core, 160 
of pole core, 161 
of transformer core, 393 
Lamps, discharge. 822 
so^um vapour, 828, 832 
mercu^ vapour, 829, 834 
Lamps, incandescent, 815 
Lap winding, 164 
Laplcu3e*s equation, 50, 69 
Leakage— 
factor, 99 
magnetic, 98 


Leakage (contd ,)— 
reactance— 

of alternator, 484, 497 
of d.c. machine, 188 
of transformer, 399 
Lifting power of electromagnet, 103 
Light, 802 
Linear source, 846 
Load equalization, 243 
Locking, magnetic, 577 
Locus diagram, for parallel circuits, 
333 

Logarithmic decrement, 47 

of power, 66, 110, 206 
separation of, 262 
Lumen, 803 
Luminance, 803 
Luminous— 
efficiency, 800, 801, 803 
emittance, 803 
energy, 802 
flux, 802 
intensity, 803 

Lummer-Brodhun photometer, 807 

Magnetic— 
annealing, 113 
circuits, 97 
in parallel, 100 
field, rotating, 443 
flux, 4 
intensity— 

due to circular current, 89 
due to short solenoid, 93 
due to short wire, 90 
due to solenoid, 91 
leakage, 98 
in transformers, 400 
in induction motors, 585 
moment, 130 
pole, 96 

potentiometer, 128 
reluctance, 98 
reversals, 109, 113 
space constant, 1, 3, 6 
Magnetization curves, 104 
Magnetomotive force, 94 
Magnicon, 216 

Mean spherical candle power, 804, 
810 

Mechanical units, 1 
Mercury— 
discharge, 829 
vapour lamp, 834 
high-pressure, 838 
quickstart, 837 
tubular fluorescent, 836 
Mesh connection, 361, 367, 376 
Metadyne, 216 
M.K.S. system of units, 1 
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of a three-phase winding, 472 
method, of alternator regulation 
determination, 493 
wave— 

Fourier analysis, 478, 576 
of fractional pitch winding, 481 
of single-phase winding, 479 
Moment, ma^etic, 130 
Motor starters, 230, 569 
Multiplication, of vectors, 342 
Multi-turn windings, 169, 189 
Mush winding, 550 
Mutual induction, 137, 145, 339 
Mutually induced e.m.f.8, 136 

Negative booster, 282 
Neutral— 
artificial, 367 
slipping of, 731 
wire, 278, 363 
Neutron, 6 
Newton, 2 

No-load current of transformer, 396 
Non-linear resistor, 81 

OcEENDEN p.f, meter, 460 
Oersted, 4 

One-wattmeter method, 368 
Oscillations— 
electric, 45 

free and forced, 46, 626, 643, 646 
of synchronous machines, 626, 643, 
646 

Oscillograph— 
cathode-ray, 777 
Duddell, 776 
Overhang leakage, 486 

Paballel— 
circuit, 328 

graphical solution of, 330 
locus diagram, 333 
resonance in, 331 
conductors, inductance of, 146 
connection— 

of alternators, 631 
*of compound generators, 256 
of series generators, 251 
of shunt generators, 266 
of transformers, 410 
Particular integral, 354 
Pass band, of resonant circuit, 326 
Peaking transformer, 740 
Percentage— 

compounding, 206 
impedance, 407 
Periodic time, 307 
Permanent magnets, 118 
Permeability, of free space, 1, 3, 5 
Permeameter, Illiovici, 128 


Permittivity, 1, 8 
Phase- 

advancer, 676, 678^’ 
advancing, 787 
difference, 311 
equalizing circuits, 731 
sequence indicator, 387 
swinging, 626, 543, 546 
Phosphor, 835 
Photometer, 807, 809, 814 
Pinch effect, 712 
Pitch, winding, 163 
Planck*s constant, 825 
Plasma, 711 
Plugging, 565 
Poisson’s equation, 50 
Polarization, 299, 306 
Pole— 

changing, 599 

construction, of d.c. mcushines, 151 
Polyphase currents, 369 
Pol 3 q)hase vector diagrams, 372 
Potential, 15 
coefficient, 27 
due to charged sphere, 17 
due to point charge, 16 
gradient, 9, 16, 18, 26 
Potentiometer, magnetic, 128 
Potier method, 497 
Power, 2, 68 

Power in a.c. circuits, 313, 314, 316, 
360 
Power— 

measurement, in polyphase circuits, 
366 
loss, 206 

in controllers, 236 
in transformers, 396 
Power-factor, 316, 760 
correction, economical limits of, 791 
disadvantages of low, 787 
meter, 449 

methods of improving, 788 
of single-phase series motor, 652 
of thi^-phase series motor, 671 
Practical units, 1 
Primary cells, 306 
Proton, 6 

Pull-out torque, 610 
Pulling into step, 508 

Quickstabt circuit, 837 

Radiant— 
efficiency, 801 
energy, 799 
fiux, 802 

Rationalization of units, 4 
Reactance voltage, 188 
Reactance, transient, 499 
Rectifiers, metal, 764 
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Eectifier» mercury arc, 707 Rotary convertor (contd ,)— 

anode currents, 721, 734 in oa43cade control, 688 

arc volt-drop, 711 inverted operation, 641 

back firing, 716 parallel operation, 641 

construction, 712, 714, 747 six-phase, 632 

current relationships, 720, 734 split-pole, 640 

effect of transformer reactance, 725 starting of, 635 


effect of vapour pressure, 710 
excitation, 712 
full-wave, 717, 755 
grid control, 737, 742 
half-wave, 717, 754 
hot-cathode, 749 
ignition, 712 

interphaso transformer, 731 
inverted operation, 744 
mercury-arc, 707 
overlap, 725, 727 
peaking transformer, 740 
phase equalizing circuits, 731 
short-circuit current, 727 
single anode, 746 
slipping of neutral, 730 
voltage regulation, 729 
voltage relationships, 720, 729 
Reduction factor, 804 
Regenerative tests, 267 
Relative luminous efficiency, 800 
Relative permittivity, 8 
Reluctance, magnetic, 98 
Reluctivity, 106 
Repulsion motor, 657 
compensated, 662 
torque of, 659 
Resistance— 
electrical, 65 
of cage rotor, 571 
leads for a.c. motors, 650, 701 
specific, 66 

variation with temperature, 67 
Resistors, non linear, 81 
Resonance— 
electrical, 323 

radiation, 827, 828, 830, 835, 838 
selective, 759 
Resonant circuit, 325 
pass bcmd, 326 
Retardation tests, 264 
Retentivity, 109, 112 
Reversals, magnetic, 109, 113 
Rheostatic control, 598 
Right-hand rule, 136 
RlC circuit, 48, 320 
differential equations of, 351 
Room index, 844 
Rosenberg dyncuno, 211 
Rotary convertor, 624 
armature— 
heating, 630 
reaction, 631 
windings, 625 


voltage and current ratios, 625 
voltage regulation, 639 
waveform of armature current, 627 
Rotating coil— 

in alternating field, 619 
in uniform field, 307 
Rotating magnetic field, 443 
effect of harmonics, 775 
of a three-pha.se machine, 446, 472 
Rotor winding, 553, 591 
Rotor-fed motor, 679, 683 
Rousseau diagram, 811 
Russell zones, 812 

Sawtooth wave, 40 
Scherbins machine, 693, 696 
Schrage motor, 683 
theory of, 685 

Scott method of transformation, 433 
Selective commutation, 178 
Selective resonance, 769 
Selenium rectifier, 764 
Self-induced e.m.f., 136 
Self induction, 137, 142 
Self-synchronizing, of rotary convertor, 
638 

Separately-excited generator, 198 
Separation of losses, 262, 422 
Series generators, 197 
in parallel, 251 
in series, 251 
Series motor, d.c., 226 
polyphase, 668 
single-phase, 646 
tests, 271 
torque of, 647 
Series-parallel— 
control, 241 
winding, 167 
Shell- 

atomic, 122, 295 
type transformer, 393 
Shielding, electric, 29 
Short-chorded winding, 193, 459 
Short-circuit current— 
of alternator, 490, 492, 499 
of induction motor, 582 
of transformer, 403 
Shunt commutator motor, 674 
Shunt motor, 227 
Shimt-wound generator, 199 
self-excitation of, 204 
Single-phase induction motor, 614 
magnetic field of, 612 



INDEX 


Single-phase induction motor {contd *)— 
methods of starting, 617 
Skew coils, 457 
Slip, 551, 554 
Slot leakage— 
in alternators, 484 
in d.c. machines, 188 
in induction motors, 587 
Sodium discharge, 828 
vapour lamp, 832 
Space charge, 708 
Specific conductance, 66 
Specific resistance, 66 
Spectral energy distribution, 802, 817 
Speed— 

of d.c. motor, 222, 226 
control— 

of d.c. motors, 236 
of induction motors, 598, 688 
Spherical photometer, 814 
Spin, of electron, 124 
Split-phase motor, 617 
Standard, of light, 807 
Star connection, 363 
Starters— 

for d.c. motors, 230 
contactor type, 235 
grading of resistances, 231 
for induction motors, 559 
Starting— 
of d.c. motors, 230 
of induction motors, 553, 559 
of rotary convertors, 635 
of single-phase induction motors, 
617 

of synchronous motors, 507 
Stator windings— 
polyphcbse, 457, 550 
single-phase, 424 
Steinmetz coefficient. 111 
Stilb, 804 
Stray losses, 207 
-Sfimpner test, 424 
Superposition theorem, 77 
'Siisceptance, 329 
Susceptor, 678 
Symbolic method, 340, 344 
Symmetrical components, 379 
Synchronizing power, 539 
Synchronous impedance, 490 
Synchronous-induction motor, 604, 610 
Synchronous motor, 502 
himting, 525, 643, 546 
properties of, 507 
pull-out torque, 510 
stability, 516 
stiffness coefficient, 521 
torque, 603, 507 
torque-angle characteristic, 521 
y characteristics, 512, 518 
vector diagram, 510 


System— 
of capacitors, 24 ^ 
of conductors, 70 
Sweep circuit, 40, 779 
Swinburne test, 260 

Teeth, ccdculation of ampere-turns, 
167 

Temperature coefficient, 67 
Testing— 

of accumulators, 304 
of d.c. machines, 259 
of induction motors, 587 
of transformers, 422, 438 
Time constant, 140 
Tirrill regulator, 528 
Theory of magnetism, 122 
Thermiomc emission, 708 
Th4venin’s theorem, 78 
Three-phase balanc^ networks, 364 
Three-phase commutator motors— 
design limitations, 699 
series motor, 668 
characteristics, 673 
speed of, 671 
stability of, 673 
shimt commutator motor, 674 
special windings, 701 
unbalanced networks, 373 
working, 360 

Three-wattmeter method, 366 
Three-wire system, 277 
Thyratron, 761 
Tooth ripples, 770 
Tooth-he^ leakage, 485 
Toroid, 96 
Torque— 

of d.c. motor, 223 
of repulsion motor, 659 
of single-phase series motor, 647 
of synchronous motor, 603, 607 
Torque-angle characteristic, 521 
Torque-slip characteristics of induc¬ 
tion motor, 558, 562, 592 
Transformation— 
three-phase, 436 
three- to two-phase, 433 
Transformer, 393 

as mutually inductive circuit, 418 

auto, 429 

Berry-type, 393 

core-type, 393 

efficiency, 408 

e.m.f. of commutator motor, 645,650 
equivalent circuit, 406 
heating-time curve, 426 
high reactance, 834 
interphase, 731 
magnetizing current, 395, 761 
metoods of cooling, 425 
peaking, 740 
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Transformer (covUd ,)— 
percentage impedance, 407 
polyphase, 436 
regulation, 400, 404 
shell-t}^, 393 
short-circuit test, 403 
single-phase, 393 
testing, 422, 438 
transformation ratio, 394 
used with instruments, 432 
voltage regulation, 404 
Transformers in parallel, 410, 415 
Transients, 38, 46, 353 
Transmission efficiency, 276 
Tripling, of frequency, 762 
Two-phase working, 360 
Two-wattmeter method, 368 

Unbalanced polyphase systems, 373, 
379 
Units, 1 

Utilization coefficient, 841 

“V” CHARACTERISTICS of synchronous 
motor, 512, 518 
Valency, 298 

Varley phase-sequence indicator, 387 
Vector diagram— 

compensated induction motor, 675 
polyphase, 372 
series motor, 671 
Schrage motor, 688 
single-phase series motor, 655 
s 3 mchronous alternator, 613 
Vectors— 
addition of, 311 
division of, 343 
multiplication of, 342 
reciprocal of, 343 
Ventilation, of alternators, 452 
Voltage relation— 
of alternator, 488 


technology 

Voltage regulation (covUd ,)— 
of transformer, 400, 404 
Voltage regulator, automatic, 528 
Volt top— 
in distributor, 289 
in three-phase line, 377 

Ward-Lbonard control, 242, 245 
Wattmeter corrections, 370 
Wave winding, 165 
Waveform— 
alternator, 763 
determination, of, 775 
Wavelength, of radiation, 824 
Waves, complex, 757 
effect on interconnection of phases, 
771 

effect on iron losses, 772 
operation of alternators in parallel, 
773 

volt drop in transformer, 774 
effective value, 757 
influence of circuit on, 758, 761 
power conveyed by, 760 
Weber, 4, 86 

Wheatstone’s network, 72 
Winding— 

compensating, 192, 195 
fractional pitch, 459 
pitch, 162 

short-chorded, 193, 462 
Windings— 
of alternators, 454, 767 
of d.c. machines, 162 
of induction motors, 550 
of variable-speed commutator 
motors, 701 

fractional pitch, 459, 769 
Yoke, of magnet system, 151 
Zones, Russell, 812 





